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ABSTRACT 

The  design  and  hardware  implementation  of  optimal  turret  conTollers  for  the  XM-97 
helicopter  turret  control  system  are  considered.  A  modular  approach  of  implementa¬ 
tion  consisting  of  various  compatible  plug-in  electronic  modules  is  employed. 
Extensive  laboratory  experiments  in  the  form  of  non-firing  and  firing  tests  are 
carried  out.  The  performance  of  the  optimal  turret  is  found  to  be  much  more  satis¬ 
factory  as  compared  with  that  of  the  original  turret  in  both  the  non-firing  and 
firing  tests. 


1.  INTRODUCTION 

The  design  of  feedback  controls  using  optimal  regulator  theory,  observer  theory  and 
optional  filtering  theory  has  received  a  great  deal  of  attention  in  the  literature 
over  the  past  two  decades  and  continues  today  to  be  an  area  of  active  research.  It 
is  rather  surprising,  therefore,  especially  considering  the  maturity  of  the  theo¬ 
retical  development  to  find  relatively  few  applications  of  these  modern  design 
techniques  to  the  actual  design  of  feedback  control  systems.  One  of  the  principal 
aims  of  this  paper  is  to  bridge  the  gap  between  the  theory  and  application  and 
demonstrate  the  potential  of  this  methodology  to  the  design  of  precision  weapon 
pointing  systems. 

Each  of  the  designs  presented  in  this  paper,  with  the  exception  of  the  second  order 
torque  observer  of  Section  6,  was  implemented  on  a  modular  analog  controller  de¬ 
signed  specifically  to  facilitate  the  hardware  realization  of  state  variable  com¬ 
pensators.  Physical  constraints  iuposed  by  the  analog  electronics  recluded  imple¬ 
mentation  of  many  control  designs,  including  the  design  presented  in  Section  6, 
which  could  perhaps  substantially  improve  pointing  accuracy.  Discrete  time  versions 
of  these  higher  performance  control  laws  are  currently  being  developed  for  imple¬ 
mentation  cn  an  8086  microprocessor-based  digital  pointing  system  which  will  be 
tested  on  the  XM-97  turret  during  FY81.  Some  prelinimarv  results  along  this  line 
are  presented  in  a  separate  paper  of  this  proceedings. 

The  material  presented  in  this  paper  is  organized  as  follows  Section  2  gives  a 
description  of  the  XM-97  turret  control  system  and  the  mathematical  models  .red  in 
developing  control  law  designs.  Ar.  optimal  regulator  design  using  a  three-state 
turret  model  is  discussed  in  Section  3  and  a  two-state  design  is  developed  in 
Section  4.  Section  5  presents  a  two-state  design  with  a  first  order  Uuenberger 
observer  to  estimate  and  suppress  torque  disturbances  due  to  recoil  and  base  motion. 
Although  there  was  mismatch  between  the  observer  and  the  disturbance  models ,  this 
design  did  provide  some  improvement  over  the  previous  designs.  A  second  order 
Luenberger  observer  which  is  better  matched  to  the  actual  Input  disturbance  is  dis¬ 
cussed  in  Section  6.  This  design  was  not  implemented,  although  simulation  results 
ere  provided  for  perfoimanct  comparison.  Non-firing  and  firing  test  results  are 
presented  in  Section  7  and  8  for  the  optimal  two-state  design.  Performance  results 


of  the  regaining  controller  are  similar  for  a  given  value  of  the  cost  functional 
weighting  factor  q^,  and  will  not  be  presented  here. 

2.  SYSTEM  DESCRIPTION  AND  PERFORMANCE  OF  EXISTING  TURRET  CONTROL  SYSTEM 

The  XM-97  helicopter  gun  turret  control  system  s^own  in  Fig.  1  is  essentially  an 
inertial  load  driven  by  a  pulse  width  modulated  split  series  DC  motor  through  a  co- 
pliant  gear  box.  The  transfer  functions  of  the  system  are  as  shown  in  Fig.  2  The 
system  consists  of  two  controllers:  one  controller  positions  the  gun  turret  in 
azimuth  and  the  other  elevates  and  depresses  the  gun  cradle  and  the  gun.  The  two 
controllers  are  functionally  similar  and  independent.  As  shown  in  Fig.  2.  the  only 
difference  between  the  two  controllers  is  the  gear  ratio  N  which  is  N  -  620  for  the 
azimuth  channel  and  N  ■  810  for  the  elevation  channel. 

The  gun  turret  control  system  employs  angular  position  feedback  and  angular  velocit 
feedback  as  shown  in  Fig.  2.  With  the  state  variables  chosen  as  shown  in  Fig.  2. 
the  turret  dynamics  is  described  by  the  following  8-dimensional  vector  differential 
equation  (for  both  azimuth  and  elevation  channels), 

x(t)  ■  Ax( t )  +  Bu(t) ,  x(0)  -  x„.  <1) 

—  —  -o 

where 

x(t)  -  tx[(t)  xj(t)  x3(t)  x^(t)  x5<t)  x6(t)  x7(t)  Xg(t)lT, 

x[(t)  «  gun  turret  angular  position  relative  to  the  hull  (radians) . 

xl(t)  •  motor  angular  velocity  relative  to  the  hull  (radians/second). 

Xj(t)  =*  motor  torque  (foot-pounds), 

x^(t)  =  gun  turret  angular  velocity  relative  to  the  hull  (radians/ second)  , 

Xj(t)  =  power  amplifier  output  (volts), 

Xg(t)  -  low  level  electronics  output  (volts), 

*7(t)  *  geared  down  shaft  angular  position  relative  to  the  hull  (radians) , 

Xg(c)  »  output  of  tachometer  feedback  loop  (volts), 

xr(t)  “  gunner  command  input  (radians) , 

u(t)  ■  control  input  (volts)  «  xr(t)  -  xj^(t), 

and  A  and  B  are,  respectively,  8x8  and  8x1  constant  matrices  as  given  (see 
below) .  The  actual  and  simulated  step  response  in  azimuth  and  elevation  are  given 
in  Figs.  3(a).  3(b),  3(c)  and  3(d). 

The  XM-97  turret  model  shown  In  Fig.  2  is  further  simplified  as  shown  in  Fig.  9. 
Since  x[,  xj  and  x,  are  accessible  for  on-line  measurement,  this  model  was  used  to 
develop  an  optimal  three-state  regulator  design  discussed  in  the  next  section. 
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Fig. 3(c)  ACTUAL  STEP  RESPONSE 
-  ELEVATION  CHANNEL 
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Fig. 3(b)  SIMULATED  STEP  RESPONSE 
-  AZIMUTH  CHANNEL 
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Fig.  3(d)  SIMULATION  STEP  RESPONSE 
-  ELEVATION  CHANNEL 


Fig. 4  SIMPLIFIED  MODEL  USED  FOR  MODEL  VERIFICATION 
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3.  THREE- STATE  OPTIMAL  REGULATOR  DESIGN 


The  open  loop  turret  model  required  for  the  three-state  optimal  regulator  design  is 
readily  derived  from  the  simplified  turret  model  shown  in  Fig.  4  by  removing  the 
tachometer  feedback  path  containing  the  filter  Gg(s).  A  block  diagram  representa¬ 
tion  of  this  model  la  as  shown  in  Fig.  5.  It  should  be  noted  that  sight  rate  feed¬ 
forward  is  automatically  incorporated  into  xo  state  to  ensure  good  tracking,  response 
as  well  as  good  stabilization  response.  The  differential  equation  representation 
of  this  open-loop  system  is  given  by 

x(t)  -  Ax(t)  +  Bu( t)  +  Fvr,  x(0)  -  xQ,  (2) 

where 

x(t)  »  [Xj(t)  x2(t)  x3(t)lT, 
xt(0  "  ~r(t)  * 

=  error  between  the  position  conmand  input  x  (t)  and  the  actual  gun  angular 
position  xj(t)  (radians), 

x 2 ( t )  *  Nvf  -  x^Ct) 

“  error  between  the  velocity  command  v  and  the  actual  motor  angular  velocity 
xi(t)  (radians/ second) , 

x^(t)  »  motor  torque  (foot-pounds)  (converted  to  motor  current  for  feedback), 

*r(t>  “  *r  +  vrt 

«  step-plus-ramp  position  command  input  (radians) , 
u(t)  «  control  inputs  (volts), 

and  A,  B  and  F  are  constant  matrices  given  by 


The  prime  cont-ol  objective  is  to  drive  x(t)  to  the  zero  state  and  at  che  same  time 
minimizing  a  quadratic  performance  measure.  To  achieve  the  objective,  the  control 
u(t)  is  split  into  two  parts, 

u(t)  “  uffa(t)  +  uff(t),  (3) 

where  uf»,(t)  ia  the  feedback  component  responsible  for  driving  x(t)  to  the  zero  state 

and  U£f(t)  i 3  the  feedforward  component  responsible  for  accommo3ating  the  velocity 

command  v  . 

r 

Substituting  Eq.  (3)  into  Lq.  (2)  yields 

x(t)  -  Ax(t)  +  Bufb(t)  +  Buff(t)  +  Fvr.  (4) 


From  Eq.  (4),  a  suitable  choice  for  the  feedforward  control  u^(t)  is  given  by 


<t) 


2.00625x10' 


vr  -  krvr. 


Substituting  Eq.  (5)  into  Eq .  (4)  yields, 
x(t)  «  Ax(t)  +  Bu^b(t). 
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(6) 


Now  consider  the  quadratic  performance  measure 


q22x2(t)  +  **33*3^  +  tU£b(t)jdt 

i  7a) 

/”lxT(c>Qx(t) 

+  ru£b(t) )dt . 

(7b) 

where  q,,>0,  and  r>®  are  wei6hting  constants,  and  Q  =  diag|qj^,  qg2. 

q, with  uiag{q  .7)  denoting  a  diagonal  matrix  with  diagonal  elements  q^.  'the  first 
term  in  the  integrand  is  chosen  to  discourage  large  angular  position  error  x>(t)  = 
x  (t)-x-[(t),  the  second  term  to  discourage  large  angular  velocity  error  x2(t;  = 
Nvr-xJ(t) ,  the  third  term  to  discourage  large  current  associated  with  x- (t)  and  the 
last  term  to  discourage  large  control  input  voltage  U£v(t).  The  relative  importance 
of  the  various  terms  may  be  adjusted  by  choosing  suitable  weighting  constants  qu¬ 
in  general,  large  q^3  indicates  the  desire  to  keep  xi(t)  small.  In  our  present  case, 
we  wish  to  make  the  actual  gun  angular  position  xj(t)  to  follow  the  commanded  angu¬ 
lar  position  as  closely  as  possible.  Hence  the  first  term  in  the  integrand  will  be 
weighted  more  heavily  by  choosing  large  value  for  q^l- 

The  optimal  control  uGp^(t)  which  minimizes  J  is  given  by  [1)  -  (2] 

ufb(t)  =  uopt(t) 

=  -r_1BTKx(t) 


=  k^x^Ct)  +  k2x2(t)  -  k3x3<t) 


k, ixr(t)  *  xj(t)l  +  k2(vr  -  x2(t))  -  k3x3(t), 


(8) 


where  ki,  k2  and  k3  are  optimal  gain  constants,  and  K  is  the  positive-definite  sol¬ 
ution  of  the  algebraic  Riccati  equation 


ATK  +  KA  +  Q  -  gBr'1BTK 


0  . 


(9) 


It  should  be  observed  that  { A , B ]  and  [A./Q]  are  completely  controllable  and  com¬ 
pletely  observable,  respectively,  i.e., 

rank  IB  j  AD  j A2B)  »  3, 

rank  i^r  j  AT7qT  ;  A2t/^]  =  3. 


where  rank  [■]  denotes  the  rank  of  {•)  and  is  the  square  root*  of  Q. 

Hence  Eq.  (9)  has  a  positive-definite  solution  K.  From  Eqs.  (5)  and  (8),  the  com¬ 
plete  control  u(t)  is  given  by 

u ( t )  »  k3Ixr(t)-x3Ct) ]  +  k2ivr-x2(t)l  -  kjXjCt)  -  krvr  .  (10) 


Substituting  Eq.  (10)  into  Eq .  (2)  yields  the  optimal  turret  control  system 


where 


x(t)  *  Ax(t),  x(0)  =  xq, 


(11) 


A 


0  0 

2 . 00625xl06p1k1  9 . 6^-2 . 00625xl06p1k, 


0 

-±  ,  4 
JxUJ 

-500-2. 00625xl06pjk3 


The  numerical  values  of  the  optimal  gains  k^ ,  k2  and  k2  for  different  values  of  qjj 
with  q?2  *  0  and  qj3  =  0  and  the  values  of  the  .eedforward  gain  k  are  given  in 
Table  I.  The  corresponding  eigenvalues  of  the  optimal  turret  control  systems,  i.e, 
the  eigenvalues  of  a.  ate  also  given  in  Table  1.  The  output  errors  of  the  three- 
state  regulator  designed  with  qn  "  5  are  as  shown  in  Figs.  6  and  7  for  the  follow¬ 
ing  step  and  step-plus  ramp  inputs,  respectively, 


*r(t)  “  35  milliradians  (rar) , 
xr(t)  *  35  +  17, 5t  milliradians  (mr) . 

Note  that  after  an  initial  transient,  the  turret  tracks  the  input  commands  perfectly 


0 


4.  TWO-STATE  OPTIMAL  REGULATOR  DESIGN 

The  three-state  open-loop  model  In  Fig.  5  can  be  further  simplified  by  removing  the 
high  frequency  pole  at  -500  and  thus  eliminating  the  motor  toraue  state  x,(t)  as 
shown  in  Fig.  8.  The  equations  of  motion  of  the  two- state- variable  model  are  given 

by 

x(t)  -  Ax(t)  +  Bu(t)  +  Fvr,  (12) 

where  x(r.)  -  Ui(t)  x?(t)]T,  x,  (t)  -  |x  ft)  -  xj(t>),  x,(t)  =  [Nv  -  xl(t)]  are  as 
defined  in  Eq.  (2),  and  2  r  2 


0  -1.28 


-2. 675xlOJ 


As  before,  the  control  is  split  into  two  parts  given  by 
u(t)  •  ufb(t)  +  uff (t) • 

Using  Eqs  (12)  and  (13),  the  feedforward  component  u^Ct)  is  determined  as 


u-f(t) 


2 . 65xl0J 


krvr  ' 


Substituting  Eqs.  (13)  and  (14)  into  (12)  yields 

x(t)  *  Ax(t)  +  Bufb(t)  .  ( 

Consider  the  performance  measure 

J  ”  C  ^11*1^  +  ru2(t)]dt,  ( 

where  qj^O  end  r>0  are  weighting  constants. 

The  optimal  control  which  minimizes  J  is  given  by 

Ufb(t)  ‘  UoPt(t) 

-  -r*1BXKxit) 

•  (t)  +  k2x2(t) 

”  k1Ixr(t)  -  x|(t)]  +  k2(Nvr  -  x2(t)l,  ( 

where  ki  and  k2  are  optimal  gains  and  K  is  the  positive  definite  solution  of  the 
algebraic  Riccati  equation 

ATK  +  KA  +  Q  -KBr'1BTK  -  0  ( 


Substituting  Eq,  (17)  into  Eq.  (15)  yields  the  optimal  turret 
x(t )  -  Ax( t) ,  x(0)  -  x  , 


-2, 675x10^  -1.28-2.675xl05k2 
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The  numerical  values  of  the  optimal  trains  k-,  and  k0  *or  different  values  nf  q  j  j 
together  with  the  value  of  the  feedforward  gain  Upland  the  tor ,  esponding  cigcnv.-ii 
of  A  are  given  in  Table  2,  The  output  error  responses  of  the  two-state  regulator 
similar  to  chose  of  Figs.  6  and  7  have  been  obtained  but  will  ct  be  shown  nere 


Fig. 8  SIMPLIFIED  OPEN-LOOP  XM-97  HELICOPTER  TURRET  CONTROL  SYSTEM 
(TWO -ST ATE -VARIABLE  SYSTEM) 


TABLE  2.  tiPTIHAL  LAldS  A2IB  ElUtWALUIS  OF  XH-9I  HtLICOPTUt  UIBBFT  CliVrmit  bVSilK 
(TW-STATE-VABIAlLE  MOOCL) 
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5.  TWO- STATE  OPTIMAL  REGULATOR  WITH  DISTURBANCE  ACCOM! iODATt O' 
USING  FIRST-ORDER  TORQUE  OBSERVER 


(me  of  the  advantages  of  applying  modern  control  theory  to  l he  uesinn  "l  eeiln  .c 
compensators  is  that  external  disturbances  nnv  be  explicit lv  modeled  and  cu'>.;u  ms 
the  control  law  design.  This  approach  generally  requires  some  type  ot  dnuv 
Liter  to  estimate  the  disturbance  input  states  anti  its  success  depends,  !■■  a 
i  dl-.,  u  LAitiit ,  on  ho'..'  we  Li  'he  model  used  in  the  observer  dessru.  matches  the  v.iu 
disturbance  inputs.  The  first-order  torque  observer  discussed  in  this  section  ; 


ir\ 

or 


based  on  a  step  input  model  of  the  disturbance  and  was  implemented  and  tested  on  the 
XH-97  turret  to  obtain  a  better  understanding  and  insight  into  the  performance  of 
i urri't  control  system  and  the  observer.  As  the  simulation  results  in  Figs.  11,  11, 
and  11  show  this  design  provides  some  improvement  in  low  frequency  disturbance  sup¬ 
pression  but  provides  little  or  no  improvement  against  higher  frequency  disturbances. 
However,  actual  firing  tests  showed  that  the  first-order  torque  observer  did  provide 
performance  improvement  in  terms  of  projectile  dispersion  (see  Fig.  22  in  Section  3). 
The  discussion  in  Section  6  will  show  in  a  fairly  dramatic  way  that  the  torque  ob¬ 
server  does  significantly  improve  pointing  accuracy  when  the  observer  modeL  more 
closely  matches  Che  actual  disturbances. 

The  block  diagram  for  the  open- loop  turret  with  disturbance  input  given  in  Fig.  9 
and  the  corresponding  equations  of  motion  are  given  by 

x(t)  =  Ax(t)  +  Bu  ( t)  +  Fvr  +  Cw( t)  (20a) 


y(t)  »  Hx(t) , 


(20b) 


where  x(t)  =  (xi(t)  xp(t)]T,  >i(t)  =  |xrft)  -  xj(t)J,  xa(l)  =  |Nvr  -  xiO)  1  are  as 
defined  in  Eq.  ^2) ,  yit)  =  [yj(t)  y 2 < t ) ] ~  is  the  observed  vector,  w(t)  is  the  dis¬ 
turbance  torque,  and  A,  B,  F,  G  and  H  are  given  by 


I 
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1 _ 
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'  0“ 
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1 

The  control  objective  is  to  drive  x(t)  to  the  zero  state  in  the  presence  of  the 
disturbance  torque  w(t) ,  and  in  the  sane  time  minimizing  a  quadratic  performance 
measure.  To  achieve  the  control  objective,  the  control  u(t)  is  split  into  three 
parts  as 

u(t)  =  ufb(t)  +  uff(t)  +  uw(t) , 


(21) 


where  uth(t)  is  the  feedback  component  responsible  for  driving  x(t)  to  the  zero  state, 
Uff(t)  is  the  feedforward  component  responsible  for  accommodating  the  velocity  com¬ 
mand  vr,  and  t)  is  the  feedforward  component  responsible  for  accommodating  the 
disturbance  torque  w(t) .  It  can  easily  be  shown  that  uff(t)  and  u^Tt)  are  given  by, 
respectively 


U^£ ( t ) 


uw(c) 


1  -_?8N - v_  £  ^ 


2.675x10 

104 


5  vr 


-e  w(t)  =  -k  w(t) 

■v  J  W 


3Nx2 . 675x10 

Substituting  Eqs.  (21),  (.22),  (23)  into  Eq .  (20)  yields 
x(t)  =  Ax(  t)  +  Bufb(t)  , 

Consider  the  performance  measure 

0  ~  f0  +  ru^b(t)  )dt . 

where  q^>0  and  r;0  are  weighting  constants. 

The  optimal  control  which  minimizes  J  is  given  by  Eq .  (17),  i.e. 


(22) 

(23) 

(2(.) 

(25) 


10 


'Jfb(L)  =  Uopt(c) 


( 2f>) 


I 


=  kjX^t)  +  k,x2(t) 

-  k1(xj.(L)  -  x|(t)]  +  k2[Nvr  -  xl,(t)i  . 

The  numerical  values  of  the  optimal  gains  k.  and  k.,  for  different  values  of  qjj 
together  with  the  values  of  feedforward  gains  kr  aftd  kw  are  given  in  Table  3. 

Note  that  kp,  k2  and  kr  are  the  same  as  in  Table  2  but  are  repeated  in  Table  3  for 
convenience  and  completeness. 

TABLE  3  OPTIMAL  GAINS  FOR  XM-97  HELICOPTER  TURRET  CONTROL  SYSTEM 
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From  Eqs.  (21),  (22),  (23)  and  (2b).  the  complete  control  u(t)  is  given  bv 

u(t)  ”  kjx^t)  +  k2x2(t)  +  krvr(t)  •  kyw(t)  .  (27) 

Since  the  disturbance  w(t)  is  not  known,  the  control  u(t)  can  be  implemented  as 

u(t)  =  kjXp(w)  +  k2x2(t)  +  krvf  -  kww(t)  ,  (28; 

where  w(c)  is  an  estimate  of  w(t) . 

The  estimate  v(t)  of  w(c;  considered  in  this  section  will  be  generated  by  a  Luen- 
btrger  observer  [31  -  { A 1 .  For  simplicity,  the  disturbance  w(t)  will  be  approxi¬ 
mated  by  a  random  step  function  described  by 

w(t,'  ■  o(t),  w(0)  =  wQ,  (29) 


where  o(t)  is  an  unknown  sequence  of  Dirac  impulses  included  tc  take  into  account  of 
the  random  jump  in  values  of  w(t)  (51  -  [61- 

Augumenting  Eq .  (29)  to  Eq .  (20)  yields 


x(t) 
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x(t) 
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.  _l_  _ 
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u(t)  + 

vr  + 
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0 

0 
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L  J 

A  " 

=  Ax(t)  +  Bu(t)  +  Fv^(t)  +  Go(t) 


o(t) 


(30a) 


y(t)  •  1I7  ;  0] 


x(  t) 

w(  t) 


-  Hx(t) 


(30b) 


where  the  various  vectors  and  matrices  are  as  defined.  Since  the  matrix  pair  l A,  H| 
is  completely  observable,  i.e., 


rank  (HT  ;  AT  HT  j  A2T  HT 1 


=  rank 


”  1 

0 

;  o  o  ; 

0 

1 

*  1  •  it  -y 

1  l/N  -1.28  •  A  H1 

)  * 

_  0 
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1  0  -10A/3N  ! 
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the  unknown  disturbance  w(t)  can  be  estimated  by  a  reduced-order  I.uenberger  observer. 
A  reduced-order  Luenbergc-r  observer  for  generating  w(t)  of  w(t)  is  given  by  j  ■’  |. 

w(t)  =  p(t)  +  Lx  ( t)  (  )lai 

p(t)  »  -LGp(t)  -  LBu '  ( \. )  -  (LA  +  LCL)  x(t)  .  (  Hh) 

where 


L  I'n  1 1 2  ^  '  (  3  I  l  ) 

u’(t)  -  k^x ( t)  +  k,x,(t)  -  k^w(t)  .  (  r  :  J 


The  elements  and  ; of  the  gain  matrix  L  are  to  be  chosen  such  that  the  ohsc  -vi  r 

is  asymptotically  stable.  Note  that  only  fj2  effects  the  stability  of  the  observer. 

In  component  form,  Eq .  (31)  may  be  expressed  as 


w(t) 


P(t>  + 


(  32a  i 


i>(t)  -  i12gp(t)  +  v.12bu'(t)  -r  •  Il?1;>gx1(t)  + 

2 

(i12a22“  Ua12  +  i12s'x2',t^ 

1 O2*  s  1  n^4 

=  3F"  h2p(t)  +  2  675x10s.. 2u’(t)  +  ig-  ;u  ^(t) 

+  <-eu/N  +  l.28i,2  +  :t2.'x2(t)  .  (j2o) 


\  block  diagram  for  implementing  Eq .  (32)  is  ns  given  in  Fig.  10. 


In  the  actual  implementation  of  the  reduced-order  Luenberger  observer,  the  following 
values  will  be  chosen  for  the  gain  matrix  L  and  for  the  weighting  constant  q,, 

L  =10  -41  , 


qu  =  5  . 

With  the  above  choice  of  L  and  q,,,  Eq.  (32)  reduces  to,  with  N  »  620, 

u(t)  =  p(t)  +  4t2(t)  ,  ( 3  3a") 

p(t)  -  -2L.5p(t)  +  1 . 07xl0f- !  u.-.  (t )  A  u  (til  + 

t  L 5  V." 

80. 9 x,i  c  t .  ,  .  . 

The  simulate!,  responses  of  *,  ft)  for  the  azimuth  vhannel  and  for  diiierent  values 
of  frequency  of  the  disturbance  w(t)  are  as  shown  in  Figs  11.  13  and  ll.  Wt  remark 

that  the  choice  of  =  C  in  the  observer  gain  mairix  simplifies  implementation  but 

with  a  resultant  loss  of  information  provided  by  the-  state  variable  x^(t)  This 
results  ia  some  degredation  during  the  observer  transient  but  is  relative!-/  insignif¬ 
icant  . 
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fig.  9  SIMPLIFIED  OPEN-LOOP  XM-97  HELICOPTER  TURRET  CONTROL  SYSTE' 
WITH  DISTURBANCE  INPUT  <TV’0-STATF.-VARI  ABLE  MODEL) 
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6.  TWO-STATE  OPTIMAL  REGULATOR  WITH  DISTURBANCE 

ACCOMMODATION  USING  SECOND-ORDER  TORQUE  OBSERVER 


In  this  section  we  discuss  in  more  detail  the  important  issue  raised  earlier  that 
the  ability  to  suppress  or  reject  disturbances  in  a  control  system  using  observers 
is  very  much  dependent  on  the  quality  of  match  between  the  observer  model  and  the 
actual  dis.urbance.  We  illustrate  this  point  by  designing  an  observer  based  on  a 
senusoidal  model  of  frequency  1  Hz  with  observer  poles  placed  at  -25+J25.  The 
disturbance  dynamics  takes  the  form 
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0 

where  f  -  1  Hz. 

The  observer  equations  are  given  by 
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where  M  -  -  LG.  The  G  matrix  in  tq .  (20a)  is  now  given  by 
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0  0 


G  - 


L-a  °j 

where  g  =  10  / 3N  and  the  observer  gain  matrix  L  is  chosen  such  that  the  observer 
poles  (eigenvalues  of  M)  are  located  at  —25 '  j  2  5.  Since  only  ■  j and  .  affect  ihc- 
placenent  of  the  observer  poles,  we  simplify  the  discussion  hy*Sett  ing't .  .  =  .  '• 

again  with  a  resultant  loss  of  information  from  the  measure  Xj(t).  With  c he  se" * 
simplifications,  the  observer  equations  for  u(t)  are 
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A  block  diagram  representation  of  this  system  is  shown  in  Fig.  14.  The  choice  of 
■  12  =  9.3  and  122  =  225.16  places  the  observer  poles  at  -  2  5  - j  2  5  as  required 

The  performance  of  the  two-state  optimal  controller  under  step  position  command  with 
qn  =  5  and  the  second  order  torque  observer  given  bv  Eq  .  (36)  are  as  shown  in  Figs. 
L5,  16  and  17  for  sinusoidal  disturbance  inputs  at  1 ,  5  and  10  He  respectively.  The 
1  Hz  disturbance  is  perfectly  cancelled  after  an  initial  transient  as  would  be  ex¬ 
pected  since  the  observer  model  perfectly  matches  the  disturbance  input.  The  steedy 
stave  pointing  error  increases  slightly  as  the  disturbance  input  frequency  and  cor - 
sequently  the  model  mismatch  between  the  observer  and  the  disturbance  increases 
In  all  cases,  however,  the  performance  is  improved  over  the  previous  designs.  Cur¬ 
rent  efforts  are  being  directed  towards  developing  accurate  models  for  torque  input 
disturbances  due  to  recoil  and  developing  designs  based  on  these  models  for  imple¬ 
mentation  on  a  microcomputer-based  controller  to  be  tested  in  August  1981. 


Fig  14  OPTIMAL  XK-97  Tl'RRET  WITH  SF.COND- ORDER  I.l'ENBERCF.R  OBSERVER 
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7.  NON-FIRING  TEST  RESULTS 

The  turret  control  designs  discussed  in  previous  sections  were  all  implemented  on 
modular  analog  control  device  specially  designed  for  test  and  evaluation  purposes. 
In  fact,  the  modular  approach  of  implementation  makes  the  device  readily  adaptable 
not  only  to  a  variety  of  controller  designs  but  also  to  other  armament  systems  as 
well  A  detailed  discussion  of  the  control  electronics  used  for  implement. v,  ion  is 
beyond  the  scope  of  this  paper.  The  interested  reader  is  lefecred  to  the  final 
report  for  more  information  on  this  subject. 


Each  control  concept  implemented  on  the  XM-97  turret  was  subjected  to  two  tests 
during  the  non-firing  test  phase.  In  the  first  test,  a  step  reference  command  in¬ 
put  was  applied  and  the  transient  response  of  the  turret  was  analyzed.  In  the 
second  teat,  a  constant  tracking  command  input  was  applied  and  the  resulting  steady 
state  error  investigated.  Fig.-j .  18  and  19  show  the  responses  of  the  original 
turret  and  the  optimal  turret  to  a  35  milliradians  step  input  command.  The  perfor¬ 
mance  improvements  of  the  optimal  controller  over  the  original  design  are  readily 
apparent  in  terms  of  settling  time,  overshoot,  etc.  Table  4  summarizes  the  step 
responses  and  tracking  responses  of:  the  original  turret  and  the  optimal  turret  for 
cost  functional  weighting  factor  q;n  of  5,  10  and  15.  Since  the  performance  of  the 
optimal  designs  wore  similar  for  given  coet  functional  weighting,  only  the  optima) 
two-srate  results  are  shown. 

TABLE  4  COMPARISON  OF  STEP  AND  TRACKING  RESPONSES 
OF  THE  WG  INAL  AND  OPTIMAL  XM-97  TURRET  CONTROL  SYSTEMS 
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8.  FIRING  TEST  RESULTS 


Extensive  firing  testa  were  conducted  to  evaluate  the  performance  of  each  control 
system  design  in  the  presence  of  recoil  disturbances.  The  weapon  used  was  the 
M-97  three  barrel  20mm  automatic  cannon  with  the  XM-9/  turret  mounted  on  an  A!;- 1 
Cobra  helicopter  air  frame.  The  entire  system  was  suspended  from  a  six-degree  of 
freedom  simulator  located  in  Rock  Island  Arsenal.  Firing  took  place  with  a  1000 
inch  range  using  a  paper  target  and  with  20  pound  bursts  at  600  pounds  per  minute 
rate.  Since  linear  motion  of  the  air  frame  was  not  compensated,  the  first  seven 
rounds  in  each  test  will  be  ignored  in  the  performance  evaluation  in  order  lo  per¬ 
mit  the  hull  motion  to  reach  equilibrium  under  firing  conditions. 

A  comparison  fo  projectile  shot  pattern1'  for  the  original  XM-97  turret  and  the 
optimal  design  with  qn  -  5  and  10  is  as  shown  in  Figs.  20-23  respectively.  The 
numbers  indicate  the  order  in  which  each  projectile  was  fired.  Since  the  auto¬ 
matic  cannon  has  three  barrels,  it  follows  that  every  third  round  was  fired  from 
the  same  barrel. 

As  can  be  seen  from  Figs.  20-21,  the  original  XM-97  turret  gave  wide  dispersion 
pattern  of  impact  points,  and  the  projectiles  from  the  three  different  barrels  were 
all  intermixed  in  random  pattern.  On  the  other  hand,  the  impact  point  pattern  of 
the  optimal  turret  was  quite  different  as  can  be  seen  from  Figs.  22-23.  Not  only 
that  the  overall  dispersion  pattern  was  much  tighter  than  the  original  turret  but 
also  projectiles  from  the  same  barrel  were  now  closely  grouped  together  forming 
three  distinct  groups  of  dispersion  pattern  according  to  the  barrels  from  which  the 
projectiles  were  fired.  The  relevant  statistical  data  are  summarized  in  Table  5. 


TABLE  3  SHOT  DISPEkSIOU  (mr) 


Original 

XM-97 

Optimal  Design 

Barrel  #1 
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i.  23 

Barrel  #2 
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Barrel  #3 
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.  96 
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Fig. 20  DISPERSION  PATTERN 
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Fig. 21  DISPERSION  PATTERN 
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9.  CONCLUSION  AND  DISCUSSIONS 

The  design  of  optimal  controllers  for  the  XM-97  helicopter  turret  control  system 
has  been  investigated.  Hardware  implementation  and  fabrication  of  the  optimal  con¬ 
trollers  using  analog  electronic  components  have  been  carried  out.  A  modular  ap¬ 
proach  of  implementation  consisting  of  various  compatible  plug-in  modules  has  been 
employed.  Extensive  non-firing  and  firing  tests  have  been  conducted  for  both  the 
original  turret  and  the  optimal  turret.  The  non-firing  tests  are  conducted  using 
step  and  step-plus-ramp  command  inputs,  while  the  firing  tests  are  conducted  with 
20-round  bursts  at  a  firing  rate  of  600  rounds  per  minute.  The  performance  of  the 
optimal  turret  has  been  found  to  be  much  more  satisfactory  as  compared  with  that  of 
the  original  turret  in  both  the  non-firing  and  firing  tests. 

The  studies  carri-d  out  in  this  paper  have  shown  that  modern  control  theory  and  es¬ 
timation  theory  are  useful  and  practical  design  tools  for  the  development  of  preci¬ 
sion  weapon  pointing  systems.  Furthermore,  in  view  of  the  fact  that  qualitative 
performance  requirements,  such  as  fast  system  responses,  reduced  system  oscillations, 
improved  hit  probability,  etc,,  can  be  transformed  directly  into  quantitative  design 
criteria,  modern  control  system  design  techniques  may  often  be  more  easy  to  apply 
than  the  classical  design  techniques  in  many  practical  situations.  With  the  advances 
of  high  speed  mini- computers  and  microprocessors,  more  weapon  and  industrial  systems, 
both  advanced  and  simple,  are  being  designed  using  these  intelligent  digital  elec¬ 
tronic  components.  Modern  control  system  design  and  synthesis  techniques  can  best 
exploit  and  utilize  the  decision-making  capability  of  a  digital  machine  to  achieve 
the  kind  of  system  performance  vhich  may  otherwise  be  unattainable. 
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10.  FUTURE  WORK 


An  8086  mi cro- computer-based  digital  weapon  pointing  system  is  current ly  under  de¬ 
velopment  and  is  scheduled  for  testing  in  August  1981.  This  system  will  i nrnrpora t e 
observer  designs  based  or:  more  accurate  models  of  the  actual  recoil  and  base  motion 
disturbances. 

Laboratory  evaluation  of  digital  control  algorithms  which  compensate  for  barrel 
motion,  friction  and  variations  in  plant,  parameters  will  be  c  trrivd  at  during  rip; 
with  follow  on  evaluations  on  XM-97  turret  in  FY82 . 
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ABSTRACT 


Thu  engagement  of  maneuvering  land  vehicles  with  gun  systems  place  extreme 
performance  requirements  on  the  fire  control  system  designs.  The  effect  tveffr:;  r 
of  a  gun  fire  control  system  depends  on  tiie  capability  to  provide  an  accurate 
fire  control  solution,  l.e. ,  predict  the  future  position  of  the  target  a  prujec- 
til'*  tiwo-of -flight  later.  Non- linear  prediction  is  shown  to  net  only  Imp  rove 
performance  but  to  also  increase  available  time  for  firing  against  maneuveri  n, . 
targets.  Sub-optimal,  multi-variable,  adaptive  ustiw&t  Itm  apprudches  arc 
shown  to  improve  the  effectiveness  of  predictive  fire  control  systems. 

v’y usltivlty  analyses  are  presented  that  relate  system  induced  errors  to  track  in,, 
noise  and  prediction  order.  Relationships  between  system  stability  and  perfora- 
uneo  for  two  basic  types  oi'  fire  control  systems  are  presentee!. 


INTRODUCTION 


Tills  paper  discusses  the  fire  control  system  problem,  the  nature  of  land  vehicle 
mobility  and  agility  and  the  ability  of  predictive  fire  control  ays  ferns  to 
effectively  engage  maneuvering  vehicles.  Existing  performance  specifications 
do  not  satisfactorily  describe  the  level  of  maneuverability  expected  In  a 
tactical  situation.  Rather,  present  specifications  define  performance  require¬ 
ments  for  fixed  vehicle  speed  and  heading  movement  which  have  resulted  In  the 
development  of  fire  control  system  designs  that  are  significantly  degraded  in 
a  maneuvering  target  environment.  The  problem  is  addressed,  in  genera  l,  fur 
the  four  cases  of  firing  vehicle-target  vehicle  movements.  The  processes 
required  in  the  fire  control  solution  are  identified  and  the  sensitivity  of 
system  performance  to  the  propagation  of  tracking  errors  is  discussed.  The 
stability  and  performance  characteristics  of  two  generic  fire  control  system 
configurations  are  analyzed  in  some  detail. 


GUN  FIRE  CONTROL  SYSTEM  PROBLEM 


Tlie  purpose  of  gun  fire  control  systems  Is  to  have  a  projectile,  Unit  has  been 
fired  a  time  of  flight  previously,  Impact  the  target  that  was  sighted  a  time 
of  flight  earlier.  The  critical  motion  parameters  that  degrade  the  performance 
-if  predictive  fire  control  systems  have  been  Identified  as  cyclic  usidimtion:; 
exhibiting  frequencies  that  are  within  the  motion  capabilities  of  taetlc.ii  bun 
veh  teles.  '  Tracking  error  does  not  in  Itself  cause  the  perfori.'iand'v  uegrndut  1  u  n. 
The  inability  of  the  fire  control  system  to  determine  the  motion  .lerivu  t  Lves 
of  the  1 1  ne-of-s lgh t  (LOT;  to  the  target  and  predict  the  future  position  ol' 
the  target  are  the  two  main  factors  that  cause  fire  ccntr'.l  system  dug  rssda  t  l  ,  m. 

The  error  In  the  ability  of  a  fire  control  system  to  cause  the  project.)  le  to 
intercept  the  target  a  time  of  flight  later  is  referred  to  as  total  gun  pointing 
(Tap)  error.  TOP  error  Is  defined  as  the  offset  between  tie  actual  gun  pointing 
direction  at  round  exit  and  tie  location  of  the  target  centroid  at  round  impact. 
The  TOP  error  is  the  sum  of  the  propagated  system  induced  (1.1)  errors  and  target 
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Induced  (TI)  errors  (l.e,,  TGF  error  =  SI  errors  +  TI  errors).  The  SI  errors, 
considered  In  this  study,  are  the  tracking  error  (difference  between  the  tr-jeki"' 
LOS  and  true  LQS  to  the  target)  at  the  time  of  Tiring  and  the  estimation  errors 
(difference  between  estimated  LOS  states  and  true  LOS  states).  The  SI  errors 
propagated  through  a  projectile  time  of  flight  result  In  a  kinematic  load 
error.  The  TI  error  is  caused  by  the  target  motion  during  the  time  of  flight 
of  the  projectile.  It  la  dependent  on  the  order  of  the  lead  solution  in  the 
fire  control  system.  For  a  first  order  lead  system  the  TI  error  is  the 
difference  between  the  actual  LOS  movement  during  a  projectile  time  ol  flight 
and  the  propagated  LOS  movement  assuming  perfect  LOS  rate  at  the  time  of 
fire.  The  first  order  predictor  system  TI  error  Ignores  the  presence  of  actual 
target  acceleration  at  time  of  firing  and  during  projectile  flight  time. 

For  a  second  order  lead  system  the  TI  error  Is  the  difference  between  the 
actual  LOS  motion  during  a  projectile  time  of  flight  and  the  propagated  LOG 
movement  assuming  perfect  LOS  rate  and  acceleration  at  the  time  of  firing. 

The  second  order  predictor  system  TI  error  accounts  for  target  acceleration  at 
time  of  firing  but  Ignores  the  target  acceleration  changes  during  projectile 
flight  time.  This  distribution  of  errors  is  shown  lri  Figure  1.  Tie  ballistic 
flight  characteristics  of  tne  projectile  are  Ignored. 

The  fire  control  solution  occurs  during  a  short  time  interval  which  is  re¬ 
lated  tu  the  time  of  flight  of  the  projectile.  The  motion  conditions  of  both 
the  flrer  and  the  target  are  needed  to  understand  and  solve  the  fire  control 
aystem  problem.  Four  motion  conditions  exist:  stationary  f lrer-statloriary 
target,  stationary  flrer-movlng  target,  moving  f Irer-stationary  target,  and 
moving  f i rer-rao vlng  target.  The  stationary  f irer-statlonary  target  is  the 
least  dynamic  situation  and  Is  the  least  complex  case,  and  the  moving  flrer- 
rnoving  target  is  the  most  complex  case.  For  each  of  the  cases,  the  LOS  between, 
the  flrer  and  target  Is  the  key  to  which  of  the  four  fire  control  processes 
are  being  called  upon  in  a  demanding  manner. 


Fire  Control  System  Processes 


A  fire  control  system  may  he  broken  down  into  four  distinct  processes.  Each 
or  these  processes  are  present  In  all  types  of  fire  control  systems.  They 
are:  tracking,  estimation,  prediction,  and  gun  pointing.  In  specific  designs 

these  four  processes  are  accomplished  In  different  manners. 

The  tracking  process  la  Important  in  all  four  cases.  For  the  moving  flrer 
cases,  tracking  becomes  more  critical  because  the  base  motion  of  the  flrer 
must  be  compensated  and  it  may  be  affected  In  a  secondary  manner  by  target 
motion.  Tracking  Is  usually  accompl ished  manually  and  Is  concerned  with  the 
alignment  of  the  sight  reticle  with  the  target.  The  gunner  is  involved  directly 
at  thl3  stage  and  accuracy  or  tracking  will  he  a  characterisation  of  the  ability 
of  any  given  gunner  to  perform  the  task.  Test  data  obtained  from  experimental 
investigations  can  be  used  to  determine  tracking  error  means,  standard  deviations, 
and  correlation  time  constants  useful  for  building  models  of  tne  tracking 
errors. 

The  estimation  process  is  the  Intermediate  stage  between  the  tracking  process 
and  the  prediction  process  and  Its  configuration  Is  dependent  upon  the  order 
of  the  prediction  process.  Estimation  is  the  process  of  filtering  the  tracking 
data  to  provide  the  necessary  target  motion  information  required  In  the  predic¬ 
tion  process.  The  accuracy  of  the  tracking  data  will  influence  the  performance 
of  the  estimation  process.  The  system  error  Induced  by  the  estimation  process 
decreases  with  Improvement  In  tracking  accuracy. 

f^ediction  of  target  future  position  to  obtain  Intercept  between  projectile 
and  target  is  dependent  upon  an  estimate  or  the  present  motion  of  tne  target 
and  time  of  flight  of  the  projectile.  The  output  of  the  estimator  is  not 

a  complete  description  of  the  present  motion  or  the  target,  therefore,  the 
predictor  does  not  have  the  necessary  information  to  calculate  the  target's 
future  position  exactly.  If  restrictions  are  placed  on  the  allowrble  threat 
motions,  then  the  predictor's  ability  to  determine  Its  future  position  Is 
Improved.  Oversimplification  of  allowaule  threat  motions  has  placed  unrealis¬ 
tically  simplified  requirements  on  the  operation  of  Uie  estimation  and 
prediction  processes.  Realistic  threat  motions  are  determined  by  the  mobil¬ 
ity  capabilities  of  tactical  vehicles.  In  the  past,  the  majority  of  targets 
that  have  been  studied  have  beer,  nonaccelerating.  The  •’equl rements  of  an 
estimator  and  a  predictor  for  this  type  of  motion  are  to  combine  the  apparent 
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turret  velocity  estimate  and  projectile  time  of  flight  for  ttie  load  solution. 

The  required  lead  Is  constant  and  can  be  realized  liter  some  settling  tltiio. 

The  existence  of  accelerating  targets  requires  the  system  to  develop  j.mslaul  ly 
..hanging  lead  angles,  hence,  the  need  for  non-linear  prediction. 

f\u  Important  point  to  observe  is  that,  for  the  stationary  flrer- moving  target 
ease,  the  prediction  process  Is  required  to  provide  gun  command  orders  that 
orient  the  gun  to  account  for  target  motion  during  the  projectile's  that-  <>f 
flight,  whereas  In  the  moving  f  1  re r-s tat iuriapy  tar  ,et  case  this  prediction 
process  Is  not  required  because  the  LOS  existing  between  the  flrer  and  terg.-t 
at  Instant  of  firing  does  not  move  during  the  projectile's  time  of  flight. 

For  the  moving  firer-movlng  target,  the  LOS  also  moves  after  projectile  firing. 

The  gun  pointing  process  i-  required  to  align  and  stabilize  the  gun  along  the 
predicted  LOS  to  the  target.  The  stabilization  arm  response  of  the  gun 
pointing  loop  are  major  concerns  for  fire  control  system  performance  against 
maneuvering  targets.  Stabilization  of  the  guri  pointing  process  could  have 
an  adverse  effect  on  overall  system  performance.  The  moving  flrer  cases  will 
stress  the  gun  pointing  process  most  severly  but  It  Is  possible  tout  the  gun 
pointing  process  will  be  equally  stressed  for  the  stationary  f !  rer-cinvliq, 
target  case  with  non-llnear  prediction. 

FIRE  CONTROL  SYSTF.M  CONFIGURATIONS 

The  three  currently  used  fire  control  configurations  are  known  as  manual  or 
Iron  sight,  disturbed  reticle  and  stabilized  sight-director  systems.  A  fourth 
method  called  closed  loop  refers  to  projectile  spotting  to  adjust  the  fire 
control  solution  and  Is  not  considered  In  this  discussion.  The  manual  fire 
control  system  uses  the  brute  force  approach  and  concentrates  on  stabll l zing 
the  gun  position  exclusively.  In  tills  system  the  lead  Is  Introduced  manuaLLy, 
therefore,  there  is  no  automation  of  the  fire  control  estimation  and  prediction 
processes.  The  disturbed  reticle  system  stabilizes  the  gun  position  and  disturbs 
the  position  of  the  tracking  reticle  from  the  gun  line  position.  Tn  this 
scheme  the  tracking,  estimation  and  prediction  processes  are  Inseparable  and 
the  fire  control  solution  Is  automated.  The  rejection  of  flrer  vehicle  base 
motion  is  difficult  to  accomplish  In  this  type  of  system.  The  last  system  to 
be  considered  Is  the  stabilized  sight-director  system.  Ilie  tracking  process 
Is  accomplished  by  a  tracker  which  is  Isolated  from  the  flrer  vehicle  bus.; 
movement.  The  resulting  LOS  orientation  is  referenced  to  inertial  space,  as 
contrasted  to  the  gun  line  for  disturbed  reticle  systems.  Tile  estimation 
process  Is  the  Intermediate  link  between  the  tracking  process  and  the  prediction 
process.  The  prediction  process  uses  the  estimation  process  outputs  combined 
with  projectile  time  of  flight  to  determine  the  gun  pointing  commands.  'Hie 
gun  pointing  process  uses  the  estimated  LOS  to  the  target  summed  with  the 
calculated  lead  to  position  the  gun  line. 

How  well  a  fire  control  system  configuration  performs  Is  a  function  of  target 
movement,  flrer  movement  and  fire  control  system  design.  'Hie  analytical  method¬ 
ology  required  to  study  this  problem  should  be  constrained  to  real  time  solution 
mechanisms.  Another  way  to  say  this  Is:  post  data  analysis  techniques 
using  data  obtained  from  field  tests  will  not  provide  the  insight  that  Is 
required  to  obtain  an  understanding  of  the  relative  performance  of  different 
fire  control  systems.  Probability  or  hit  information  is  useful  for  an  assess¬ 
ment  of  systems  that  have  been  fielded  but  Is  not  applicable  for  tradeoff 
studies  of  the  type  required  In  this  study.  Analytical  methodologies  such  as 
servo  mechanism  synthesis  and  modern  filtering  technology  are  required  to 
study  this  problem. 


MANEUVERING  TARGET  DESCRIPTION 


A  nuantitatlve  description  of  the  threat  Is  required  to  evaluate  the  perform¬ 
ance  of  fire  control  systems  operating  against  maneuvering  targets.  To  develop 
this  description,  It  Is  necessary  to  consider  the  mobility  and  agility  charac- 
leristlcs  of  threat  vehicles  In  a  realistic  combat  environment.  A  thorough 
description  of  anticipated  maneuvering  Beems  to  defy  Identification  because 
threat  maneuvers  constitute  a  large  set  of  possibilities  even  when  constrained 
by  tactical  doctrine,  driver  policy,  terrain  and  vehicle  capabilities.  Two 
approaches,  analytical  and  errplrlcal,  are  available  for  consideration  In  the 
attempt  to  Identify  the  maneuver  characteristics  of  land  vehicles.  An  analytic 
approach  -..'culd  view  each  maneuver  as  being  composed  of  elements  from  an  Idealized 


i»r-wrup  of  iaove;:ientiJ*  An  empirical  approach  would  view  Liiu  niiacJVi-;1.,  u  nav  lu^, 
actually  occurred  during  limited  testa  for  different  types  of  ,iwnyuv..‘rln 
vehicles.  Neither  of  these  approaches  provide  a  complete  "Maneuver  duso  r  1  pt  I  oi,, 
hut  a  combination  of  these  two  approaches  offers  some  ad  Vintages  and  W;  th»* 

I’lf.  adopted.  The  analytic  approach  wl  L  1  partially  nv*.*  r  conk*  fh--  |n.*.»  .  |  •' 

ues.s  of  the  empirical  data  base  while  the  empirical  data  will  offset  the 
■ha thema t leal  idealizations  of  the  analytic  methodology. 


- r ,1L>  1  {1  L° ;i ^  Approach 


When  using  empirical  data  to  demonstrate  the  performance  of  a  gun  fire  cnnirwi 
oy r. t »»i:i ,  base-line  performance  can  be  determined  with  no  concerns  arising  fro.:, 
i do  1 1  Isa t  Ion  of  the  maneuvers.  Since  the  number  of  maneuvers  will  be  ruth**r 
s--«ia  l  1  ,  they  neither  provide  sufficient  information  about  the  robustness  j '  a 
•' h'f  :  antml  design  methodology  nor  the  pathology'  when  l:.»;  fire  control  .,j 
i  >>  degrade.  When  demonstrat  1  ng  the  pe rfo rmanoo  of  a  fire  control 
:-y  fit.r.i  against  experimental  data,  caution  must  be  ex  ore  l  t  •?  assure  in  it 
file  empirical  data  is  properly  inputted  to  the  fire  control  system  mu  it:  l . 

!•*-  l  i.  -pi  i  ng  of  the  ilata  rates  and  noise*  Levels  often  requir->  rso-ie-  pr»:pr>*f *.*.;.: !  . 
-■;*  .» .<p**r  1  i:i»*n ta  l  data  to  prepare  it  for  use  in  a  lmuiat  i^u  rtiMies. 


mi:1  1  j  l  1  ■■  Approach 


An  a  supplement  to  trie  empirical  approach,  the  ana  ly  tie  approach  Is  us»»«i  to 
L nv»':; f  igate  sensitivity  effects  for  a  larger  group  of  :co v»»*nerit  s.  .'Umulat  Lug 
new  or  pathological.  maneuvers  require  that  the  analytic  capability  superimpose 
Maneuvers  arising  from  random  disturbances  and  intentional,  voluntary  vehicle 
driver  commands. 

The  random  disturbances  may  bo  represented  in  terms  of  1 1 me  histories  or*  power 
.spectral  densities*  The  time  history  approach  Is  based  on  the  development 
of  i  mu thema t ica I  model  of  vehicle  movement,  Influenced  by  terrain  effects 
and  arbitrary  driving  uabttr?  of  Individual  drivers.  It  is  assumed  that  for  r.o 
random  effects  caused  by  terrain  irregularities  or  driver  input,  the  vehicle 
wool  l  folLow  a  straight  llneconstant  speed  path.  Maneuvers  are  viewed  as 
p-irturbeit  lens  on  thin  straight  1 irteeonstant  speed  path.  Apparent  acceleration, 
alt),  which  is  correlated  in  time,  accounts  for*  the  vehicle’s  deviation  from  a 
straight  line  path.  Maneuver  capability  Is  expressed  by  three  quantities; 
the  variance,  or  magnitude  of  a(t),  the  cyclic  maneuver  frequency  and  the 
t  ii:.e  constant  of  the  maneuver. 

Intentional*  voluntary  vehicle  driver  commanded  motion  of  iarici  vehicles  over* 
terrain  Is  a  complicated  subject  in  itself  and  will  not  be  investigated  in 
tills  study.  It  is  recognized  however,  that  an  interaction  between  vehicle 
Horsepower,  weight,  suspension,  and  locomotion  concepts  do  combine  with  terrain 
over  which  It.  is  moving  to  provide  different  level;-  of  mobility  with  respect 
to  a  fixed  reference  frame.  Therefore,  different  vehicle  designs  will  have 
different  mouLllty  levels  defined  in  terms  of  motion  and  derivatives  of  motion. 
A;.»iity  Is  closely  related  to  mobility  and  yet  it  is  a  «*11.;htlv  different. 

•  i- i  on  of  Intentional  vehicle  |  hi.  Wher*.*  -Mob1  !  1  J  r  1  her.  tlr* 

.  ii  »  ji  i:i*  r  il.  iif  n  vehicle  from  one  1  oca  1. i  •  Hi  to  another  1  jrnlti.n  in  a  /  I  v  *  - » l  j  i*  ,••!■  i 
‘■r  : .  1  uo  * ,  agility  deserlb-s  l  he  Vehicle’s  ability  to  ai»*r*  l '  s  •renri  path. 


oKIJ.SmVITY  OS'  yiHi  CONThub  fKuCh^ol  '- 


begradu  t  ion  In  gun  pointing  accuracy  results  from  two  major  error  uuurces-uyot.*- 
and  target  Induced  errors.  TTie  target  Induced  errors  are*  caused  by  the  motion 
of  the  target  during  the  t line-of-f  ]  igh t  of  the  projectile,  .'Since  the  target 
has  the  capability  to  maneuver  within  constraints  of  the  terrain,  vehicle 
•  harufteriy  t  lea  arid  driver  policy  during  a  project,  lie’  s  t  hno-'T  -  fl  igh  t,  there 
Is  no  such  thing  as  a  correct  (perfect)  lead  solution.  '"h**  lead  solution  is 
bused  on  the  projected  target  position  us  ini'  the  present  target  states  and 
projectile  t  ime-of-fl  tght.  Therefore,  the  target  Inniiaod  error,  In  general, 
cannot,  ho  reduced  to  Zero  for  a  maneuvering  target.  However,  It  can  easily  h-* 
shown  that  proper  selection  of  the  prediction  process  is  capable  of  reducing 
the  gun  pointing  error  due  to  target  motion. 


The  :;y t'Mr  induced  errors  are  made  up  of  bias  and  random  e^r-^rs  emu  na  t  { ng  t'rv.i 
specific  components  anti  subsystems.  Hie  propagation  of  those  errors  degrade 
t ne  performance  of  the  fire  control  system.  The  system  Induced  errors  of 
major  concern  are  those  occurring  In  the  tracking  process.  Sensitivity  analyse  ; 
have  been  performed  to  evaluate  the  degradation  of  gur.  pointing  commands  to 
trucking  process  errors.  Hie  ana  Lysis  considers  the  fire  control  proo. 
ti-:  Interfaced  In  tandem  with  no  feedback  of  outputs  to  a  previous  process. 

Hu:  analysis  Is  further  limited  to  a  segment  of  a  maneuvering  target  path 

ma  lytical  ly  gene  rated  path  provides  an  exact  time  history  of  the  t.irgrt  it. (tec 
(position,  velocity  and  acceleration). 

Tip.  tracking  process  Is  modeled  ay  summing  random  errors  of  known  wrlt.icn  wife 
Mir-  output  of  a  perfect  LO."  sensor.  Hie  output  of  the  tracking  process  Is,  by 
definition  in  I, OS  coordinates,  however,  cartesian  coordinates  are  used  by 
.'.an Ice  and  not  a  limitation  -*!  the  methodology  in  trie  estimation  processes. 

Hue  simplification  the  transformation  from  LOS  to  cartesian  coordinates  is 
■leco'iipi  Lshe  i  prior  to  adding  tracking  noise. 

,'t  .3  ub-op  t  iina  1 ,  adaptive  kil-.ia.n  filter  (KF;  Is  used  for  une  er  t  imat  ion  process 
in  the  generic  fire  control  system  under  cons  !  id  rat  l  in.  11. «  noisy  1  rack  Is. ■. 
process  signal  Is  processed  by  tne  KK  to  provide  a  "best"  estimate  of  too 
ta"get  states  (position,  velocity  and  acceleration,!.  The  estimation  errors 
are  minimized  by  providing  the  filter  with  tne  correct  variance  uf  tne  ob¬ 
servation  noise.  In  practice,  this  perfect  match  of  noise  variance  Is  not 
achievable  but  can  be  approached  with  letaiied  error  analysis  of  Ur*  liw  :<  In, 
process  or  with  software  methodology  to  estimate  tne  noise.  "be  latter  is 
probably  desirable  and  necessary  because  the  variance  of  tne  tracking  prnc.-ss 
error  In  not  time  Invariant  In  a  combat  environment.  The  rlr  equations  aipi 
theory  are  well  known  and  are  presented  elsewhere.  .-3  however,  tne  adaptive 
feature  of  the  designed  KK,  which  requires  online  computation  of  the  filter's 
gain,  is  outlined.  Tne  adaptive,  time  varying  gain  in  obtain.*  i  by  changing 
the  variance  of  the  uncertainty  of  the  embedded  target  dynamics,  as  a  function 
of  the  esl  .mated  path  geometry.  lbe  forcing  function,  p  ,  for  tne  target 
dynamics  is  modeled  as  a  random  (Gaussian  noise)  rate  of  change  of  accelerat ion. 
Hie  variance  of  u  Is  defined  In  the  body  coordinates  of  the  target  as  constant, 
diagonal  elements  of  the  Q  matrix.  The  Q  matrix  Ls  rotated  an  tne  target 
maneuvers  to  provide  a  time  varying  Q  matrix  In  the  filter's  coordinate  system. 

The  sensitivity  of  the  estimates  to  the  tracking  process  noise  *,3  evaluated 
for  a  typical  maneuvering  target  path.  Hie  ground  track  of  the  maneuver  is 
shown  in  Figure  2.  The  maximum  speed  and  lateral  acceleration  are  10  .m/gec 
and  2  m/sec^,  respectively.  Figure  3  shows  the  degradation  in  velocity  esti¬ 
mates  as  the  standard  deviation  of  the  tracking  process  noise  on  tiie  assumed 
position  observation  ls  Increased  from  0.05  meter  to  1.0  meter.  Hie  degradation 
In  the  estimates  of  lateral  acceleration  Tor  the  same  noise  levels  ls  shown  In 
Figure  4.  A  comparison  of  these  two  figures  shows  that  the  velocity  estimates 
are  net  as  sensitive  to  the  propagation  of  tracking  noise  as  the  acceleration 
estimates.  Hie  prediction  process  provides  the  command  for  point  ln0  ttio  gun 
to  the  predicted  target  position.  The  estimateu  future  position  of  the 
target  depends  on  the  order  or  the  prediction  process.  Ideally,  one  would 
like  to  forecast  the  target  position  so  that  a  projectile  fired  a  time-ol'-l'  i  I  got 
earlier  would  arrive  at  a  point  in  space  simultaneously  with  the  target. 

'.hif  ortunately  ,  only  the  present  states,  which  nr.*  never  khv<*M  exactly,  ir- 
available  for  use  In  computing  future  target  position. 

With  knowledge  of  the  true  'diture  position  of  tin*  target  ,iv  a !  :  m ;  <•  frun  1  tie 
target  motion  simulator,  the  degradation  in  the  gun  pointing  :oiima.n  is  can  or 
evaluated  for  different  t.  racking  errors.  Target  inlnced  errors  uni  tin- 
propagation  of  the  traeking  process  noise  are  analyzed  to  oval. .ate  their  >!l‘f<":t 
on  gun  pointing  commands. 

The  target  Induced  errors  are  functions  of  target  maneuver  characteristics,  pro¬ 
jectile  time  or  flight,  and  prediction  order.  For  a  given  prediction  or  I  -r  an  J 
with  perfect  knowledge  of  the  present  target  state  and  time  of  *'L  ignt,  the 
resulting  target  Induced  errors  are  lower  bound  prediction  errors.  Effects  of 
time  of  flight  and  order  of  prediction  are  shown  In  Figure  5  for  a  maneuvering 
target  whose  maximum  speed  and  lateral  ar  *e .  o  rat  Ion  ls  10  m  'see  an;  3.5  m^st.-c  . 
Prediction  errors  are  improved  for  decreases  In  t  lme-of-!'i  lgh*  an!  higher 
order  of  prediction. 
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.•i  iv.:  i'iMi.t  prediction  Is  linear  ami  requires  only  aocu rat.*;  estimates  of  vei.m.iy 
to  approach  the  Lower  bounds  of  prediction  error.  Second  order  prediction 
re  .juices  nut  only  accurate  velocity  but  also  accelerat  Ion  estimates  to  minimi/" 
tin-'  prediction  errors.  Figure  6  shows  tbs  standard  deviation  of  prediction 
error  for  the  target  maneuver  shown  In  Figure  2  as  a  function  o"  thue-of-fi  l0r  t 
and  variances  of  tracking  process  noise  for  first  order  prediction.  Those 
pesults  Indicate  that  the  degradation  In  prediction  error  Is  ml  n'ml/.ed  as 
the  duality  of  tracking  Improves.  However,  the  existence  of  the  ..over  noun  i 
curve  for  second  order  prediction  provides  and  1 1  lonal  Improvement,  not  r/u  h:  ; 
by  first  order  prediction.  Assuming  position  observations  '.Input  to  toe  i.'-'i 
with  a  1c  noise  of  1.0  meter,  Figures  6  and  ?  show  tnat  tnere  is  no  lar^e 
difference  between  first  and  second  order  prediction.  However,  second  or  i>.-r 
prediction  with  a  reduction  In  the  tracking  process  error  to  0.01;  meter  i 2 1 
ill  crorad  Ians  at  a  range  of  200D  meters)  provides  a  significant  Improvement  in 
the  lead  solution.  Unlike  first  order  prediction,  second  order  prediction  Is 
not  only  more  sensitive  to  the  tracking  process  noise  but  aLso  to  the  observa¬ 
tion  state.  Figure  7  shows  that  improvements  are  real  Ice  i  if  the  observ.it Km;: 

■  ire  rates  rather  than  portion.  If  tracking  accuracies  >!'  o.U't  msec  ,2v 
,iic roradla n/sec  at  2000  meters.'  are  achieved,  t.ne  prediction  error  Is  wlt.nin 
about  ten  percent  of  the  lower  bound  for  second  order  prediction. 

The  lead  errors  discussed  above  are  the  differences  between  the  predicted  and 
actual  target  positions  for  given  tlme-of  fl  lght.  Targets  are  not  point  sources 
anu  a  more  meaningful  criteria  for  evaluating  the  system  Is  the  percent  t  ini; 
on  target  for  a  specified  engagement  time.  Assuming  a  target  sire  of  2 .  d 
meters  X  2.3  meters.  Independent  of  target  orientation,  the  percent  time  on 
target  for  the  same  tracking  accuracy  In  Figure  7  is  depleted  in  Figure  a  for 
times  of  flight  between  1.0  seconds  and  2.5  seconds. 


STABILITY  ANALYSIS  OF  GENERIC  Fl HH 
CONTROL  SYSTEMS 


General  Discussion 

The  three  basic  fire  control  configurations  In  existence:  manual,  disturbed 
reticle  ana  stabilized  s  lght- llrector  have  been  Identifier  In  turn's  of  hew 
the  fire  control  processes  are  mechanized.  All  existing  operational  systems 
utilize  the  human  operator  to  null  the  difference  between  the  observed  target 
and  the  reticle  position.  The  degree  of  participation  of  tne  numan  in  each  of 
the  three  types  or  fire  control  systems  Is  considerably  different.  Concern 
about  the  stability  of  the  closed  loop  man-machine  system  Is  an  Important  con¬ 
sideration  lr.  determining  performance  and  Is  one  of  the  primary  distinguishing 
features  that  characterizes  the  effectiveness  of  the  three  types  of  fire  control 
systems.  In  the  manual  system,  the  tracking,  estimation  and  prediction  proc¬ 
esses,  are  performed  by  the  man  and  the  machine  serves  only  to  orient  the  gun 
line  in  accordance  with  the  Information  provided  by  man.  The  tracking  1 3 
performed  by  the  man  In  the  disturbed  reticle  and  stabilized  sight-director 
systems,  however,  It  Is  accomplished  differently.  The  estimation  and  predic¬ 
tion  processes  are  also  mechanized  differently  In  these  two  types  of  fire 
control  systems.  One  of  the  Important  Inherent  advantages  of  a  stabilized 
s lgnt-airector  system  compared  to  a  disturbed  reticle  system  Is  the  decoupling 
of  the  tracking  process  from  the  estimation  and  prediction  processes.  The 
turret  and  gun  position  serve  as  the  reference  from  which  the  reticle  Is  disturbed 
in  the  disturbed  reticle  system.  Involvement  of  the  human  gunner  in  the  turret 
loop  for  the  disturbed  reticle  system  and  his  absence  from  the  turret  loop  for 
the  stabilized  sight-director  system  Is  a  distinguished  feature  of  the  systems. 

The  tracking  process  is,  therefore,  more  Isolated  from  the  estimation,  prediction, 
and  gun  pointing  processes  in  the  stabilized  sight-director  system. 

Dlsturted  Reticle  Fire  Control  System 

One  fire  control  configuration  In  current  use  Is  the  disturbed  reticle  concept. 

The  following  discussion  Is  intended  to  describe  in  detail  tne  functions  of 
the  disturbed  reticle  fire  control  system  and  Identify  the  four  processes, 
showing  how  each  Is  related  to  the  other.  Figure  9  -describes  tne  signal  flow 
and  the  four  major  processes  are  Identified  In  terms  of  where  In  the  system 
each  is  accomplished. 

The  Input  to  the  system  Is  the  LOf  from  tne  target  to  the  reticle  of  the  tracking 
system.  The  nuinan  operator  moves  tne  nandie  bar  controller  to  align  tne  reticle 
of  the  tracking  system  to  be  coincident  with  the  target.  The  ability  of  any 
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hun&n  controller  to  accomplish  this  task  defines  the  quality  of  the  tracking 
process.  Handle  bar  controller  output,  which  la  directly  related  to  the  i,OS 
rate,  Is  used  to  drive  two  Interdependent  subsystems.  The  t'lr;t  Is  the  turret 
servo  which  is  commanded  to  rotate  at  a  rate  directly  proportional  to  the 
handle  bar  controller  deflection.  The  second  subsystem  driven  by  the  handle 
bar  controller  la  a  lead  screw  servo  and  reticle  system.  Hie  displacement  nr 
the  Lead  screw  servo  Is  directly  proportional  to  the  filtered  handle  bur 
controller  deflection  multiplied  by  the  proJectlLe  time  of  flight.  The  lean 
screw  displacement  is  used  to  position  the  reticle  of  the  tracking  syse-.i. 

these  are  two  distinct  feedback  signal  paths  In  the  disturbed  reticle  configur¬ 
ation  and  the  Inman  is  a  series  subsystem  in  both  paths.  Another  Important 
observation  is  to  note  that  the  signal  loop  made  by  the  turret  servo-:naa-nin  i  l 
bar  controller  is  a  degenerative  feedback  loop  because  of  the  negative  su.inhi^ 
junction.  The  signal  loop  made  by  the  fllter-tlne  of  flight  lead  servore  t  ic  1  <; 
servo-man  handle  bar  controller  is  a  regenerative  feedback  loop  because  of  two 
negative  summing  junctions.  Durln&  normal  operation  of  the  disturbed  reticle 
system,  the  performance  of  these  two  feedback  paths  give  rise  to  a  dynamical 
system  that  exhibits  some  undesirable  performance  characteristics.  Without 
further  crossfeed  compensation,  the  closed  loop  performance  of  the  disturbed 
reticle  system  is  at  best,  marginally  stable.  To  overcome  tills  i.onilrlon, 
compensation  signal  paths  arc  added.  The  basic  compensation  is  a  tachometer 
generator  signal  from  the  lead  screw  servo  which  Is  combined  with  the  turret 
servo  error  signal.  This  composite  signal  Is  fed  to  the  turret  servo  and  tiie 
reticle  servo  to  compensate  for  the  dynamical  mismatch  that  occurs  In  the 
reticle  and  turret  servos.  However,  there  Is  no  such  thing  as  a  perfect  oo.ripen 
satlon  and  the  undesirable  performance  characteristic  alluded  to  earlier  can 
never  be  completely  nullified,  not  to  mention  the  potentially  precarious  situa¬ 
tion  that  might  occur  if  any  failure  or  gain  change  occurs  In  the  compensation 
paths. 

The  Important  thing  to  observe  about  the  root  locations  In  Figures  10  arid  11 
is  that  there  are  numerator  roots  In  the  right  half  of  the  3  plane.  This 
arises  from  the  basic  disturbed  reticle  configuration  and  must  bo  considered  a 
fixed  element  phenomenon  in  tills  type  of  system.  Tiie  polos  or  denominator 
roots  describe  the  system  operating  point  for  a  system  bain  of  zero.  Tiie 
zeroes  or  numerator  roots  describe  the  system  operating  point  for  a  system 
gain  of  Lnflnity.  The  dotted  trajectories  connecting  these  two  extremes  are  a 
pictorial  description  of  the  operating  point  loci  for  all  Intermediate  gains. 
These  systems  exhibit  conditional  stability  because  of  the  presence  of  positive 
feedback  In  the  equivalent  transfer  function  between  ii  and  h .  These  are 
different  closures  than  exist  for  a  negative  feedback  that  occurs  when  both 
the  reticle  and  turret  crossfeeds  are  present  as  shown  in  Figure  12.  The 
existence  of  these  simultaneous  crossfeeds  froir.  the  lead  screw  servo  and 
turret  servo  error  to  tiie  turret  servo  and  reticle  servo  tend  to  offset  the 
non-mi ulmum  phase  root  condition  shown  in  Figures  '0  and  11. 

In  aummary,  It  Is  the  location  of  the  operating  points  that  determine  the 
system  stability  characteristics.  The  frequency  content  of  the  tracking  error 
la  directly  related  to  the  operating  points,  but  equally  Important  Is  the 
magnitude  of  the  tracking  error  which  is  influenced  by  the  location  of  the 
numerator  roots  of  the  closed  loop  transfer  function.  These  effects  are 
interrelated,  but  the  fundamental  underlying  requirement  Is  to  achieve  an 
adequate  stability  margin  of  the  closed  loop  system.  Tills  stability  considera¬ 
tion  Is  Important  for  fire  control  system  performance  and  the  designers  must 
take  these  factors  Into  account.  The  end  result  Is  system  performance  which 
r.ay  be  acceptable  or  not  acceptable. 

It  can  be  asked  why  so  inucn  concern  about  this  situation  because  disturbed 
reticle  systems  have  performed  satisfactorily  In  the  past.  Perhaps  tills  is 
so,  but  with  the  introduction  of  maneuvering  targets,  the  performance  of  this 
type  of  system  may  be  adversely  arfected.  When  the  target  L,U:j,  Op,  shown 
In  Figure  3  moves  at  a  constant  lute,  the  human  operator  Is  required  to  move 
the  handlebar  controller  a  nominal  fixed  amount.  The  turret  servo  de'.olops  a 
fixed  nominal  rate  and  the  lead  servo  assumes  a  fixed  nominal  position.  ft 
then  becomes  the  task  of  the  human  to  perturbate.  tiie  nandleba'  controller 
about  this  normal  position  in  order  to  minimize  the  tracking  error.  When  t.-.e 
target  LOS  rate  is  not  constant,  which  Is  the  situation  for  maneuvering  tar.,et:i 
tne  handlebar  controller  must  be  moved  consistent  with  the  changing  target 
LOS  r*t*.  Hie  nominal  handlebar  controller  position  Is  not  the  only  difference 
in  tht  system  operation  for  maneuvering  targets.  The  turret  servo  acreierat  s 
and  decelerates  and  the  lead  screw  servo  13  constantly  being  driven  to  a  new 
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position.  The  new  position  of  the  reticle  Is  a  result  hi'  then*;  two  slgnalr. 

j  It':.-;.  -h  "  dynamic  poiTorMin-'i'  .:,1  s.na  rehe:;  ir*  !  t  .  :*■  .:■■■■;' r  V!'; 

for  the  non-maneuvering  targets  and  the  track lug  performance  win  o,; 

Tnls  uegradatlon  occurs  from  the  inability  of  the  closed  loop  .system  to  so  wh;,.' 
■ill  .  o.,,  I’onr  tantly  i'h  ivl  up,  target  T,O.S  rate.  Th"  ex  to  it  if  I  ;r.'i  i  1 1  1 

.  h  '>•;  lMui-.il.ite  iy  i.livlm.i  to  the  casual  analyst,  t.-.it  tie.  ur  •  l .  ..tiury 

u.u.ere  of  tills  degradation  will  he  observed  once  a  sufficiently  ci..,se  survey 
of  the  tracking  error  la  made.  It  Is  Imperative  that  the  resulting  stability 
•#ar.;lh  of  the  closed  man-nachlne  system  be  large  to  Insure  arc •■nt  •  ■  peri  >r-.,.i:. 

T:  ,  ini-  iV-‘ r  In  -,  t  i  . 

a  ■  :ent  work,  has  :du>wn  that  tactical  targets  can  eXecai.-'  mu  a- ..V  ■  •  ru  sucu  .1 
nature  that  when  projectile  tides  of  flight  of  1  . ti  —  1  *•■■■•  in-  .■.m.-.hr"  i, 

target  Induced  motion  after  projectile  firing  will  •>  see:;:;  We*  nlsc.  ul.'.t  c;- 

vs  when  linear  predictor  fire  control  systems  arc  assumed  and  moreover  tneu-.e 
ilsa  distances  nan  be  significantly  reduced  when  non-linear  or  higher  order 
predictor  fire  control  systems  are  employed. ^  These  observations  Indicate 
1  boundary  ulss  distances  are  possible  for  non-linear  lead  systems.  Wnen 

cl  that  Ion  Is  presents  I  to  the  fire  control  le.;  li.ner,  id..'-  Inc  Hunt,  inn  will 
1  tv  lonslder  the  possibility  of  Including  non-ii  1 1  c  f»  r  p  f1  ’ ;  J  1 0  L  i.  o  n  . : «  t  * .-  ■  l  l  r  *  * 
'.1'ifr’oi  system  In  the  disturbed  reticle  conflgurat  'on  shown  In  i-'iy.u:'-'  <) , 

Tiic  ,i-i  y  be  a  design  Impossibility  because  if  the  .eva-i  '.r-.’kl n.;  j  n  ■  r  1’  .  r*i  -1 ;  i- ■ 
•d.d.  ti  •n;>Le  I’roai  the  operation  of  the  disturbs  i  reticle  r.yut  To  le  on  re 

:’i'ec  i  f  L ,  idle  tracking  error  required  for  nonlinear  preii  :tl..r;  m t  pe  Sma.ier 
to  in  tor  tracking  error  for  first  order  prediction  Trie  trade-off  between  the 
propagated  system  induced  errors  for  the  non-linear  “s  t. !.  «l  Ion  process  nust  oc 
offjet  iiy  the  target  induced  prediction  error  imp  ?o  vuMui.t.'  realize)  by  the 
•1  ighor  order  prediction.  The  key  Ingredient  for  tula  sit  nation  to  exist  in  a 
fire  control  system  is  to  iiave  high  quality  tracking. 

If  the  hum  n  tracker  Is  replaced  ty  an  automatic  tracker  the  performance  limita¬ 
tions  impose'!  by  the  loop  structures  in  a  disturbed  reticle  system  nay  negate 
the  potential  improvement  attainable  from  the  Improved  tracking.  . t  Is  t.be 
coupled  nature  of  the  tracking,  estimation,  prediction,  and  stab! 1 l-ut ion 
process  occurring  tr.  the  disturbed  reticle  configuration  that  restrict  its 
..rowtii  to  better  fire  control  system  performance,  especially  against 
. rnieu ve ring  targets. 


"tab  1 1  ibtal _ dlght-'  tree  tor  Fire  Control  jysten 

A  stun 1 1 1  zed  sight-director  fire  control  system,  shown  in  figure  lj,  is  actually 
two  distinct  systems  that  are  brought  together  to  aoconpl  l.;a  the  tracking, 
estimation  and  prediction  processes  of  a  fire  control  system.  Staotl izatlon 
of  the  tracking  system  is  Independent  from  stabilization  of  the  turret.  The 
stabilized  sight  Is  decoupled  from  turret  and  null  motion  by  the  reverse  t o rq sin 
of  the  outer  glmbal  of  the  tracker  to  account  fr.r  disturbances  of  the  tracker 
base  which  13  mounted  on  the  turret.  This  decoupling  enhances  the  ability  or 
the  tracker  to  nalntaln  coincidence  between  the  sight  reticle  and  the  target 
hOS.  Tie  stabilized  reticle  position  can  utilize  both  position  and  rate 
feedback  to  augment  the  stability  of  the  sight.  The  orientation  of  the  sight 
reticle  is,  therefore,  an  Independent  process  from  the  turret  motion. 

Posit  ion  an',  rate  of  the  1,0-1  are  f ..  i  t  .  a  filter  or  t  Ida  f  '.  on  pruned  a  t ..  !c- 

*  -  rvi  ne  1  he  ii'-reiisa  ry  information  a  bout  the  Lh.T  the  '.ur-  ct  fa  1!:  will  bo 

>  offset  fae  tu-n-t  servo  i’ro.i  .he  iol,l  j  Mu  !  t  1- ."1  r  1 T:.  .  e, 

sub— op*  i  ial  technology  an  he  applied  to  farther  .  i|.ro.'e  t  s  iiailty  of  tracking 
that  can  be  realized  from  ttie  stabilize!  s  iglit— tracker.  Therefore,  either  lined 
or  itm-linear  predictions  are  possibilities  for  the  fire  c  introi  solutions. 

If  .  a  c  cel  e  rat  ions  ar,;  to  be  es t U.ulu  i ,  the  tp;u  opr  let"  . i  *- 1 1 1  ig.  if  target 
■  iyinm.i  :s  an  i  tracker  uncertainties  will  be  required  to  inse'e  that  tile  degree 
of  a-ju-opt  him  1 1  ty  Is  not  excessive.  One  very  significant  (luz  for  coupling 
the  estimation  and  tracking  process  In  a  favorable  manner  is  the  utilization 
of  sight  line  rate  aiding  feedback  tn  the  tracke*  obfalret  ri'cs  estimation  of 
the  target  rates  and  acceleration.  Tills  concept  relaxes  tv;  las,:  .f  t'ue  human 
track"!'  or  auto-tracker  and  will  Luorove  the  ;nl  nl.alzat  ion  of  tracking  error. 

■utpui  of  the  target  state  estimator  Is  used  in  two  separate  paths.  The  first 

path  uses  Op  and  0^  to  drive  the  turret  servo  as  a  director  to  follow 

the  tracker  hd,>.  The  se>  o-id  signal  path  combines  target  state  estimates  with 

projectile  time  of  fl  1,  ht  uvi  offsets  the  gun  from  the  tracker  1,0  S  by  the 


28 


tin  ^ 


appropriate  value  to  permit.  Intercept  of  projectile  ano  target  a  tL«e  of 

flight  later. 

rorformance  of  the  stabilized  sigh tdl rector  system  shoal. i  not.  ]<*;  .],r  . 

by  maneuvering  targets  to  the  extent  that  the  disturbed  ret  Leu;  system  is 
■  :  ip  r  nl  set.  The  basic  reason  for  this  Is  that  the  tracking  syoto  i  is 
t tally  decoupled  from  the  lead  prediction  system.  However,  there  arc  some 
Inherent  stabilization  problems  that  can  occur  In  this  configuration  and 
they  are  accentuated  by  the  temptation  to  obtain  high  performance  of  the  ^uri 
:■  'intlng  process.  The  ar.  ament  goes  as  follows:  with  i  nc  re'i.;o  1  track1’.' 
i  ■■■  r  f  .if  cia  nc  e  ,  the  gun  a  t  a!:  t  1  1  /.at  1  on  servo  nr.  be  rial.:  to  p-.  rf  >r  ,  if  r».  ;  :  1 
1  fi.::,ii,u!il:;  fU"  ic.e  u  '  .'  .par  L  1  i  r.y  tne  ,-yu  t.;-..  h  w... ■•.■■■ 

performance  being  required  of  tile  turret  servo  to  follow  t.otj  t  jrr«t  jourun  i.. 
tile  stability  or  the  turret  servo  may  be  compromised  because  of  the  high  gain 
in  the  director-follower  loop.  Experience  with  similar  types  of  systems  h-i.s 
shown  that  because  or  non-rigid  gun  tube  and  hull  structures,  tne  follow*  r 
loop  system  -aust  he  phase  stabilized  and  not  gain  stabilised,  as  la  tine  ca.;-.- 
for  less  responsive  systems  suen  as  disturbed  reticle  syste...;.  This  r*-  i  uirec 
sophisticated  compensation  circuits  to  overcome  system  instabilities. 

"v  t  mill:'..;  i  sight  is  Identified  between  the  target  i:  i  .'  v,  ;  .  ;  .• 

tne  I’-.se  of  tne  scabll ten  :  sight.  The  uignr.n  flow  i  !  •.  :  l  .  u.i: 

iue  u  t  a  n  1  i  1  zed  S  ight-d  L  rec  t  or  system  arc  known  in  ■■'it;r1'  i'.is  l,;  ,  , 

:  isic  root  locus  obtains  :  in  tne  dlsturbeu  reticle  system  win-.-.n  :  .t  , 

were  included.  The  dotted  linos  shew  tne  loci  of  t  no  cun;,;.-  if.  stasl  i  1  .,y 
the  gain  is  increased.  The  audition  of  series  cogpens-.t  t  on  -Iriiits  in  the 
tracker  transfer  function;  s  uc  h  as  ?;  f,+  |  ,  which,  van  vus!  1  ,  mu-  a  i  :■*  i  1  *, 


Ty  <+i 

straight-forward  manner  will  alter  the  shape  of  tne  loci  to  obtain  an  apt  l-.-.i 
operating  point,  which  would  be  difficult  in  the  disturbed  reticle  system. 
The  fundamental  purpose  of  the  tracking  process  is  to  align  Og  wietf  Of 
d  It.uI  taneous  ly  any  disturbances  on  the  stabilized  s  lght  are  compensate.]  :,y 
orientation  of  the  sight  base  thereby  simplifying  the  fucking  tasw. 


CONCLUSIONS 


The  Inherent  ability  of  a  stabilized  sign  t-dl  rector  fire  .:  >n- r  n  "/at  t->  i-v 
couple  the  tracking  estimation,  prediction  and  gun  pointing  procures  .•.■■»  >  be 
exploited  to  improve  effectiveness  when  engaging  neuv  e  r  targets.  kocura 

tracking  is  necessary  for  non-linear  prediction  and  multivariable,  s  lb  -opt  ima 
design  technology  If  required  to  achieve  the  needed  accuracy  of1  the  target 
state  estimates  for  Mechanizing  non-linear  prediction.  Further  studies  art; 
required  to  Identify  the  specific  details  of  the  resulting  system  design,  >\ 
complementary  methodology  employing  stability  and  performance  .dialyses  wll  1 
assist  In  this  quest. 
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Figure  2.  Typiuoi  Maneuvering  Target  Path. 
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Fkjure  9  Dnhirlied  Relwrli*  Fin?  Control  System 


Figure  10  Disturbed  Reticle  Root  Locus, 

Fixed  Elements.  Figure  11.  Disturbed  Reticle  Root  Locus, 

Turret  Servo  Crossfeed- 


Figure  12.  Disturbed  Reticle  Locus  with  Turret 
Servo  and  Reticle  Crossfeeds  , 
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Figure  13.  Stabilized  Sight  -  Director  Fire  Control  System. 


Figure  14.  Stabilized  Sight  -  Director  Root  locus. 


NON-LINEAR  LEAST  CHI-SQUARE  ALGORITHM 
AN  IMPROVEMENT  ON  NON-LINEAR  LEAST  SQUARES 

Richard  L.  Moore,  PhD 
Armament  Research  and  Development  Command 
Dover,  N.J.  07801 


INTRODUCTION 


because  of  the  high  cost  of  testing,  many  large  weapon  systems  cannot  he  tested 
over  the  full  range  of  possible  battlefield  parameters.  As  a  result,  the 
developer  and  the  reviewing  authorities  have  come  to  rely  on  system  simulation 
to  demonstrate  the  system  capability  over  the  range  of  untested  parameters. 

These  simulations  also  are  useful  to  investigate  the  change  in  performance 
resulting  from  possible  subsystem  modifications.  In  some  important  programs, 
the  Government  relies  on  simulations  of  competing  systems  to  indicate  the 
relative  performance  of  these  systems  in  situations  for  which  no  tests  h a v < 
been  made,  although  of  course,  simulations  such  as  these  have  been  valide' 
as  much  as  possible  by  system  tests.  In  these  instances  the  procurement, 
decision  rests  heavily  on  the  validity  of  the  system  simulations.  Consequent ’ y 
the  need  arises  for  a  generally  accepted  procedure  which  is  without  question 
fair  to  each  contractor  and  which  provides  the  maximum  amount  of  objective 
judgment  about  the  validity  of  the  simulation.  In  any  such  procedure  the 
Government  must  be  able  to  rapidly  evaluate  simt'.lati  ons  furnished  from  a 
variety  of  sources. 

The  procedure  must  be  workable  and  economical  that  is  it  must  apply  a  lot 
of  leverage  to  the  problem  with  regards  to  manpower,  --  computer  programmers 
and  engineers  --  the  cost,  --  computer  running  time  and  validation  experiments  -- 
and  elapsed  time.  Implicit  in  this  discussion  is  that  planning  for  system  simulation 
validation  must  be  completed  before  the  first  system.  RFC  is  issued. 

RELATION  TO  OTHER  METHODS 

Many  methods  are  used  for  system  simulations:  Monte  Carlo,  analog,  hybrid,  and 
digital  simulation  of  differential  equations.  A  variety  of  special  and  general 
purpose  programs  are  available  for  the  simulator’s  use.  Among  them  are  "FPERT", 
"ACSL,"  and  HIT  PRO."  The  problem  for  the  user  of  these  simulations  comes  when 
he  need:-  to  compare  theory  with  experiment  and  asks  the  questions:  bow  good  is 
the  theory?  Is  the  agreement  between  theory  and  experiment  good  enough  to 
validate  the  simulation?  (As  an  example  of  these  questions  see  Fastrjck  (1,2).) 
Another  question  to  be  considered  is:  Could  it  be  that  the  experiment  was 
defective  in  any  way? 

Many  simulations  have  not  been  prepared  in  such  a  way  so  that  they  can  be  used 
to  answer  these  questions.  In  the  first  place,  the  simulations  are  not  designed 
to  adjust  parameters  to  fit  data.  In  the  second  place,  the  system  itself  may  be 
so  complex  that  the  computing  time  for  complete  system  simulation  is  so  long  that 
adjusting  the  parameters  to  achieve  a  better  fit  between  simulation  and  experiment 
is  not  feasible.  Thus  a  new  procedure  is  needed  to  combine  theory  and  experiment. 

The  procedure  suggested  by  this  paper  is  the  use  of  the  least  chi  square  computer 
program  to  simulate  the  major  subsystems  of  a  system  simulation  and  validate  it. 
against  test  data. 
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CRITERIA  FOR  COMPARISON,  AND  ITERATION  PROCEDURE 


In  fitting  data  to  non-linear  models  of  system  performance  such  as  systems  of 
differential  equations,  the  usual  criteria  is  the  iterative  minimization  of  the 
sum  of  the  squares  of  the  residuals.  Other  criteria,  such  as  generalized  least 
squares  have  also  been  considered  and  demonstrated  (3),  In  general,  as  Aitken  (4) 
noted  with  respect  to  generalized  least  squares,  the  criteria  to  he  used  are  a 
matter  of  choice.  In  other  words,  we  are  free  to  decide  whether  least  squares  is 
the  best  criteria  for  our  purpose.  A  particular  concern  with  the  ordinary  least 
squares  procedure  is  whether  the  residuals  are  consistent  with  being  drawn  from  a 
random  sequence. 

Many  tests  have  been  devised  (5)  for  this  purpose.  One  test  of  special  interest 
in  this  paper  is  the  Box-Pierce  (6)  test  which  is  the  sum  of  .he  squares  of  the 
autocorrelation  coefficients  divided  by  their  variances.  A  typical  term  is  ,-^/V.  - 

Given  all  these  tests,  no  way  had  been  devised  to  adjust  the  parameters  to  better 
satisfy  the  data  until  it  was  proposed  that  this  criteria  be  combined  with  least 
squares  to  o  tain  a  new  criteria;  least  chi-square  (Moore,  7,  8,  9),  By  finding 
the  parameters  which  minimize  chi-square,  the  probability  is  maximized  that  the 
residuals  should  come  from  a  population  with  a  given  variance  °el  ,  and  from  a 
random  sequence.  The  variance  be  independently  determined  from  theory  or  measure¬ 
ment  as  the  measurement  error. 


Thus,  a  probability  can  be  generated  from  the  computed  chi-square  which  permits  the 
statistician  and  decision-maker  to  compare  the  "goodness  of  fit"  of  the  simulation 
of  several  quite  different  systems.  In  this  way  a  direct  comparison  of  the  validity 
of  the  simulations  can  be  made. 


The  figure  of  merit,  X-p*  (chi-square  total)  is  the  sum  of  o  '*  d'd 
the  Box-Pierce  number. 


and  X  |  r j*  /  ^ 


DERIVATION 


We  will  follow  the  procedure  and  most  of  the  notation  of  Aitken  (4)  for  generalized 
least  squares: 

Let  the  representation  of  the  vector  of  data: 

u*  (u(x,),  u[xa),  u(x  )} 

n 

by  the  theoretical  vector,  be: 

y  3  {y(Xi),  y(x,j,  ...  y(x  )} 
n 


Let  8*  denote  a  column  vector  of  k  +  1  coefficients  independent  of  x  such  that: 

e*M8,*.  6,*.  •,*.  ...  9*+|) 

Define  the  matrix  p*  as  the  matrix  whose  ith  row  is 

ay,*  ay,*  ay,* 

B6,  88,  80 

(The  asterisk  symbol  *  will  be  used  to  indicate  an  estimate  or  the  indicated  symbol 
where  convenient.  However,  it  will  not  be  used  on  complex  expressions  involving  xT* 
(j'd  .  and  rj  because  of  typographical  difficulties). 

In  this  expression  V^"1  is  defined  as  follcws ; 


0  10.. 

0 

;  vrl  = 

0  0  10. 

.  o ; 

V.*1  = 

'oo  .  . 

.01.  .  . 

- 

0  0  1  0  . 

0 

0  0  0  1 

1 

1 

J 

0  0  0. 

....01. 

0  0  0  i  0 

»  *  ■ 

0 

. 

0  0  0 

1 

1 

J 

“ 
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In  these,  the  subscript  "j"  indicates  a  ui 

column . 

If  V.  is  the  variance  of  t.1  ,  then 

]  > 


and ; 

(Note  the  difference  between  VJ'1  Aj*1.) 


(d*>  =  P*  186*]  -  u*. 

as  an  estimate  of  the  increment  of  the  residuals 
algorithm  for  b6*  becomes: 

is©*]  =  [p*-  r  p*l_I  p*'  i 


value  in  each  of  the  ith  rows  and  (i  +  jlth 

X*  =  a  -*  d'd  +  I  .  r.‘/  W, 

T  e  jal  J  J 

ttj  m  d'  d  / (di'i 

)  and  substituting 

j 

needed  to  minimize  ,  the 

"  u*. 


where : 


r  »  i  +  r 


a  r  V  " 
tii 


2  i/.-1 

- 4 - 

>  (dl'Ml/o^  -  2^  {r()‘ ly-* 


If  r  eauals  I,  the  expression  for  (6m  reduces  to  P  ^  P**.  >  which  is  the  same  as 

the  algorithm  for  ordinary  non-ilnear  least  squares  used  in  such  computer  programs  as 
provided  by  both  IBM  and  CDC  libraries  as  well  as  in  SAAM-27. 

By  inspection,  f'V  replaces  Pm!  in  the  ordinary  expression,  to  modify  the  ordinary 
expression,  r  is  computed.  P*1,  Is  postmultipl i ed  by  T  ,  and  the  product  placed  in  the 
computer  memory  where  p*'  is  normally  stored.  is  substituted  for  d'd  wherever  it 

occurs  and  no  further  change  is  needed  in  the  iteration  procedure. 

SAACH  COMPUTER  PFOGRAM 

These  expressions  have  been  programed  into  the  Simulation  and  Analysis  Modeling 
(SAAM-27)  program  of  Berman  et  al,  (10,  11)  as  indicated  above,  multiplying  p , 
by  T  ,  and  letting  the  program  proceed  from  that  point.  The  usual  iteration  continues. 

The  computer  program  resulting  from  this  change  has  been  designated  as  SAACH,  and  lias 
been  tested  on  the  CDC  6600  at  ARRADC.OM,  Dover,  to  determine  the  following  questions: 

1.  How  much  change  Is  there  in  the  final  parameter  estimates? 

2.  What  change,  if  any,  is  there  in  the  number  of  iterations? 

3.  What  change  is  there  in  the  time  per  iteration? 

Four  problems  of  different  origin  and  which  use  different  mathematical  models  have  beer, 
run  on  the  SAACH  program  to  answer  the  above  questions.  In  the  first  example:  Gun 
Chamber  Pressure  Waves ,  the  mathematical  model  used  is  the  superposition  of  two 
pressure  waves  generated  by  analytic  models  in  the  program,  with  the  adjustment  of  up 
to  eight  parameters  to  obtain  the  best  fit  to  observed  data.  In  the  second  example, 
an  aircraft  control  system  simulation,  the  mathematical  model  Is  a  set  of  four  linear 
differential  equations,  simulating  the  Yaw  Damper  system  on  an  aircraft.  These  equations 
were  solved  by  a  special  procedure  developed  for  SAAM-27  by  Berman  et  al.  (12),  with  up 
to  four  adjustable  parameters.  In  the  third  example,  a  biomedical  problem  furnished  as 
a  test  case  by  Miss  Rita  Straub  of  Brookhaven  National  Laboratory,  the  mathematical 
model  was  a  set  of  seven  coupled  linear  differential  equations  with  five  adjustable 
parameters;  this  was  solved  by  the  same  method  as  used  in  the  second  case.  In  the 
fourth  and  final  example:  KEWB  Kinetics,  a  simulation  of  the  nuclear  reactor  transients 
of  the  Kinetic  Experiment  Water  Boiler,  the  mathematical  model  was  an  extremely  non-linear 
set  cf  coupled  differential  equations  as  described  by  Hetrick  and  Gamble  (13).  These 
equations  were  integrated  by  the  fourth  order  Runge-Kutte  integration  procedure  of 
SAAM-27,  with  only  one  adjustable  parameter,  The  results  of  the  analysis  which  were 
discussed  at  the  1978  Design  of  Experiments  Conference  (9)  and  at  the  Army  Science 
Conference  are  no  longer  valid  because  of  corrections  and  changes  made  in  the  SAACK 
Computer  Program.  The  nonlinear  examples  which  fallow  have  been  run  with  the  revised 
program. 
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Basic  Data  on  GNP  from  Roberts' 
Analysis 


Fig.  2  -  First  Differences  fron’  Roberts' 
Analysi s 


*0 


Mean 

-.00045 

.0021 

Order 

Lagged 

1 

.284 

.233 

.284 

-.041 

2 

.163 

.163 

.164 

+  .018 

3 

-.140 

-  ,  14C 

-  .  140 

-  .  144 

4 

-.559 

-.559 

-.560 

-.082 

5 

-.317 

-.316 

-.318 

-  .on 

6 

-.268 

-.268 

-.269 

.038 

7 

-.048 

-.048 

-.049 

-.052 

8 

.129 

.  129 

.129 

-.169 

9 

.184 

ie4 

.184 

-  .001 

10 

.176 

.176 

.  176 

-  .060 

¥2 

X1 

1. 31X10* 

1.31X104 

1.31 

A 

5S.09 

58.05 

56.21 

X2 

T 

1.32X10* 

1.32X1C4 

59.53 

CASE 


UNITS 

Si  KBOL 

301 

301-5 

301-10 

kpsi 

fi 

IS.  89 

19.73 

19.74 

kpsi 

p? 

5.245 

4.633 

4 . 4*45 

sec 

si 

.0368 

.0568 

.0568 

sec 

l2 

.0553 

,0557 

.0557 

sec 

*3 

.0565 

.0564 

.0564 

sec 

a 

L 

.002 71 

.00276 

.00275 

sec 

/* 

.00051 

.00n5ti 

.  0^1/492 

Hz 

t 

262.4 

319.1 

324 . 8 

I'tO .  of 
lterat ions 

10 

8 

6 

Com(  at  ing 

2  b .  b 

23.3 

20.2 

Ti.pe  (sec) 

Table  3-  Paranseters  Fitting  Pressure  Curve 
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Fig  3  -  Residuals  after  Completion  of  Roberts  Analysir 


GROSS  NATIONAL  PRODUCT 


As  an  example  o'  an  analysis  by  the  least  chi-square  method,  i  have  repeated  the 
analysis  made  by  Roberts  (17)  in  his  hook  designed  to  introduce  business  students 
and  other  non-mathematicians  to  the  Box-Jenkins  methods  of  time  series  analysi 
He  has  included  a  detailed  analysis  of  the  residuals,  including  an  analysis  of  the 
"runs"  and  the  Box-Pi erce  statistic.  In  Roberts’  book,  the  emphasis  is  on  predict¬ 
ing  the  future  values  in  the  series  rather  than  system-parameter  identification 
The  procedure  is  to  introduce  "dif ferc-res"  to  accommodate  the  principal  auto¬ 
correlations  in  the  data,  and  then  to  use  multivariate  regression  analysis  on  the 
residuals  from  this  process  using  as  predictors  the  lagged  values  of  the  residuals 

Figure  1  shows  his  initial  analysis.  The  autocorrelation  coefficients  of  rank  1  to 
20  are  large  and  he  decides  in  accord  with  standard  procedure  to  take  the  first 
differences  as  shown  in  Figure  2.  7s  shown  in  Table  1  the  autocorrelations  are 
still  rather  high,  and  the  Box-Pierce  statistic,  or  X2  .  is  351.46  for  the  first  fen 
autocorrelations.  I  have  lsed  a  linear  least  chi-square  program  to  fit  the  data 
given  in  Figure  1  and  fine  that  the  autocorrelations,  and  the  residuals,  are  some¬ 
what  smaller,  as  shown  ir.  the  column  labeled  "fitted" 

Next,  Roberts  took  the  fourth  differences  to  get  a  better  fit  to  the  data.  The 

residuals  are  shown  in  Figure  3.  As  shown  in  Table  1,  the  autocorrelations  for  the 

case  of  a  mean  value  of  0.0,  which  is  the  same  as  Roberts'  case  (I  have  recalculated 
the  autocorrelation  coefficients  by  my  program,  so  as  to  have  comparable  data),  have 
been  greatly  reduced.  Using  the  linear  least  chi-square  program  an  the  same  data, 
i.e.,  first  and  fourth  differences,  it  iterated  to  find  a  mean  of  -.00n4r-  for  a.i 
"experimental  standard  deviation"  of  .1  to  .0021  for  1.0,  and  to  0  0  for  yt7S-  As 
can  be  seen  by  the  autocorrelation  in  Figure  2  and  the  value  of  X2? .  fit  is  slightly 
better  fer  a  mean  of  -.00045  than  for  the  Roberts  case  of  a  mean  of  0.  The  other 
values  of  tend  to  give  slightly  poorer  values  of  X22 

The  column  called  "lagged"  is  result  of  Roberts'  calculations  when  the  residuals  are 
correlated  with  lagged  values.  I  have  net  yet  analyzed  this  case,  because  my  linear 
program  must  be  modified  to  do  multiple  linear  regression.  This  is  a  simple  change, 
and  should  be  easy  to  do,  and  then  the  method  can  be  used  to  extend  the  Bcx-.Jenkins 
procedure . 

GUN  CHAMBER  PRESSURE  WAVES 

Unusual  pressure  waves,  suggestive  of  an  acoustic  wave  superposed  on  the  normal  gun 
chamber  pressure-time  curve,  have  occurred  in  tests  of  the  XM211  propellant  charges 
at  zone  3  for  the  M101  projectile  in  the  155tnm  gun  (Knutelski  (14)).  The  mathemati¬ 
cal  model  used  was: 

P  *  exp  5  -  (t-t1)2/2i'12  | 

+  P2  exp  j  -  (t-t2)2/2a22  jx  sinj'TTf  (t-tj)  +  rr/2  l 

Three  parallel  cases  were  computed  once  the  fit  was  good  enough  to  permit  iteration 
with  different  ranks  of  autocorrelation.  Because  of  computing  difficulties  which 
arose  when  trying  to  converge  on  six  or  seven  parameters,  the  iteration  was  initially 

restricted  to  four  parameters:  Once  the  fit  was  good  and  had  converged  using  these 

four  parameters,  their  final  values  ware  used  as  initial  values  for  a  six-parameter 
fit.  Finally,  all  eight  parameters  were  allowed  to  vary. 

Two  results  of  this  series  of  analysis  are  plotted  in  Figures  4  and  5.  The  case 
numbers  using  these  data  are  BGK-3. 303563U1-0,  -5,  -10  (-5  is  not  shown).  The  first 
(-0)  used  the  usual  non-linear  least  squares  procedure;  the  others  used  5  and  10 
autocorrelations  respectively.  The  parameters  found  in  these  cases  are  given  in 
Table  1.  Tn  some  cases,  some  of  the  parameters  have  substantially  different  values 

The  "eyeball"  fit  from  comparing  the  two  plots  (Figures  4  and  5)  indicates  a 

slightly  better  fit  for  the  case  of  ten  autocorrelations,  as  shewn  in  Figure  5.  A 
comparative  plot  of  the  residuals  should  probably  be  made  to  observe  any  difference, 
if  any.  There  is  a  large  difference  in  the  total  chi-square,  as  shown  in  Table  3. 
Case  301-10  has  a  much  better  fir  on  the  basis  of  this  number. 

Case  -5  appears  to  be  anomaLous  because  the  total  chi-square  is  larger  than  that  lor 

Case  -0,  contrary  to  theory.  This  result  indicates  that  Cast  -5  has  not  really  com¬ 
pleted  its  needed  number  of  iterations  When  more  are  tried,  they  may  reduce  the 
chi-aquare  total  further  (Due  to  the  need  to  complete  this  report  for  publication 
deadline,  these  results  will  not  be  presented.) 
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EXAMPLES 


GROSS  NATIONAL  PRODUCT 

As  an  example  of  an  analyjis  by  the  leapt  chi -square  r.i-th.ji!  I  h..ve  repeated  :  he 
analysis  made  by  Roberts  ' :.T>  in  his  book  designed  to  introduce  bus.nt:,:.  students 
and  other  non-mathematicians  to  the  Box-.!enklns  methods  of  time  series  analysis. 

He  h  Js  included  a  detailed  analysis  of  the  resid  :als  including  an  analysis  of  the 
"runs"  and  the  Box-Pierce  statistic .  In  Roberts  book  the  emphasis  is  cn  predicting 
the  future  values  in  the  series  rather  than  system  pnr.ir.t-t  ■  r  ■  lent  i  f  i  t  .it  t--n  I'< 
procedure  is  to  introduce  "differences"  tc  accomodate  the  prir.c  i;v.  5  .if.  -  .  ■  i  re  1  r.  <  : 
in  the  data,  and  then  to  use  multi  variate  regression  analysis  on  the  residuals 
from  this  process  using  as  predictors  the  lagged  values  of  the  residuals. 

Figure  1  shows  his  initial  analysis.  The  autocorrelation  coefficients  of  rank  1  to 
20  are  large  and  he  decides  in  accord  with  standard  procedure  to  take  the  first 
differences  as  shown  in  Figure  2.  As  shown  in  Table  1  the  ,->u  t  r-i  "rre  1  at  i  -n.-  ■„  ;e 
still  rather  high,  and  the  Box-Fierce  statistic,  or  X*  is  .151.  At-  for  the  first  ter. 
autocorre tal ions .  I  have  used  a  linear  least  chi-square  program  to  fit  the  data 
given  in  Figure  1  and  find  thot  the  autocorrelations,  and  the  residuals  are  somewhat 
smaller  as  shown  in  the  column  labelled  "fitted". 

Next,  Roberts,  took  the  fourth  differences  to  get  a  better  fit  to  the  data. 
residual*  sre  shown  in  Figure  3.  As  shown  in  Table  1.  .  the  autocorrelations  f*  r  1  ■ 
case  of  a  mean  value  of  0.0,  which  is  the  same  as  Roberts  case  -  (I  have  recalculated 
the  autocorrelation  coefficients  by  my  program,  so  as  to  have  comparable  data), 
have  been  greatly  reduced.  Using  the  linear  least  chi-square  program  on  the  same 
data,  i.c.  first  and  fourth  difference",  it  iterated  to  find  a  mean  of  -  0004  5  for 
an  "experimental  standard  deviation"  of  .1,  to  .0021  for  1.0,  and  to  0^0  for  f*o 
As  can  be.  seen  by  the  autocorrelation  in  Figure  2  and  the  value  of  X ^  ,  fit  is 

slightly  better  for  a^mean  of  -.00045,  than  for  the  Roberts  <-ase  of  a  ms  an  of  0. 

The  other  values  of  tend  to  give  slightly  poorer  values  of  V ^ 

The  column  called  "lagged"  is  result  of  Roberts  calculations  when  the  residuals  are 
correlated  with  lagged  values.  I  have  not  yet  analysed  this  case  because  n:y  linear 
program  must  be  modified  to  do  multiple  linear  regression.  This  is  a  simple  change, 
and  should  be  easy  to  do,  and  then  the  method  can  be  used  to  extend  the  Box- Jenkins 
procedure . 

Gl'N  CHAKRER  PRESSUP.F.  WAVES 

Unusual  pressure  waves  suggestive  of  an  acoustic  wave  superposed  on  the  normal  gun 
chamber  pressure-time  curve,  have  occurred  in  tints  of  the  XM211  propellant  charges 
at  zene  3  for  the  K101  projectile  in  the  155nsn  gun,  (Knutelski ,  (14)).  The  mathe¬ 
matical  model  used  was:  p  exp  {  (t-ty) 

+P2  exp  <  -  (t-t2)2/2°i?  >  X  sin( 2nt  (t-t3)  +  x/2> 

Once  the  fit  was  good  enough  to  permit  iteration  three  parallel  cases  with  different 
ranks  of  autocorrelation  were  computed.  Because  of  computing  difficulties  which 
arose  when  trying  to  converge  on  six  or  seven  parameters,  the  iteration  was  Initially 
restricted  to  four  parameters:  Once  the  fit  was  good  and  had  converged  using  these 
four  parameters,  their  final  values  were  used  as  initial  values  for  a  six-parameter 
fit.  Finally,  all  eight  parameters  were  allowed  tc  vary. 

Two  results  of  tills  series  of  analysis  art  plotted  in  Figs  4,  ar.d  5.  The  core 
numbers  are  RGK-3 . 30351-301-0 ,  and  3.303301  -10.  The  first  has  no  autocorre  latier. 
coefficients;  second  10,  third  (r.ot  shown)  5.  The  parameters  for  these  cases  are 
given  in  Table  3,  'note  that  the  last  three  digits  only  of  the  identifier  are  used 
here).  Sot."-  parameters  are  quite,  different  from  case  to  case. 

The  apparent  fit  from  the  figures  is  best  for  the  case  of  autocorrelations  given  in 
Fig.  5  The  fit  of  this  case  was  about  the  seme  ss  that  for  5  autocorrelations 
which  is  not  illustrated. 

The  reason  for  this  conclusion  lies  in  the  tip  to  the  second  peak.  The  dip  and  peak 
fit  better  for  Fig.  5  than  in  Fig.  4.  As  seen  in  Table  4  the  higher  order  autocorre¬ 
lations  are  less  for  Case  301-10  than  foe  Case  301,  thereby  confirming  tne  above 
eyeball  test.  The  Box-?ieice  number,  X2  ,  is  much  smaller  for  301-10  than  for  301. 
but  tha  sum  of  the  squares  has  only  about  411  difference. 
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Plot  of  Pressure  Oscillation  for  Case 
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1 

.702 

.692 

.708 

2 

.445 

.437 

,464 

1 

.242 

.250 

.282 

4 

-.019 

.011 

.050 

5 

-.225 

-.170 

-.124 

6 

-.196 

-.312 

-.259 

7 

-.482 

-.378 

-.319 

8 

-.518 

-.407 

-.314 

V) 

-.504 

-.199 

-  .  100 

10 

-.421 

-.318 

-.272 

11 

-.251 

-.202 

- .  1  54 

12 

-.061 

-.062 

-.015 

n 

.092 

.041 

-.044 

14 

.243 

.147 

.121 

IS 

.255 

.128 

.074 

16 

.247 

.104 

.021 

17 

.124 

-.016 

-.121 

18 

-.026 

-.149 

-.278 

19 

-.111 

-.208 

-.356 

20 

-.167 

-.213 

-.394 

Sun  Sqs 

10.40 

10.99 

11.34 

i 

Xi 

1 04 . 1  2 

109.97 

113.5 

0  x 

.  1161 

.1161 

.3161 

X2  (5) 

34.69 

33.82 

X2 

tot 

138.81 

141.79 

(10) 

74.902 

53.94 

X*  (10) 

tot 

179.02 

167.46 

Table  4  -  Autocorrelations  and  Chi-Square  for  Final 
Model  of  XM211  Pteaaure  Oscillations 
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Table  3  shown  the  "cost"  of  least  chi-square  in  terras  ut  Lhe  nuiuter  o;  itei.ii  ism. 
anil  cnmpul  i  ng  i  i  me  .  In  this  ex  amp  l  r  .  it  is  iottnd  that  the  number  of  iteration1: 
dec  remind  .mil  tic  totaT  t  Lire  dec  reused .  a  1 !  hough  tin-  t  i  me  per  iiciut  inn  ut.  i  ei::.  i  v 
increased  t  mill  /,  to  2  h  .  to  3 ,  4  sec  .  depending  on  the  iii.r'iher  ot  at.l  i'i-m  r  re  !  a  i  nun 
which  hail  to  lu>  computed. 

Table  4  sliows  the  autocorrelations  up  to  order  20  for  the  three  rases.  The  values 
nl  X  j  -  ,  X>2,  anil  Xt  1)t  -  for  the  number  ot  nut  Oi  -a  rt  r  1  it  i  otn-  used  (0,  3  .  10)  are  shown 

in  thi.  last  rows  of  this  table 

AlKbKAFf  CONTROL  SYSTKMS 

A  typical  aircraft  y;tw  damper  design  problem  ( t b )  was  analyzed  to  illustrate  the  use 
nl  least  i'li  i  ■  square .  To  optimize  the  design,  lour  parameters  raav  be  adjusted  to 
"'it  the  bent  tit  to  a  desired  response  curve  These  parameters  are  6  ■  .  I'(j,  .  and 

T  1.  These  correspond  to  the  parameters  1,(0, A),  1.(4.  1).  I.(4,21.  and  !,(■'•  ,  3)  ,  A 
vector  ot  a  randulii  sequcnoi1  of  normal,  v  distribute,!  ernur.  i  cor..  >  popu:  it  ion  w  i  t  u 
v.ni  nino  oi  t  o'  l.l).'  was  ailiied  to  the  dat  i  vecini  !.  uiih  h.lr  its.,  r'lci's  '.anip  i  ■  rr 

error,  this  in, iv  be  cunt:  i  dered  to  represent  an  allowable  ertui  m  1 1. 1  .■  r.r.icc  in 
lilting  t  tie  curve  . 

'liie  value  oi  f.~  was  set  at  (.031)'  ;  six  an  t  m  orri1 1  a  t  ions  were  used  I  the  pis  hi,;, 
wh  i  i'li  wan  iden,  i  t  toil  as  C0NKI.M  2* .  0 1  1  —  (> .  Another  run  was  tc  e.i  on  tin-  ■  use  d.iia  w  'a 
i  be  s  t  a  i  ida  i  d  least  squares  algorithm  Fig.tire  h  shows  I  lie  lii  obtaiui'd  I  or  t  lie  a  !  a 
and  is  t  vpieal  ot  l  tie  results  Table  ')  shows  t  lie  nuuibei  ot  iter.it  ions  lot  caeii  .  ca¬ 
ll  l  noli  A  Iterations  for  the  ordinary  a  1  g.or  1 1  htn  to  con  v.-riM- .  and  oniv  two  log  tin 
least  rli  i  -  smiarc  ;i  1  g,or  1 1  htn  with  six  ant  nmr  re  1  a  li  op  eoefliriruts  tCUNIO  M  f.  .l’!l-tu 
The  lime  to  complete  iteration  were  8.2  and  8.1  see  respect  i  ve  1  v  (Part  o',  t  lie 
inrirasr  in  time  tut  the  toast  rhl -square  case  was  due  to  several  attempts  in  holt- 
iler.it  ions  to  improve  the  tit  hy  reducing  die  step  size  1  As  shown  in  Table  ’>  .  lie 
pa  runic  l  e  rs  1,(0, A),  1.(4, 2).  and  1.(4. 3)  appear  to  he  different  liv  •;  i  gu  i  t  i  rant  .iibh'O 
(The  autocorrelations  for  Case  4.011-1)  appear  well  within  t  he  t.milotn  i.ingts  t  t'z-i 
norma  1  I  zed  sum  of  squares  of  the  residuals  is  less,  as  expected,  for  (lie  nn.lin.nv 
least  squares,  rase  4  012. 

HKOOKI’AVKN  KXAMI'I.K 

A  sample  test  case  was  received  from  Ml. si;  Hi  l  a  Straub  el  lb  m  .|<ha  veil  Nat  ion  a  I 
l.ahm  itorv.  The  exact  ntiliin  el  t  lie  prnbli'ni  was  unspecified.  1ml  I  rotn  t  lie  fm  in  oi 
lhe  d  I  ''I  e  rent  I  a  1  equations  It  appears  to  he  a  kinetic  prub  I  etn  in  which  the  mat  e  r  i  a  1 
in  loinponrnt  one  decays  into  components  two  to  live,  and  i  otiiponctil  t  w”  mav  change 
I  nl  n  component  one.  Omnponent  seven  Is  composed  of  coinpeueiil  s  lime,  loin  .  -'iml  l'”. 
Altlioug.h  some  coupling  p.iriniet  ers  mav  acluillv  he  unknown.  1  licv  were  assumed  i'lioi,  , 
because  I  lie  prenenl  vegslon  of  the  piog.ram  will  not  Iterate  either  type  of  lineut 
coupling  parameter  with  t.ho  least  chi -square  algorithm.  The  data  were  available  lm 
t  lie  amount  of  i  ompnnetir  s  1,  3,  4,  and  b  as  a  function  of  time  (where  component,  b  is 
the  n  t  tin  ot  enmponont  s  l,  2,  and  ')). 

Two  baste  rases  were  run  on  these  data--a  case  with  m>  aut  unn'iv  1  at  i  mm  ami  a  case 
with  live  autocorrelations.  Fur  the  cast!  of  five  autocorrelations,  three  subcases 
were  tun  with  different  values  of  the  estimated  experimental  standard  deviation, 
base  (a)  used  I  for  cf  ;  base  (h)  I.,  and  base  (e)  3.1b2  As  seen  I  rum  Table  b,  : 
wide  variation  was  found  lor  the  values  of  t  lie  parameter  1.(1, 2)  and  1.(2, 2),  depend 

ins.  mi  the  value  I  il-en  tor  «•  butiipai  lug  I'.ai.e  S(h'  villi  f> .  the  hoy  'ii-rec 

nunihi 1 1  .  X  '  •  <  Tab  I  e  (i )  ,  is  lit  ,u  1  I  e  I  tin  tin  I  m  me  I  I  hall  the  i  1 1  I  c  t  file  ■  uimhe  t  .  1 1 
i  I  e  i  .  1 1  i ,  n  is  and  I  lie  t  i  me  I  ei|tli  red  ('fable  Ibl  is  l.o  re'  1  .  ■  i  the  <  h  1  ’  ti.ni  ! .  i  n  I  tie 

ear.  c  el  b  ( e  )  seems  to  he  .  n  loma  l  nil:',  in  ■  otih'  i  e .  is  .  i  ..  .  .in,,  i  Li  ■  line.,!  X  p  •  i  iv..  !■ 

1  a  I'ge  i  than  lot  (ite  ol  he  1  s  .  Tie  tail  1  hat  I  hi  Vi  i  mil  >1- 1  e  t  i  I  c  >  a  t  i  >  i'e.  ale  etna  !  lei  also 

indicates  that  furl  liet  i  t  e  la  I  I  oils  should  he  a  t  I  einpl  oil .  pu-.i|.|v  l.v  pi. icing  lower 

1  I  mi  l  ou  |,(  ;>  |  i  and  1.(2  2) 

HI  .AbT  tlK  K  I  I'll'.'f  I  b.S  I'.XAMl’l.l-: 

This  example  illustrates  two  tilings  First  .  the  use  ul  l  lie  least  eh  i  •  square 
algorithm  and  sieiiini,  an  apparent  Iv  good  I  It  hi'lweeu  data  and  i  plivs  ie.i  I  i  >•  iiieoriccl 
tltoile  1  .  Ilelfit'li  and  b.'imi'le  (13)  proposed  a  non  lineal  teed  lad.  trim  piopoitlon.il  to 

tlie  eiiitg.v  it.  tlie  t  eaet  I  vl  I  y  of  tin-  K  F.WH  reactor  to  dcsitilc  t  tic  III  I  .a  l «  r  expert  - 

moil  I  :i  (Iti),  where  I  tic  void  amount  was  interred  I  loti:  nieasm  ciuciit  aid  wliere  the  I  hernia 
cllecls  on  rc:n  t  I  id  I  v  were  also  c.aielullv  mea.-uireil.  shown  I  ihul  shut  down  was  due  1" 

ilierni.ii  ■  not  vo  i  if- -e  I  id  i  i,  .  In  t  tic  simulation,  the  elicit  oi  the  energy  on  void 

formal  ion  was  simulated  by  tlie  parameter  1.(13  ,  i  3  .  The  fund  inns  cot  respond  ,  to 
numerical  order,  in  tlie  functions  lined  to  the  s  I  uml  u  t  i  on ;  (1)  Nuclear  reactor  power 


Alt 


g  Plot  of  Simulated  loints  (*)  end  Computed  Point a  for  Yav,  Damper  Case  6011-6. 


V* 


Ho.  Of  Itr.\ 

4 

7 

Pa  rswters 

l(U.A) 

17.70 

18.  54 

((«,>) 

53.11 

L(4,J) 

1.0°4 

0.C!.- 

L(4,3)  6.?M  If.V'i 


Order 

1 

.116 

-.11  > 

2 

:.?47 

3 

.000 

.OK* 

4 

.1?0 

,0/l 

5 

*.161 

-  .  K.  : 

6 

.029 

.070 

jusi/Jqi 

.03147 

.0:<M4 

X  2 
*1 

28.  09 

28. 1- 7 

X  ? 

2.82 

?.4? 

X  2 
*1 

31.71 

31  . 

Table  !»  -  Result’..  ot  Yu,;  Dj'.|.iir  Cak-ilutiut-,'. 


1 T  FM/CASt 

KJL  1.0021-0 

(*) 

kJL  1.00?  i- 5 
(b) 

in 

1(1.2) 

.2155 

.2295 

.3337 

9.797 

Ll?.» 

.4627 

.44% 

.4906 

5.763 

1(3.1) 

.0431 

.0434 

.04495 

.0500 

1(4.1) 

.0252 

.0253 

.0269 

.0400 

1(6.1) 

.0743 

.0869 

.1266 

.2388 

Order 

1 

.119 

.06? 

.062 

.145 

2 

.026 

.02? 

.025 

.  ?  36 

3 

.082 

.086 

.C98 

.004 

4 

-.257 

-.216 

- .  229 

-.209 

5 

.06? 

.054 

.033 

.012 

"c 

1 

.1 

1 

3. it: 

k 

31.2? 

3122, 

31.72 

10.30 

k 

2.65 

1.2b 

1.31 

3.0  'f> 

*10T 

33.87 

3>?% 

33.03 

13.316 

Table  6  -  Results  of  BrooiMvcn  tx^ole  Cal'  lIMu-'-s  • 
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level ,  (2  i  Mean  temperature.  O)  Mean  void  volume,  (Al-fd!  Delayed  ni-ii*”.  nn  croups 

(,171  Sot  used  (111  F.nerj  v  re  1  .  .  pd  •  .  •  K-  ’  :  i  i:,i-  '*>.«-  t  .  .  - .  :  ’  I  '  :  :  I  i  l  a  t  i  .  . ; ;  ■ 

sir  wr,  Figure  /,  a  lopar  "■  t  hm  plot  .•■■f  t  henret  i  ■.a  '  mil  expo :  1  ivn  t  a  1  tttu  iear  piwn 

It.  Table  7.  til  fee  different  i  ri-i  apt  .,h.uo. 

tlasc  1.00i-0  was  ordinary  least  t- .squares  .  The  values  of  the  sutucurrelat  ions  and 
chi  -  sr.uares  are  shown  for  comparison  with  the  other  two  cases  Case  1 .005-3  used 
three  autocorrelations  wit!)  r.  small  value  of  the  experimental  var  i  arte  e  _ ,  t  h-as  nr.1.:!'  - 
irt>:  in  a  1  arpe  value  of  Xp  .  Both  Case  1.007-A  and  1  OOP  I,  a-  1  x  •  for  tie 

c  ■■•per  i a  tv  : !  Vrr :  -ii'iir  .  .  rid;.  in-  : 

tilt’  error; 

Case;-  1  .iif.-  i  - 1 )  and  1  005-  3  give  almost  exactly  Lite  same  results.  All  c.-.ses  took  t  <  •  i : 
iterations  Co  converge,  On  comparing  1.003-0  with  1.001-6.  a  difference  is  found  in 
the  value  of  the  adjustable  parameter  1,(11, 1)  The  value  of  chi-square  toral  is 
!  r  ■  >nd  t  Iras  thi  ■  result  void ;!  be  -.■hoscu  .-ver  th.c  of  hr  other 


do  v.iiuO  at  tile  chi-sqr  are  or  the  no:;-  Pierce  n-amoer  i ;;au  '.  rr,1  :  i  1 .  r  !-’■ 

I'.i.’.e  1  iil!7-6.  although  Xj“-  is  slightly  larger  for  tie  sai.u  .-.,se.  thus  i  i  lust  rat  ini 
1  he  Italic -oft  between  getting  the  minimum  as  in  orilir.ur  ;e.i,-.’  .Mpiarcs  and  ndiki': 
i’u.  ,iu  t  m  c  r  re  1  at  ions  as  in  least  chi-squares.  The  data  for  Case  l.OOj  show  the 
Values  for  K ( 1  l  Vo  R(f>)  for  comparisin  purposes.  the  .iota  show  that  the  sun:  c: 
t  .’...ire-  doe;  not  increase  fn-tri  one  to  t  he  other  appro..  i  ,c- ’  v  but  X;<-  .  site  i  i  •  .  » 

•••  at  i  st  ic  .  does  change  appreciably.  Each  of  the  cv.  hul  tt  i  ons  give  ..  total  chi  -scu.t.- 
■  i  ■  c-i.  !  ifge  :  o  he  lonsistent  with  the  residual,  be :  hj  drawn  frot.i  a  rat-dor. 

.  e.  pii  i:-d  t  hip  voul_d  have  given  support  i  or  the  n  ject  i-»r.  of  the  Her  r  -  ok -(Iamb !  e 


:::i '.A'  io::  ok  mi:;- linear  control  system 

in  r.-der  to  show  the  basic  power  of  the  SAAM  27  pnigram.  T  have  included  th's  exa: 

The  set  vn  system  of  the  a:-,  imut  had  axis  of  a  laser  track  in.,  svstt-cr  is  shewn  in  Fie..  -  ‘ 

T;;is  iM-.i-i'f-.i-klnd  svstcu  was  demonstrated  under  contract  •>;  PAR  PA  several  years  ago. 
Analyst  s  f  this  system  is  offered  to  -how  tl.e  challenge  th.tt  the  system  sin-ul  goo 
foes  it:  terms  of  the  significant  non-linearities  encountered. 

!:.v  non-  1  i  near ;  t  i  e.s  are  indicated  b  /  the  syrelu.l  id.  rigor.  '<  sii-.ws  the  var  i  our  types 
of  non-  !  invar  i  t  ies .  NLp  is  a  step  t  unction  or  hystc-ris  tocj  NLa  is  a  ’sticking" 

■.  .pc  of  nor  - 1  i  tu-ar  i  t  / ,  where  for  small  inputs,  no  ihange  occurs.  NL-j  is  linear 
i  .trough  the  origin,  but  limits  at  larger  values  of  the  input  signals.  NI.&  has  a  re- 
..potise  which  i linear  through  the  origin,  fur  has  a  smaller  slope  at  higher  amplitude 
it.auc  . 


Pi  Cure  10  shows  the  conventional  diagram  of  this  servo  system,  we  note  four  non¬ 
linear  i t i if  on  this  diagram.  This  system  has  been  repreented  as  a  sy. tern  of  ten 
diffen-ritial  equations  a»  shown  in  Figure  11. 

An  eariv  at  tempt  was  made  to  use  SAA'l  -7  to  simulate  these  non-linearities  in  the 
given  s-.stem.  The  non-linearity  Nl.j  lias  been  successfully  included  by  Dr.  C  Cohel 
i  an  unpub  i  :  shed  study,  when  the  dr;  -ing,  function  was  linear.  Intituling  the  other 
i  i  m-.iri  t  ii-s  made  it  difficult  to  ntegrate  the  equations  so  that  thev  were 

■:  ■  -traich:  'ir.c.  V.Y  ; )-  tv  f  -!.,  c  ;  . 

i  r.  . 1  : on  result  •  in  a  n  .  t  ir  .  ■  i :  !  intir:  .1;  . 


I  eurii 


h..t  ;!  v;  1  1 1  pr.-vv  possthn  =o  l.etti.  -  i  t-.iu  1  t  »•  •:  .-.  of  r.  1  sv.tira.  give, 

i'ri  -■!.  the  t-r.-hlit:;  :r  r-.i .  ’i  r.ecv  - -i  r  v  nudil;.  *  hi  pi'igi.im  itself  .  t  o 

’  :i  ip.  event  .  although  it  may  not  be  possible  t.  do  all  non-linearities, 

,  n  .  am  achievement  to  havi  a  program  like  SAAM  2  7  available  ter  general 


:n  profit  . ry:n  to  was  rt  -vui  ri"j 
nheicilt  f-.p  ISFI  i ;  v  'he 


I*. i  s  ^  i  rr.  ;)  ;i t  i  un  .  r  hi'  p r of  r.tr 
ion  vfivt-i:  the  nrouo  r  chuirc 


CASE 

KWB  1.003-0 

KWB  1.005-3 

KWB  1.0007-6 

mi,  i) 

Order 

5,318  XIO'* 

5.3161  X10-4 

5.2822  X10'4 

1 

.805 

.805 

.810 

2 

.4n7 

.460 

.483 

3 

.107 

.108 

.137 

4 

-.231 

- 

-.185 

6 

- .  i-liO 

- 

-31? 

6 

*=r 

CO 

C\i 

- 

-.221 

X  2 

XI 

121 .38 

1 .2  X  109 

122.04 

x22 

37.68 

34.88 

XT2 

159.06 

i.2o  x  in9 

156.93 

Table  7  -  Results  of  Kinetic  Experiment  V.'ate>'  boiler  Calculations 


No. 

Case 

of  Adjustable 
Parameters 

Rank  of  Audo- 
correlation 

No.  of 

Iterations 

T  i  me 

—iiecL 

Gun  Chamber 

Pressure 

Curve 

S 

0 

10 

26.6 

8 

5 

8 

23.3 

8 

10 

6 

20.2 

Yaw  Damper 

4 

0 

4 

8.2 

4 

G 

2 

8.1 

Biomedical  Test 

Case 

5 

0 

7 

19.12 

5 

5 

.1 

7 

21.95 

h 

5 

1, 

in 

37.43 

5 

3.162 

5 

39.201 

Reactor  Kinetics 

Experiment 

1 

0 

4 

84 

1 

1 

4 

95 

1 

() 

4 

95 

Table  8  -  Comparison  of 

Comput ing  T ime 

an-J  Ninber  of 

Iteration; 

Matrix  of  Differential  Equations  for  J.a*er  Tracker  >rvc  Syater. 


COMPARISON  OF  COMPUTING  TIME 


Table  3  summarizes  the  comparison  of  the  ntmSes  of  Iterations  to  converge,  an;!  the 
computing  tire.  The  number  of  iterations  v  a usually  .‘hvut  the  nano.  An  neon  i  r. 
the  last  rr>‘ii.«Ti  the  computing  time  is  comn.ir.ih!  e  .  with  a  tendency  for  'he-  rorputinj- 
’  :  r.<  t.  'i  .  .  tct  tor  lea-t  .hi-nq;.:e  ihui.  ti-r  o.-a.-t  qnaits.  The  relative 
Jifferonce  is  greater  when  the  original  total  computing  time  is  short.  This  just 
means  that,  as  would  be  exoected,  it  takes  a  larger  fraction  of  toe  computing  time 
to  compute  the  matrix  r  and  pns  t -n;l  t  i  pi  v  into  P* 1  for  cases  where  the  tire  of 
1  tel  a  ti. on  j  s  short  . 


Rased  or,  four  different  types  of  non- linear  thec-ri  t  i  ra  i  models  for  data  ap.ah'sis  , 
our  results  indicate  that: 


(Sj  least  >-hi  -  scuatv  ’  ve  ..  hosti"’  .n  r-  -■  It-  h  mere  rc'i.ilTo  iteration, 

pro  ,  edit  re  . 

(?)  The  computing  •i'-c  tor  least  t  hi  •  square  :  1'  refer  for  tlu-  models  which  use 

leis  e,  r  pl.t  i  ti  g  rite,  tut  hourv  the  on-  -  .  r .  c  r  f  Ship  iterative  procedure  is  somewhat 
better,  the  number  ui  \  cet  at  ions  ray  ;- L-  tvdu.c  1.  ;  r. , .  keeping,  the  tc-tal  computing  tire 
about  th_  sarr.p.  Those  models  with  conger  ;  of  »<■>■:  ■.  ivy  tine  -would  be  expected  to  benefit 
more  frer  least  chi-square. 

(■•I  In  validation  of  simulations  of  fu1.  Arr.v  systems,  the  -SAAM  21  computer 
program  modified  lor  least  cM  -sruai «  can  he  used  at  various  states  in  the  system,  development. 
First,  as  a  tool  to  simulate  subsystems  and  .  on  pare  the  on  '  ec  ted.  oerfortr.ar.ee  with  the 
designer '  s  simulation.  Second .  as  subsystem*  are  luilt  and  tested,  they  car.  he  run 
as  "hardware  in  the  loop"  and  the  test  date  used  if.  the-  least  chi-square  program  to 
validate  the  computer  simulation  ar.d  provide  system  parameter  i  cent  i  f  i  car.  i  or  .  Because 
no  programming  is  needed  to  run  SAAN.  27  on  a  variety  cl  problems  ,  both  the  programming 
time  and  the  elapsed  time  is  greatly  reduced. 

By  planning,  ahead  to  use  SAAM  i.r.  the  validar  irr.  .  f  t  he  subs  vs  ter:  modeling  and.  providing 
the  needed  subsystem  rests,  a  F-i  grat  Manager  cc  reduce  the  tide  arid  effort  nftde.fi  tc 
validate  '-he  cor.  tractor  ’  s  system  simulation  and  Vi.  1  he  at  le  t"  five  an  impartial,  hnc-w- 
ledpeable  ,  and  tir-elv  evaluation  of  each  svster 
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rhis  paper  describes  rhe  basic  research  program  instituted  hv  the  Air  ,;oree  Arm  vs  n' 
Laboratory  which  is  lesigned  to  yield  effective,  high  performance  guidance  alg  :  r  it  h  v 
eip.able  of  Meeting  the  demands  of  the  modern  air-to-air  engagem.  nt ,  A  simplistic 
guidance  algorithm  is  derived  from  optimal  control  and  estimation  theorv  an  i  is  com¬ 
pared  to  proportional  navigation.  Results  of  the  comparison  are  presented. 

Conclusions  are  drawn  from  the  example  and  supporting  research. 

fiTRO  AUCTION’ 

The  air-to-air  missile-target  intercept  engagement  is  the  most  iemanding  of  seen  ir  1  > . s 
'.’irh  respect  to  the  terminal  guidance  law  when  compared  with  the  surface-tn-air , 
surface-to-surface,  or  a  Ir- to- surf ace  scenarios.  The  extreme  demands  placed  on  the 
guidance  law  are  due  to  the  relatively  short  engagement  times,  complicated  hy  rapidly 
changing  kinematics.  Because  the  engagement  times  are  short,  it  is  imperative  for  .m 
air-to-air  missile  to  rapidlv  acquire  a  target  and  efficiently  use  the  resulting 
measurements  to  provide  information  inputs  to  the  guidance  law.  Guidance  algorithms 
currently  employ  p'oporcional  navigation  guidance  schemes  which  do  not  make  the  most 
efficient  utilization  of  the  information  provided  to  them.  It  is  therefore  desirable 
to  develop  guidance  algorithms  which  exploit  the  available  information  and  provide 
improved  guidance  commands  to  the  missile. 

The  Air  Force  Armament  Laboratory  began  a  basic  research  program  in  October  1977  to 
develop  guidance  algorithms  which  fully  exploit  rhe  available  information  and  improve 
overall  missile  performance  in  short  range  air-to-air  missile-target  intercept  engage¬ 
ments.  The  initial  program  was  structured  into  three  phases.  The  first  phase 
investigated  the  application  of  optimal  control  theorv  to  guidance  law  development . 

The  second  phase  utilized  optimal  estimation  theory  to  derive  algorithms  which  provide 
accurate  estimates  of  observables  necessary  for  guidance  laws.  The  third  phase  is 
currently  involved  in  investigating  the  interaction  of  modern  control  theory  with 
estimation  theory  to  better  define  the  design  methodology  for  the  combined 
guidance/estimation  problem. 

To  better  understand  the  impetus  for  the  research  program,  the  next,  section  of  this 
paper  reviews  the  classical  approaches  to  guidance  algorithm  development.  This  i9 
followed  hy  a  discussion  of  the  modern  control  and  estimation  theories  that  have  been 
and  are  currently  being  invest!* ated.  Then  a  development  will  be  shown  for  a 
simplistic  guidance  algorithm  derived  via  optimal  control  and  estimation  theory.  The 
subsequent  section  will  describe  the  evaluation  process  used  to  compare  a  classical 
guidance  algorithm  and  the  simplistic  modern  control  algorithm  described  in  the  pre¬ 
ceding  section.  Results  of  that  evaluation  will  bs  presented.  r^naqiy  the  conclu¬ 
sions  thus  tar  in  the  research  program,  and  the  recommendations  for  future  study  will 
be  discussed. 

CLASSICAL  APPROACHES 

The  classical  guidance  laws  to  he  described  in  this  settlor  are  well  over  twenty  five 
years  old.  The  following  general  characteristics  of  "ne.se  classical  designs  are  found 
in  most  state-of-the-art  tactical  short  range  air-to-.-ir  mlss'les  (4).  The  overall 
control  of  the  missile  is  divided  into  two  or  more  loops,  Tl  e  outer  guidance  loop 
controls  translational  degrees  of  f-eedom,  while  the  inner  autopilot  loop  controls 
missile  altitude.  In  the  inner  loop,  the  roll,  pitch  and  yaw  channels  are  uncoupled 
and  are  typically  controlled  independently  of  each  other.  State  estimators  are  not 
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generally  used.  Low  pass  filters  are  used  to  reject  high  frer^ienc1?  noire.  'Vii  I  nv" 
command a  are  typically  amplitude  constrained  to  ensure  autopilot  st  .h  i '  i  <•  v .  The 
following  paragraphs  will  discuss  the  basic  make-up,  advantages,  and  dis.idv sot.  . > i 

pursuit  navigation,  proportional  navigation,  and  pursuit  p1  u  ,  ;.r->  por  l  i.nu '  n  i  ■>;  ,  p  . 

e-spect  i  ee  l  v. 

Velocity  pursuit  navigation  is  perhaps  the  oldest  guid  -iOc«  technique  that  has  bee  i 
used  in  tactical  air-to-air  missiles.  Pure  pursuit,  guidance  is  implemented  by 
requiring  the  missile  velocity  vector  to  always  point  at  the  target  and  therefor., 
cause  a  seemingly  unavoidable  collision.  This  techni  ,  i '  P  itfiv1./  t;  -..'I '  !  {  f  i  >'  ■J.JJ'J  i  ■* 

slowly  moving  targets  (such  as  surface  targets),  hut  its  p.->  ,r  ,  ,-v  .-  L 
cant l y  for  the  air-to-air  mission.  This  is  because  the  tn'ssile's  vc ’.  -.'it  -  .a.-, 

turn  to  keep  pointing  at  the  moving  target.  As  the  distance  ru  the  r  ir 1.  c-r.-a  ■ 
the  turning  rate  of  the  missile  increases  and  will  eventual  1  v  reach  unach  Lev  .hi  •- 
v  lines  before  intercepting  the  target.  This  form  of  guidance  law  usually  ends  in  a 
t  til.  chase. 

i  rt  i  one  l  Navi  gat  i  on  (pro-nav)  ideally  forces  the  missile  to  f  !  v  a  «r.r  ii  «ht  H  i  • 
i-illisinn  course  with  the  target  (see  -igure  1).  The  straight  Line  path  imp!:,-::  •  , 
the  missile  velocity  vector  will  lead  the  cart.et  line  of  sight  (1.0S).  As  can  n  s<-.  ■ 
in  '-'t  . r . •  I  ,  the  LOR  does  not  rotate  in  space  when  the  missile  is  on  a  colli  si. e> 

cours  ■ . 


"11  i.rprp  op  jut 


M  SR  ILL  ’’ARUF.T 

p igure  1.  Proportional  Navigation  Trajectories 

Therefore,  in  pro-nav,  steering  commands  are  implemented  to  drive  tne  LOR  rate  to 
zero.  Bryson  A  do  (1)  have  shown  that  pro-nav  is  an  optimal  guidance  law  (with 
respect  to  minimising  miss  distance)  given  the  following  assumptions: 

i)  the  target  has  constant  velocity 

ii)  the  missile  has  unlimited  and  Instantaneous  response 

i i i )  the  LOR  angles  remain  small 

iv)  'he  missile’s  velocity  along  the  I. OR  vector  is  constant 

The  .-ts.'.u'-ipt  ions  that  both  the  missile  and  target  have  a  constant  velocity  is  an  espe¬ 
cially  gross  one  In  the  short  range  air-to-air  arena.  The  missile  generally  has 
uncont t-ol  led  accelerations  in  its  axial  direction,  while  the  accelerations  in  the  yaw 
and  pitch  planes  are  not  instantaneous.  Despite  these  serious  assumptions,  pro-nav  is 
easy  to  Implement  and  has  heen  used  for  years  tn  the  guidance  of-  tactical  air-to-air 
m  i  s  s  t  1  e  h  . 

The  Incorporation  of  velocity  pursuit,  and  pro-nav  into  a  composite  guidance  law  has 
been  .attempted  in  the  past.  These  attempts  resulted  In  a  "biased"  pro-nav  which  tor 
must  a ppl  I i’at. ions ,  did  not  perform  sirtnl f. lean 1 1  y  better  chan  pro-nav  alone  unless 
"tuned"  for  that.  specLflc  application. 
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I’hcuo  throe  guidance  law.1!  represent  some  of  the  results  of  the  classical  approach  !■> 
guidance  law  derivation.  Pursuit  navigation,  though  fairly  insensitive  to  noise, 
demonstrates  poor  performance  tor  a  rapidly  moving  target.  Proportional  navigation's 
terivatinn  is  based  upon  several  assumptions  which  pose  rather  serious  limitations. 

’ " s  performance  is  inaccurate  against  accelerating  targets.  Pro-nav  is  susceptible  to 
:  i ;  ■  - 1  v  t  re  lu.MU'v  noise  .and  is  therefore  tvpic.al'.v  implemented  with  low  pass  filters.  In 
H lit  ton,'  nrc-nav  fails  to  exploit  all  of  the  Information  available  from  the  missile, 
■’nsuit  plus  pro-nav  is  less  susceptible  to  noise  than  pro-nav,  for  certain  shots. 

'!  ^,w..r  t  fur  hii-h  of  f-horesi  ght  angle  (ORA)  shots,  neither  pro-nav  nor  pursuit  plus 
P'-  .-nuy  performs  well. 

!'  is  therefore  highly  desirable  to  develop  .a  guidance  algorithm  which: 

i)  extracts  important,  data  from  noise  measurements 

ii)  uses  available  information  to  derive  guidance  commands 

iii)  increases  launch  opportunities  while  simultaneously  decreasin'’, 
miss  distance. 

■"h.-so  are  the  goals  of  the  Air  'force  Armament  Laboratory's  basic  research  program  in 
onri.mil  control  and  estimation  cheorv.  The  following  sections  will  describe  the 
research;  present  specific  examples;  evaluate  the  performance  o!  in  algorithm  derived 
in  the  program;  anti  give  recommendations  for  future  study. 

wv.insn  cninvicF;  tfiihitifr 

In  the  past  two  decades  modern  control  and  estimation  theory  has  been  discounted  as  a 
viable  approach  for  guidance  algorithm  derivation  because  of  the  problems  associated 
with  implementing  such  algorithms  in  real-time  while  on-hoard  a  tactical  missile. 
Inherent  in  guidance  algorithms  derived  from  modern  control  and  estimation  theory  is 
the  tact  that  they  are  computationally  expensive,  nfteu  iterative  numerical  tech¬ 
niques  must  he  used  to  solve  the  optimal  control  problem  because  it  cannot  be  solved 
in  closed  form.  Only  the  most  simplistic  or  simplified  optimal  control  problems  may 
he  solved  in  closed  fort.  For  these  reasons,  guidance  algorithms  continued  to  be 
derived  via  a  classical  approach  in  the  past. 

However,  recent  advances  in  microprocessor  capability  have  made  modern  control  and 
estimation  theory  much  more  attractive  for  use  as  a  basis  tor  missile  guidance  law 
development .  In  addition  to  hardware  advances,  new  numerical  techniques  for  solving 
complex  equations  have  been  developed.  The  Air  Force  Armament  Laboratory  observed 
this  trend  and  intiar.ed  its  optimal  control  and  estimation  theory  (as  applied  to  tac¬ 
tical  missiles)  basic  research  program  in  October  1177. 

Ihen  the  program  began,  several  problem  areas  that  needed  to  be  addressed  were 
nut  lined.  Primary  among  those  problem  areas  was  the  difficulty  in  specifying  a  valid 
performance  index  (P.I.)  which  effectivley  translates  the  performance  drivers  into 
mathematical  terms.  In  addition,  the  mathematical  model  of  the  system,  the 
equality/inequality  constraints  nlnced  on  the  system,  and  the  estimation  problem  had 
to  he  thoroughly  investigated  as  well.  The  feedback  states  tor  an  optinmal  control 
law  are  functions  of  the  qualilty  of  the  estimates  used.  Only  under  linear,  quadra¬ 
tic,  gaussian  (LOG)  assumptions  does  the  control /estimation  problem  become  uncoupled. 
Because  the  basic  research  program  is  not  limited  to  l.QG  assumptions,  the  rela¬ 
tionships  between  the  control  and  estimation  problems  must  be  investigated, 

Ouring  the  first  eighteen  months  of  the  program,  the  problem  was  formulated  using 
standard  textbook  optimal  control  and  estimation  theories.  These  results  provided  a 
theoretical  baseline  tor  the  research  endeavor.  The  initial  phase  provided  these 
significant  determinations  (S): 

1.  Through  optimal  control  and  estimation  theory  it  is  possible  to  develop 
gu  dance  laws  which  outperform  pro-nav  given  a  missile  capable  of  high  maneuverability 

It  is  critical  to  have  a  well-designed  autopilot,  that  provides  rapid  and 
stable  response  to  realize  the  full  potential,  of  an  optimal  control  guidance  law 

3,  Overall  performance  with  an  Extended  Kalman  Filter  (3)  is  as  good  as  that 
obtained  with  more  complicated  filtering  techniques  when  miss  distance  is  considered 
as  tn„  evaluation  parameter. 
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Several  optimal  control  and  estimation  theories  have  boon  investigated  in  tin- 
r«;  anarch  program. 

1 .  Linear  Quadratic  Theory 

2.  Linear  Quadratic  Gaussian  Theory 
2.  Singular  Perturbation  Theory 

Reachable  Ret  Theory 
S.  Differential  Came  Theory 
fi.  Adaptive  Control  Theory 

7.  Dual  Control 

8.  Extended  Kalman  Kilters 

9.  Recond  Order  Kilters 

10.  Adaptive  Kilters 

1 1 .  Splines 

12.  Polynomial  Approximations 


In  past  studies  the  guidance  and  estimation  prohlemR  have  been  treated  as  separate 
entitles.  Some  current  studies  are  being  conducted  using  a  combined  approach,  as  well 
as  a  dual  control  approach  where  the  guidance  law  performance  index  contains  state 
estimate  enhancement  terms  as  well  as  other  important  parameters  which  are  to  he  maxi¬ 
mized  (or  minimized).  The  ultimate  goal  of  this  research  Is  to  integrate  the  heat- 
performing  guidance  and  estimation  algorithms  Into  an  efficient  guidance  package  which 
can  be  utilized  in  state-of-the-art  tactical  atr-to-alr  missile  concepts. 

The  current  basic  research  program  is  also  initiating  new  efforts  to  study: 

1  .  Rtrapdown  seeker  guidance 

2.  End  game  guidance 

2.  Beyond  Visual  Range  guidance 

These  programs  should  provide  useful  Inputs  to  the  overall  tactical  missile  guidance 
problem.  The  research  has  shown  the  potential  for  dramatic  Improvements  in  tactical 
missile  performance  through  the  use  of  guidance  algorithms  derived  from  optimal, 
control  and  estimation  theory.  The  following  sections  will  present  a  guidance 
algorithm  development  from  the  in-houae  research  program  and  present  results  of  a  com¬ 
parison  between  this  guidance  algorithm  and  pro-nav  implemented  with  a  low-pass 
filter. 

IV  ADVANCED  GUIDANCE  ALGORITHM 

This  research  program  has  resulted  in  numerous  guidance  algorithms  derived  from 
various  optimal  control  and  estimation  theories,  all  of  which  cannot  be  presented 
here.  Therefore,  to  dramatize  the  significance  of  this  research,  the  most  simplistic 
algorithm  will  be  presented  and  then  compared  to  pro-nav.  This  guidance  law  was 
derived  (6)  using  Linear  Quadratic  Gaussian  Theory.  The  derivation  of  the  guidance 
law  is  given  below. 

Consider  the  engagement  scenario  depicted  in  Figure  2.  Let  M  he  the  missile,  T  be  the 
target,  and 

Sty  -  Missile's  position,  velocity,  and  acceleration  vectors 
relative  to  some  fixed  Inertial  reference  frame, 

rj  v-p  aj  -  Target's  position  velocity,  and  acceleration  vectors  rela¬ 
tive  to  the  same  inc.-tial  reference  frame 
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No  fine  the  state  vector  as  follows: 
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Thus  we  have  a  linear  model  describing  the  engagement 
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Tn  the  derivation  of  this  guidance  law,  several  simplifying  assumptions  will  be  made. 
ASSUMPTION  1 


Let  a-t’x  “  «Ty  "  *Te  “  0*  This  means  that  the  target  has  constant  velocity  In  both 
magnitude  and  direction, 

tf  the  control  vector,  u,  is  defined  to  he  the  missile  acceleration  and  It  is  assumed 
that  target  acceleration  is  zero  then  Equation  (1)  can  he  written  in  state  space  form 
such  that 


k  ■  Ax  +  Bu 


(2) 


Where 


.  H 


o 

T 


Where  1  is  an  Identity  Matrix  with  dimension  1x1. 
And 
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XI 


Figure  2.  Missile  and  Target  Kinematic  states  Relative 
to  Inertial  Reference  Frame 


ASSUMPTION  2 


In  defining  the  control  vector  u  as  the  missile  acceleration,  it  is  Implied  that  rh 
missile  has  perfect  and  Instantaneous  control  over  all  three  inertial  acceleration 
components.  In  the  real  world  tactical  missile  with  conventional  propulsion,  the 
axial  component  of  acceleration  is  uncontrollable.  In  addition,  the  lateral  am)  no 
mal  accelerations  are  neither  instantaneous  nor  unlimited, 

OPTIMA!  CONTROL  FORMULATION 

The  cost  functional  to  be  minimised  is 


where 


■T  -  x  T(t£)Sfx(tf)  + 


dt 


h 


(11 


weighting  on  each  control 


Given  the  cost  functional,  Fquatlon  (I),  and  the  state  equation,  F.qual  ion  (2),  the 
optimal  control  solution  can  he  determined  analytically.  The  solution  is  straight 
forward  hut  tedious. 

Given  J  and  state  equation  (F.q  2)  the  Hamiltonian  is  constructed. 
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(4) 


H  -  V£iiTRH+£.TA*+j>TBu 

Where  £  1«  the  eo-etata  vector  with  d  inert  eon  6*1. 

The  necessary  conditions  for  optimality  are 

£  "  “  fjj  -  -ATP  (5) 

dx 

0  -  -  Ru+bT£  (6) 

5^ 

Equation  (6)  can  be  written 

u  -  -R’1bt£  (?) 

Substituting  Equation  (7)  into  Equation  (2)  yields 

*  -  Ax  -  BR-’B^  (8) 

From  Equations  (8)  and  (5)  we  get 


k 

A 

!  -br-ibt 

X 

£ 

6 

.  -A? 

£ 

The  solution  to  Equation  (9)  has  the  form 


*(Cf) 

£<cf) 

- 

r*  - 

x(t) 

£(t) 

—  - 

_  ^ 

—  - 

(10) 


From  the  boundary  equations  we  get 

£(tt)  -  Stx(tf)  (11) 

Using  Equations  (10)  and  (11),  p(t)  can  be  determined  analytically  and  applied 
directly  to  Equation  (7)  to  find  the  optimal  control.  For  this  example  the  control 
solution  is 


where  Tgo  •  (tf-t) 

The  theory  that  was  used  to  obtain  the  solution  assumed  that  tf,  final  time,  was 
specified;  therefore,  to  insure  optlmslity  tf  must  be  known  a  priori  or  accurately 
estimated  during  flight, 

ESTIMATION  ALGORITHM 

The  estimation  algorithm  to  be  used  in  this  example  is  the  extended  Kalman  Filter. 

The  meaaurementa  are  noisy  line-of^alght  angles  and  missile  body  accelerations.  The 
equations  used  for  this  implementation  will  not  be  shown  here,  however  they  are  docu¬ 
mented  In  Chapter  VI  of  (7), 
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ESTIMATING  TIME-TO-GO 


The  derivation  of  Equation  (12),  the  guidance  law,  required  that  the  final  time  he 
fixed.  This  means  that  final  time  or  time-to-go  (tp-tcurrerit)  must  he  continuously 
estimated  throughout  the  entire  engagement.  Our  research  has  shown  that  the  estimate 
of  time-to-go  (Tgo)  is  a  key  ingredient  of  the  overall  accuracy  of  the  guidance 
algorithm. 

Traditionally,  the  most  common  Tgo  estimate  is  given  by 

Tgo  -  -R/ft  (Id) 

where  R  -  range-to-go 

R  -  range  rate 

However,  this  method  of  estimating  TOQ  assumes  that  the  velocity  along  the  line-of- 
sight  is  constant.  This  is  a  gross  assumption  for  the  air-to-air  mi ssile- target 
intercept  problem. 

The  research  program  has  investigated  many  different  Tgo  estimation  algorithms  via 
both  contracuual  and  in-house  studies.  The  best  performing  T00  algorithm,  from  a  per¬ 
formance  versus  complexity  of  implementation  standpoint,  is  ah  algorithm  derived  in- 
house  (6).  Several  assumptions  are  made  in  the  algorithm’s  developnent : 

1)  Assume  the  missile's  axial  component  of  acceleration  dominates  the 
missile's  contribution  to  the  llne-of- sight  acceleration. 

2)  Assume  that  good  aatimates  of  Sr  and  Vr  are  available  from  the  Kalman 
Filter. 

d)  Assume  An,  is  measurable. 

With  these  simplifying  assumptions,  the  derivation  is  straight  forward.  Rewriting 
Equation  12  in  its  component  form  yields 

A„x  -  d  (Sgx/Tgo2  +  VRx/Tg0)  (14a) 

Amy  “  3  <SRy/Tro2  +  lRy/TR0)  (14b) 

AMz  -  3  (SR7i/Tgo2  +  Vrz/Tr0)  (14c) 

Recall  the  assumption  that  stated  missile  acceleration  Is  instantaneous  and  perfectly 
controllable.  For  conventional  propulsion,  the  axial  component  of  acceleration  is 
uncontrollable,  and  therefore  In  the  past,  Equation  (14a)  was  Ignored,  This  algorithm 
uses  Equation  (14a)  to  solve  for  Tgo. 

Solving  equation  (14a),  noting  that  Vrx<0  for  a  missile  closing  on  the  target,  yields 


2  SVy 

Tgo  -  '  '  (15) 

-Vrx  a^Rx2  +  4/d  Srx  AMx 

The  advantages  of  this  time-to-go  algorithm  is  that  it  explicitly  accounts  for  the 
effect  of  missile  acceleration  In  estimating  time-to-go;  thus  it  provides  a  better 
estimate  of  tlme-to-go  resulting  in  more  optimal  lateral  and  normal  acceleration  com¬ 
mands. 

Using  the  T.Qf!  guidance  law  (Equation  12)  the  extended  Kalman  filter,  and  the  Tgo 
algorithm,  a  performance  evaluation  was  made.  The  description  of  the  evaluation  and 
the  results  follow. 
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EVALUATION 


The  evaluation  tool  used  for  this  comparison  is  a  detailed  si x-degree-of - freedom 
(6-DOF)  digital  simulation.  The  simulation  contains  the  detailed  math  model  of  a 
Generic  bank-to-turn  short  range  missile.  Major  subsystems  such  as  seeker,  autopilot  , 
propulsion  system,  and  sensors  are  modelled  as  well.  The  simulation  also  incorporates 
realistic  noise  models.  Additionally,  the  simulation  contains  a  three-degree-of- 
treedom  model  of  a  "smart"  target  which  incorporates  a  nine-g  out-of-plane  evasive 
maneuver  algorithm 

The  guidance  algorithm  developed  in  the  previous  section  is  compared  against  pro-nav 
which  is  implemented  with  well  designed  low-pass  filters  for  smoothing  the  seeker 
measurements  and  a  navigation  gain  optimized  to  minimize  miss  distance. 

The  evaluation  consists  of  a  large  number  of  Monte  Carlo  runs  tor  a  large  number  of 
engagement  conditions.  Effective  launch  opportunity  envelopes  are  generated  by 
defining  the  geometrical  region  in  space  from  which  the  missile  can  be  launched  and 
obtain  a  mean  miss  distance  of  less  than  ten  feet.  Additional  constraints  are  placed 
on  the  results  in  that  the  standard  deviation  of  the  mean  miss  distance  after  ten 
Monte  Carlo  runs  has  to  be  less  than  the  mean  miss,  or  additional  Monte  Carlo  runs  are 
performed. 

The  initial  launch  conditions  are  co-altitude  (10,000  feet)  and  co-speed  (.r>  Mach). 

The  target  performs  its  evasive  maneuver  when  range  becomes  less  than  or  equal  to 
6,000  feet.  Both  algorithms  use  passive  seeker  measurement  information. 

Tt. ;  effective  launch  opportunity  envelopes  (6)  are  shown  in  Figures  0  and  A.  Figure  1 
depicts  the  case  for  0*  off  boretight  launch.  The  off  horesight  angle  is  defined  is 
the  angle  between  the  initial  LOS  vector  and  the  initial  missile  velocity  vector. 
Figure  4  shows  the  40“  off  horesight  case.  A  0“  off  horesight,  0“  aspect  angle  case 
is  a  tail-on  shot.  Conversely,  a  0“  of f-horesight ,  180°  aspect  angle  case  is  a  head- 
on  shot, 

These  figures  demonstrate  the  dramatic  performance  improvement  in  terms  of  miss 
distance  and  launch  opportunity  that  can  he  achieved  through  the  use  of  guidance 
algorithms  derived  from  optimal  control  theory  over  the  performance  offered  bv  pro-nav 
which  is  currently  being  used  in  most  existing  air-to-air  short  range  tactical  missi¬ 
les. 

CONCLUSIONS  AMU  RECOMMENDATIONS 

The  basic  research  program  was  designed  to  demonstrate  the  viability  of  optimal 
control  ar.d  estimation  theory  as  a  basis  for  guidance  algorithm  development  for  tac¬ 
tical  air-to-air  missiles.  The  results  have  shown  that  optimal  control  theory  la  a 
powerful  alternative.  It  should  he  realized  Chat  the  results  shown  here  for  the  most 
simplistic  guidance  algorithm  derived  in  this  program.  Other  more  complex  guidance 
laws  have  the  potential  for  Improving  the  result.)  to  a  greater  extent  than  demonstated 
here. 

Thus  far,  tha  basic  research  program  has  been  concerned  explicitly  v*lth  the  short 
range  tactical  misalle  engagement.  New  programs  are  scheduled  to  investigate  guidance 
tor  beyond  visuel  range  miaallea,  tor  miseiles  which  employ  strapdown  seekers,  and  for 
application  in  the  end  game  (laet  few  eeconds  of  time-to-go)  of  the  terminal  engage- 
mant  where  tha  information  available  to  the  guidance  algorithm  is  severely  restricted. 
The  application  of  optimal  control  and  estimation  theory  to  these  areas  needs  to  be 
fully  explored.  Additional  work  needa  to  be  performed  in  thoroughly  defining  the  on¬ 
board  computar  requirement*  for  the  realisation  of  tha  algorithms. 

In  conclusion,  as  tha  txample  demonstrates ,  optimal  control  and  estimation  theory  pro¬ 
vides  a  viable  alternative  to  classical  guidance  design  techniques.  The  hardware 
implementation  barriers  tor  guidance  algorithms  derived  from  optimal  control  and  esti¬ 
mation  theory  no  longer  exist.  These  guidance  laws  offer  the  potential  for  increased 
missile  performance  at  little  or  no  cost  increase  for  the  next  generation  of  missiles. 
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ABSTRACT 

This  paper  considers  the  development  of  a  discrete-time  delayed-measurement  observer 
for  a  discrete-time-invarianc  linear  system.  The  delayed-measurement  observer 
developed  has  several  unique  features:  it  utilizes  discrete  time  delayed  measure¬ 
ments  as  part  of  its  inputs  and  it  is  an  (n-q)th  order  observer  for  an  nth  order 
linear  system  with  m  linearly  independent  outputs,  where  q  >  m.  The  dimension  of  a 
delayed-measurement  observer  is  therefore  lower  than  that  of  the  well  known  (n-m)- 
minimal-order  Luenberger  observer.  Furthermore,  a  delayed-measurement  observer 
becomes  a  minimal  order  Luenberger  observer  when  q  =  m,  and  becomes  a  pseudo¬ 
observer  with  no  dynamics  when  q  •  n .  The  results  obtained  in  the  paper  may  readily 
be  extended  to  discrete- time  time- varying  linear  systems. 


INTRODUCTION 

The  design  and  implementation  of  a  linear  optimal  control  system  using  state  space 
techniques  often  requires  the  availability  of  all  state  variables  associated  with 
the  system  [ 1 ] - [ 4 ] .  However,  in  practice,  not  all  state  variables  in  a  system  are 
accessible  for  direct  measurement  nor  is  it  economical  to  measure  all  state  vari¬ 
ables  directly.  Furthermore,  the  measurement  data  may  be  contaminated  by  measure¬ 
ment  errors.  The  design  problem  caused  by  the  unknown  and/or  inaccessible  state 
variables  may  be  solved  by  replacing  the  unknown  and/or  inaccessible  state  variables 
by  their  estimated  values.  For  linear  systems,  there  are  two  well  known  filters 
which  may  be  used  to  generate  estimates  of  the  unknown  and/or  inaccessible  state 
variables,  namely,  the  Kalman-Bucy  filter  [51  and  the  Luenberger  observer  I  6 ] - [ 7 )  . 

The  Kalman-Bucy  filter  uses  noise  contaminated  measurements  to  reconstruct  estimates 
of  the  unknown  and/or  Inaccessible  state  variables.  The  order  of  the  filter  is  the 
same  as  the  order  of  the  associated  system.  On  the  other  hand,  when  the  measurements 
are  perfect,  i.e,,  contain  no  measurement  errors,  and  there  are  no  random  distur¬ 
bances  acting  on  the  system,  a  Luenberger  observer  may  be  used  to  generate  the 
desired  estimates  of  the  unknown  and/or  inaccessible  state  variables.  The  order  of  a 
Luenberger  observer  is  generally  less  than  that  of  the  associated  system  [61-191; 
specifically,  the  n-m  unknown  and/or  Inaccessible  state  variables  of  an  nth  order 
linear  system  with  m  inearly  independent  outputs  may  be  constructed  by  a  minimal- 
order  observer  of  order  n-m  (see  in  particular,  [91). 

Since  the  pioneering  work  of  Luenberger  [6)-(7J,  observer  theory  has  been  studied 
extensively  in  the  literature  [10]-[2l|,  where  in  il4)-[21),  observer  theory  has  been 
extended  to  stochastic  systems.  Observer  theory  has  also  played  an  important  role  in 
the  design  of  disturbance  accommodating  control  systems  (22)  -127),  where  various 
minimal-order  observers  have  been  developed  to  provide  estimates  of  various  unknown 
system  dlstrubances  which  either  have  a  specific  waveform  structure  or  can  be  approx¬ 
imated  by  a  specific  waveform  structure. 

In  this  paper,  a  new  reduced-order  observer  for  discrete-time  linear  systems  will  be 
developed.  The  essential  idea  is  to  utilize  the  past  or  time-delayed  measurements 
to  extract  more  information  about  the  unknown  and/or  inaccessible  stale  viriables. 

We  will  call  the  observer  developed  a  delayed-measurement  observer  to  reflect  the 
fact  that  time-delayed  measurements  are  utilized  in  the  observer  equations.  The 
delayed-measurement  observer  is  an  (n-q)th  order  observer  with  (n-q)  ;  (n-m),  for 
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an  nth  order  system  with  m  linearly  independent  outputs,  The  dimension  of  a  delayed- 
measurement  observer  is  therefore  lower  than  that  of  the  correponsding  (n-m) -minimal - 
order  Luenberger  observer.  Furthermore,  n-q  may  be  varied  and  may  be  reduced  by 
using  more  time-delayed  measurements.  When  enough  delayed  measurement  are  used,  n-q 
is  reduced  to  zero  and  the  delayed-measurement  observer  becomes  a  "pseudo-observer" 
or  an  observer  with  no  dynamics  which  reconstructs  the  present  values  of  the  unknown 
and/or  inaccessible  state  variables  instantaneously  In  view  of  its  reduced  dimen¬ 
sion,  a  delayed-measurement  observer  is  particularly  useful  for  microprocessor  im¬ 
plementation.  State  estimation  using  a  pseudo-observer  has  been  considered  in  [ 28  I  - 
[30].  A  microprocessor-based  delayed-measurement  observer  has  been  designed  and 
constructed  in  [27J  to  pro’-ide  estimates  necessary  for  the  implementation  of  an 
actual  optimal  control  system. 


DELAYED -MEASUREMENT  OBSERVER 
Consider  a  discrete-time  linear  system  described  by 
x(k+l)  -  Ax(k)  x  Bu(k) ,  x(0)  -  xQ 
with  measurements  given  by 
y(k)  -  Ux(k) 


(1) 


(2) 


y(k) 

r-  - 

C 

®mxr 

.  .  .0 

mxr 

u(k-l) 

y(k-D 

- 

CA*1 

x(k)  - 

ca'^-b 

.  .  .0 

mxr 

u(k-2) 

y(k-d) 

CA*d 

CA~dB 

.  ,  ,CA*lB 

u(k-d) 

where  x(k)cR  ,  u(k)eRr,  y(k)tR  are,  respectively,  the  state  input  and  output  vectors; 
A,  B  and  C  are,  respectively,  nxn,  nxr  and  mxn  constant  matrices.  We  assume  that 
rank  [C]  -  m,  A  is  invertible1,  and  that  the  system  is  completely  controllable  and 
completely  observable. 

From  (1)  and  (2),  we  obtain,  by  using  d  time-delayed  measurements  with  d;k  and 
ds(n-l), 


O) 

W 

(5) 

(6) 

(7) 


Defining 


4  [yT(k-l):yT(k-2):.. ,:yT(k-d)i, 


Uj(k)  A  |uT(k-l):uT(k-2>:...:uT(k-d)], 


*dA 


we  obtain,  from  (3) -(7), 


A  [Ct:(a‘ 

i)TcT: 

_0mxr  ■ 

'  ' °mxr 

CA*  XB 

•  -0 

.mxr 

CA'dB 

, .CA*1 

:(A'd)TcT], 


ry(k)  1 

yj(lb 


HjxCk)  -  BjUjfk), 


(8) 


where  yi(k)  is  an  md- dimensional  time-delayed  measurement  vector,  u.(k)  is  an  rd- 
dimensional  time-delayed  Input  vector;  Hj  and  Bj  are,  respectively ,m(d+l)xn  and 
ro(d+l)xrd  matrices. 


^he  matrix  A  la  invertible  if  (1)  Is  the  discretized  version  of  a  continuous¬ 
time  system,  since  in  that  case,  A  is  s  nonsingular  transition  matlrx. 
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Equation  (8)  yields  the  time-delayed  measurement  equation 


~y  00 " 

A 

’y(k)  ‘ 

Yd^> 

-  - 

+  Vd(1° 


H^xfk) , 


(9a) 


(9b) 


where  y^(k)  as  defined  is  known  for  all  k>d,  since  the  right-side  of  (9a)  is  known 
for  all  k>d.  We  note  that  the  time-delayed  measurement  equation  (9)  is  similar  to 
(2)  in  form  and  that  rank  [H.]  -  q,  where  ms_q<.n.  Furthermore,  if  rank  |H.)  -  n, 
then  H,  becomes  a  constructioility  matrix  [ 31 ]  and  is  equivalent  to  the  observa¬ 
bility  matrix  associated  with  1...C]  when  A  is  nonsingular  |  31 1  —  1 32  ]  . 


Given  the  time-delayed  measurement  equation  (9),  we  wish  to  obtain  an  estimate 
x(k)  of  x(k)  generated  by  a  discrete-time  linear  system  of  the  form 


z(k+l)-  Fz (k)  +  G 


y(k) 

yjcio 


+  Mu(k) , 


(10a) 


z  (0)  -  To, 


(10b) 


x(k) 


Pz(k)  +  [V+PK] 


y(k) ' 


(U) 


where  z(k)cRn  ^ ,  acRn  is  an  arbitrary  vector,  F,  G,  K,  M, 
tively,  (n-q)x(n-q),  (n-q)xm(d+l) ,  (n-q)xm(d+l) ,  (n-q)xr, 
nxm(d+l)  suitable  constant  matrices.  We  assume  that 


P,  T  and  V  are,  respec- 
nx(n-q),  (n-q)xn,  and 


rank  IP)  -  n-q , 


(12a) 


rank  (T]  -  n-q  . 


(12b) 


Definition:  The  discrete-time  linear  system  described  by  (10)  is  called  a  delayed- 

measuremcnt  observer  for  the  system  described  by  (1)  and  (9)  if  and  only  if  there 
existT  respectively,  (n-q)xm(d+l) ,  nx(n-a),  (n-q)xn  and  nxm(d+I)  constant  matirces  K 
P,  T  and  V  such  that,  for  arbitrary  a  and  u(k) , 


kiS  (x(k) -x(k) ]  -  0. 


(13; 


The  dimension  n-q  of  such  en  observer,  if  it  exists,  Is  smaller  than  the  dimension 
n-m  of  a  corresponding  reduced-order  Luenberger  obeerver  [ 6 ] - [ 9 ] .  For  systems  with 
large  n-m,  the  ability  to  develop  an  observer  with  a  dimension  lower  than  n-m  may 
be  of  practical  importance.  There  are  various  ways  which  may  be  used  to  determine 
the  constant  matrices  P,  T  and  V.  We  will  use  the  following  matrix  decomposition 
theorem  [33]  (see  also  [22]-[24]). 


Theorem  1  (Matrix  Decomposition  Theorem) 

Let  X^,  i»l,2,...,k,  be  nxn.  real  matrices  of  rank[X,  ] 
the  following  conditions  srl  equivalent: 


k 

r j .  If  \  r .  -  n ,  then 
1  i-1  1 


(a)  Xt  Xj  -  0n^xn^  for  #ll 

(b)  ji  -  in, 


where  t •  1  ^ 


denotes  a  generalized  Inverse  of  (•]. 


To  proceed,  consider  the  algebraic  equation 


HdP  "  °m(d+l)x(n-q)  ' 


<U) 


Since  (14)  is  consistent*,  a  solution  for  P  of  full  rank  always  exists,  is  generally 


JThe  matrix  equation  AX  "  Y  is  consistent  if  rank[A]  -  rank|A;Y). 
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non-unique  and  can  easily  be  determined.  Also  since  rank [ H .  1  +  rank(PJ  •  n,  then  by 
the  matrix  decomposition  theorem,  we  obtain, 

PT  +  VHj  -  In,  (15) 


where  we  have  chosen  T  and  V  as 
T 


Define 


(pIp^-ipT  f 


Hd(HdHd)#- 


ex00  u  x(k)  -  x<k) , 


ez(k) 


z  (k)  -  Tx(k)  +  K 


yCk) 

y'd^ 


where  ex(’>0  and  ez(k)  are  error  vectors. 

We  obtain,  from  (9b),  (11),  (15),  (18)  and  (19), 


e  (k) 
x 


Pez(k). 


(16) 

(17) 

(18) 

(19) 


(20) 


We  note  that  if  ez(k)-*-0  as  k-*“,  then  e  (k)->0  so  that  x(k)-»x(k).  Also  we  obtain, 
from  (1),  (9b),  (10a)  and  (19),  x 

ez(k+l)  -  Fez(k)  +  [M- (T-KHd)B]u(k) 

+  [F(T-Krid)-(T-KHd)A+GHd]x(k) .  (21) 


If  the  second  and  third  teams  in  (21)  vanish  for  arbitrary  u(k)  and  x(k),  then 

ez(k+l)  -  l'®2 (k)  .  (22) 

We  have  the  following  theorem. 


Theorem  2:  The  discrete-time  linear 
measurement  observer  for  (1)  and  (9) 

system  described  by  (10)  is  a  delayed- 
if  and  only  if  the  following  conditions  hold: 

(a) 

F  ia  asymptotically  stable,  i.e. 
circle  in  the  complex  plane, 

,  all  the  eigenvalues  of 

F  lie  within  the  unit 

(b) 

<T-KHd)A-F(T-KHd)  -  GHd, 

(23) 

(c) 

M  -  (T-KHd)B. 

(24) 

A  proof  of  tha  theorem  may  be  obtained  in. a  similar  fashion  as  in  [34]. 


Using  (15)  and  (23),  we  obtain, 


[F 


(T-KHd) AP : G-FK- (T-KHd)AV ] 


°(n-q)xn' 


(25) 


Given  T  and  H^,  (25)  is  consistent  and  a  solution  always  exists.’  A  sufficient 
condition  which  satisfies  (25)  and  therefore  (23)  is  that 


F  -  (T-KHd)AP  4  F0-KHo, 


(26) 


G  -  FK+(T-KHd)AV, 


(27) 


where  F0  ^ 
gain  matrix 


TAP  and  Hp  A  HjAP.  Equation  (26)  shows  that  there  exists  an  observer 
K  such  that  all  the  eignevalues  of  F  can  be  placed  within  the  unit 


’We  also  note  chat  rank[TT;Hd] 


n . 
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circle  in  the  complex  plane  (subject  to  the  restriction  that  complex  eigenvlaues 
occur  in  complex  conjugate  pair)  if  and  only  if  [F  H  ]  is  a  completely  observable 

pair  [3),  [33] ,  while  [F0,H01  is  completely  observable  if  [A.Ci  is  completely 
observable.  A  sui'able  scheme  for  constructing  K  is  as  follows.  Set 

K  -  FolH‘(R+H0£H£rL,  (28) 

where  l  ia  the  (n-q)x(n-q)  symmetric  positive-definite  solution  of 

l  -  +  Q.  (29) 


where  Q  and  R  are,  respectively,  (n-q)x(n-q)  and  m(d+l)xr,i(d+l)  arbitrary  symmetric 
positive-definite  matrices,  Equation  of  the  form  of  (29)  has  been  studied  exten¬ 
sively  in  the  literature  |36]-[40),  With  K  given  by  (28),  it  can  be  shown  that  (22) 
and  therafore  the  homongenous  part  of  (10a)  is  asymptotically  stable  (see  Appendix  1). 


DESIGN  OF  CANONICAL  DELAYED -MEASUREMENT  OBSERVER 

The  (n-q)th  order  dclayed-mensurement  observer  described  by  (10)  la  in  a  general 
form  and  may  be  simplified  for  ease  of  analysis  and  implementation,  in  a  simplified 
convenient  form,  much  insight  into  ths  role  played  by  the  delayed-meaiAirement 
observer  may  bo  gained. 

Consider  (1)  and  (9).  Since  rank|H,|  «  q,  there  are  in(d+l)-q  redundant  output 
variables  in  the  md-vector  y.(k).  interchanging  rows  and  columns  of  H. ,  if  necessary, 
and  also  possibly  introducing  a  coordinate  transformation  for  x(k)  (hop  Appendix  Til, 
and  (I)  and  (9)  may  be  expressed  in  the  following  forms 


xL(k+l ) 

M 

Au 

■r-4 

< 

_ 1 

x2(k-tl) 

A21. 

A22 

xL(k> 


x^OO 


11 


It. 


21 


u(k) 


OO) 


*y(k) 

! 

i| 

,  i 

yla(k) 

* 

r 

lq 

°qx(n-q) 

'  L 
( t 

!  f 

E| 

H21 

°ax(n-q) 

;  i 

e < 

r 

..  .  n 

xm(k) 


X  (k) 

q-m 


*w-o<k) 


Xj(k) 


(31) 


where  xw(’t)cR 
yld(k)cRq'ni 


x2(k) 

1(k)cRq’n'l  x^(k)  -  |xJ<k);xJ_B(k>|,  x2(k)  6  xn,q (k) i  Rn'q , 


q-m' 

(k)eR*  with  t  ^  lm(d+l)-q|‘  and  the  vari  ous  partitioned  matriceii 
have  competlbl#~dlmeneione .  We  note  that  the  elements  of  y2d(k)  are  the  redundant 
output  varlabiee  and  may  be  discarded  if  ?o  desired, 


Utilising  (14)  and  (3l)fwe  pick 

To. 


p  - 


.s&iaral 


-n.q 

and  from  (16)  and  (17) 
T  -  [0 


T  and  V  are  computed  ns 


(n-q)xq ' In-q ' ' 


(32) 


(33) 
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<V«21H21>*1 

(VK21H2irlH21 

°(n-q)xq 

°(n-q)xa 

’ll 

V12 

A 

.°(n-q)xq 

°(n-q)xs 

T  ii 

where  the  generalized  Inverse  Is  computed  as  (33).  [41] 


(34a) 


(34b) 


(«dH  y 


<VH21H21)'2,IqlH2ll- 


(35) 


A  canonical  minimal-order  delayed-mesaurement  observer  can  now  be  obtained  by 
substituting  (26),  (27),  (32),  (33)  and  (34)  into  (10)  and  (11).  The  results  are 
summarized  in  the  following  lemma. 


Lemma  1 :  A  canonical  deiayed-maaaurcment  observer  for  the  system  described  by  (30) 
ancTTTr)  1*  given  by 


zU+l)  -  (A22-KuA12)z(k)  +  (B21-KuBu)u(V.) 

J*  1  (A22'KnAi2)Ku+(A2rKnAn)Vii 1 
+  (A2l-KllAll)Vl2yM(k) , 

A 

with  tha  estimate  x(k)  given  by 


y(k) 

yldCk) 


Xf(k)  - 


y(k) 

yuOO 


Vi2y2d(k) 


x2(k)  -  z(k)  +  Ku 


y(k) 

yld(k) 


(36) 


(37) 


(3B) 


whore  the  gain  matrix  K  hsa  been  chosen  as  K  -  [Kn  ! 0(n_qlxa  I  with  Kn  m  (n-q)xq 
mntrix.  The  gsin  matrix  should  be  chosen  such  that  (A22'kJ  1 A12^  *n  (36)  is 
artymptotically  atabla,  Such  a  Kji  axlats  If  and  only  if  lAj?.^]  lM  complutely 
observable  1 3 1 ,  [35]  and  l A22 •  A12)  i*  complstaly  observable  If  and  only  if  |A,Hj] 
is  c.ompletaiy  observable  [42].  A  suitabLe  Kit  may  be  computed  in  a  similar  fashion 
aa  in  (28)  and  (29)  by  setting 


K11  "  A22^A12in  +  A12^A121"1 '  (39) 
with  l  the  (n-cjn(n-q)  symmetric  positive-definite  solution  of 

J  **  ^22^22  -  A22^A12^k  4  a12^A12^  ^A12^A22  (4,)) 


whera  Q  and  R  are,  respectively,  (n-q)x(n-q)  and  qxq  arbitrary  symmetric  pusitivs- 
definlte  matrices. 


Some  interesting  observations  may  bs  made  from  (36),  (37)  and  (38),  end  are  glvon 
in  the  following  remark*, 

Remark  1:  if 
PIT  “  T  -  [  11 
^7)  and  (38) 
eve  loped  in  [9] . 

Remark  2 :  The  estimate  j.i(k)  given  b;  (3/)  is  actually  a  least-square  estimate  of 
(k)  ,  To  see  that,  coruifde’'  (31)  which  may  be  written  as 


no  time-delayed  measurements  are  usud,  thenq-m,  and  H.  becomes 
0  ,n  .  ] .  Furthermore,  yjd(k)  end  y2d(k)  vanish,  Equations  (36), 
than  reduce  to  the  w*ll  known  minimal-order  Luenberger  observer 
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(41) 


K  1 

’y(k) 

H21 

x1(k)  - 

yld(k) 

y2d<k) 

liquation  (41)  Immediately  yields  the  least-square  of  xi  (10  given  by  (37).  The  least- 
square  estimate  x^(k)  given  by  (37)  is  obviously  useful  when  the  measurements 
i y (k) , k=0 , 1 ,...} contain  small  measurement  errors,  If  all  the  measurements  are  error- 
free.  then  yirt(k)  is  redundant  and  may  be  discarded  by  setting  Hoi  “  0  resulting 
V|2  “  0  in  (36)  and  (37). 

Remark  3:  If  rank(H.]  -  q  *  n,  then  z(k)  and  x;>(k)  vanish  and  xj(k)  becomes  the  whole 
of  k(k^ .  In  this  case,  we  obtain  from  (37)  or  (31), 


where  H 


T 

d 


*(“>  *  CH>d>'lHd 


lln|l^ll 


y  (k) 

y2d(k) 


t  a  ) 


APPLICATION 

The  deiayed-moasurement  observer  developed  in  this  paper  will  be  applied  to  the 
estimation  problem  associated  with  the  design  of  a  turret  control  system  of  a  surface 
combat  vehicle  system.  The  two  channels,  elevation  channel  and  azlmouth  channel,  of 
the  turret  control  system  are  functionally  independent  and  the  controller  for  each 
channel  may  be  designed  independently.  Only  the  elevation  channel  will  be  considered 
here  and  a  block  diagram  of  tha  opan-loop  control  system  la  ns  shown  in  Fig.  1.  The 
numerical  values  of  the  constants  are  given  in  Table  i, 


Fig.  1  Elevation  Channel  of  Turret  Control  System 
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TABU  l:  CONTROL  SYSTEM  CONSTANTS 


Symbol 


Value 


Unit 


Description  of  Constant 


WT 

2S/V 


1.902 

2.14 

420 


in 


ft 


1.01x10 


Sb/in2/in3 


Actuator  Piston  Aren 
Actuator  Moment  Arm 
Damping  Coefficient 
Oil  Compliance  Coefficient 


JL 

120 

ib-ft-sac2 

Load  Inertia 

kl 

0.0 

in2/sec/ tb/ln2 

Leakage  Constant 

K3 

66.45 

ma/ in 

Servo  Valve  Feedback  Cain 

\ 

0.5 

in  /sec/ma 

Servo  Valve  Gain 

Kf 

270.1 

in3/aec/in 

Hydraulic 

Flow  Gain 

A 

0.25 

m2 

Spool  Input  Area 

Uy 

313 

rad/sec 

Undamped 

Natural  Frequency 

«v 

0.8 

... 

Damping  Ratio 

Using  the  values  of  the 

Constanta  Hated  in 

Table  1. 

the  state-space  equation  for 

turret  control 

system  is 

easily  obtained  as 

-3. 

3 

0  0 

0 

2.B3xlO'3 

0 

0  2.0 

0 

0 

it(t)  • 

0 

0  0 

313 

0 

*<c) 

0 

-2 . 08xlG4  -313 

-501 

0 

-4. 

llxlO4 

2.73xl06  0 

0 

0 

0 

0 

0 

313 

0 


u(t) 


(43a) 


y(t)  -  a^t)  -  [i  o  o  o  0]  act)  , 
where  St(t)  ■  (jt£(t)  5t2(t)  Sl^Ct)  < t )  (t>  ] T  . 

Using  a  sampling  Interval  of  0.01  second,  (43)  is  discretized  as, 


(43b) 


ack+i) 


0.96 
0 
0 
0 

■4,03x10 


0.34 

1.86xlO'3 

7. 3xl0'4 

2.77xlO'5 

0.41 

7 , 10x10” 3 

4 . 69xlQ’3 

0 

-48,7 

-0.326 

-6. lBxlO'2 

0 

»<k) 

4.1 

-0.249 

-0,227 

0 

2 


2. 18x1 04 


1 , 65x10 


77.8 


0.994 


5,48x10 

8.93x10' 

0,734 

■6.18x10' 

8.15x10 


u(k) 


-  £x(k)  +  Bu(k)  , 

y (k)  -  |l!o  0  0  0]  *(k) 

•  CX(k)  . 


(44a) 

(44b) 


where  it  can  readily  be  checked  that  [A,C]  is  completely  observable. 

Since  only  x, (k)  ia  measured,  a  fourth-order  Luenberger  observer  would  be  needed  Lu 
generate  theie8timatea  of  the  four  inaccessible  state  variables  X2(k),  X3(k),  x^(k) 
and  X5(k).  However,  if  three  delayed  measurements  are  used,  it  can  be  shown  that 
only  ( Vc)  needs  to  be  estimated  by  a  first-ordar  delayed-measurement  observer. 

Using  three  delayed  measurements,  (9)  or  (31)  becomes 


y(k) 

l 

0 

0 

0 

0 

yld(k) 

aa 

1.03 

0.59 

-1.72x10'“ 

5.69X10"1 

-2.B7xl0-5 

y2d(k) 

1.048 

19.49 

0.159 

0.318 

-5 . 81x10 

_  y3d<k) 

1.055 

'.45.6 

4.855 

8.52 

-8. 79x10 

-ft^Ck)  . 


where  , 

yld(k)  -  y(k-l)  -  3.0x10" Ju(k-1) , 

y2d(k)  -  y(k-2)  -  0.267  u(k-l)  -  3. QxlO"3u(k-2) , 

y3d(k)  -  y(k-3)  -  7.9  u(k-l)  -  0.267  u(k-2)  -  3,0xl0'3u(k-3) , 


(45) 


(46) 


In  (45),  ftd  la  not  yet  in  the  canonical  form  of  (31).  However,  from  (11-9)  of 
Appendix  II,  we  obtain 


1 

0 

0 

1 

0  ! 

i 

0 

1.03 

0,59 

-1.72x10'“ 

5.69xlO'3  i 

-2,87xl0'5 

1.048 

19.49 

0.159 

0.318  | 

-5.81xl0'5 

1.055 

545.6 

4,355 

8.52  ! 

1 

-8. 79xl0'5 

0 

0 

0 

o  ; 

1. 

79 


and  from  ( II- 10)  of  Appandlx  IX,  we  obtain 


l 

0 

0 

o  i 

i 

0 

-2.43 

2.79 

-0.44 

-  ?  1 

1.45x10  : 

5 . 6x1 0‘ 5 

1 

rd 

1 

141.2 

-108.9 

-28,95 

1.15  ; 

-4. 71xlO'3 

7.52 

0 

-m. 

0 

44.68 

0 

-1.47  : 

0  i 

l 

-  8 . 91 xl O'4 

1 

so  that 


1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

x(k)  -  fx(k)  . 


Hd  ‘  “d*"1 


and  A-tXT'1,  and  B«T§. 

Since  rank  [Hd)  ■  4,  tht  deiayed-meaeurement  observer  described  by  (36)  becomes  a 
one-dimensional  obaerver.  Let  the  eigenvalue  of  F  be  choocn  as  0.1.  Then  we  obtain 

F  -  0.1, 

K  “  l 3.376xl04  -8. I6xl0“4  -3.88U10'1  -0.232). 

From  (36),  (37)  and  (38),  wa  obtain,  after  performing  the  inverse  transformation, 

z(k+l)  -  0.1  z(k)  +  64  86  u(k) 

+  [ -3. 58xl04  l.llxiO4  -5  07xl03  1  88xl02l  y(k) 

yldCk) 

ld  ,  (51) 

y2dCk) 

_  y3d(k>_ 

Xj(k)  -  z (k)  +  [ 3 . 376*104  -8,16xl0'4  -3.881xl0"3  -0.232|  y(k) 

yld(k) 

y2d(k) 
y3ri(k)  (52) 

f  x7(k)l  [-2.43  2.79  -0.44  l,  45x10" 2]  fy(k)  I  f  5.6xlO'3l 


x2(k)  -2  43  2.79  -0.44  1,45* 
x3(k)  -  141,2  -108,9  -28.95  1.15 
x4(k)  7.52  -117.  44.68  -1.47 


yld(k)  +  -4.71x10 


y2d(k) 

yJd(k) 


■8  91x10 
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f °f  c|**  °P*n-lo°P  turret  control  system  (elevation  channel)  using 

f  iTx  uiW  "  . .  *■  ^  in  **«•  2  -  6.  All  •ettwtes 

x2j*l ■  *3'*/ •  *4\h)  end  *5(J0  took  about  0.05  second  to  converge  to  their  true 
values.  Faster  responses  can,  of  courae.  be  obtained  l  choosing  suitable  values 
t t  lvr  fxfmP1*  F  ■  °'0'  xt  ®*y  b*  remarked  that  microprocessor-based  implementation 
of  the  delayed-meaaurement  obaerver  developed  in  this  paper  are  currently  underway 
and  excellent  reaulta  have  been  obtained.  y 


SI 


APPENDIX  I 

We  wish  to  show  that  (22)  is  asymptotically  stable,  Substituting  (28)  into  (22) 


yields 

«z<k+1> "  Fo<?  ■  z«o<R  +  n-i) 

and  substituting  the  matrix  inversion  lemma 

X  -  XHT(R  +  HXH'V^X  -  (X’1  +  hV^)'1  ^  Y'1  (I"2) 

into  (1-1)  yields 

e2(k+l)  -  FoY‘lriez(k)  ,  (1-3) 

Furthermore,  using  (1-2)  in  (29)  yields 

I’1  -  ^Y^F*  +  d-4) 

Consider  the  Lyapunov  function 

V(ez)  -  •J(k>r1«,(k).  d-5) 


From  (1-2),  (1-3),  (I-*))  and  (I-J) ,  we  obtain  the  change  AV(e  )  along  the  trajec¬ 
tories  of  (1- 3) , 

AV(ez)  -  ez(k+l)  I*1ez(k+1)  -  Ck)  £ '  1ez  (k ) 

<  e^(k+Dr1ez(k+l)  -  c^(k)r1ez(k)  + 
e^(k)H^(R  *  H0  Hj)-\ez(k) 

-  -e^kir^Y'^Y^F^Y'^  +  Q) ‘  1F()Y‘ 1 1 T ^ (k)  ,  (1-6) 

which  becomes,  upon  using  (1-2)  again, 

AV(ez)  <  -e^klZ'^Y  +  F10Q'lF0)'1riez(k).  (I  V) 

Hence  AV(ez)<0  tor  nil  ez(k)»l0  so  that  (22)  is  asympttycically  stable. 
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APPENDIX  II 


Consider  an  mxn  matrix  W  of  rank  q  given  by 


A  I  B 

- 1 - 

C  (  D 


(ii-i; 


where  A,  B,  C  and  D  are,  respectively ,  qxq ,  qx(n-q) ,  (m-q)xq,  (m-q)x(n-q)  matrices. 
Without  loss  of  generality,  fj  fa  arranged  such  that  A  is  nonsingular.  The  columns 
of  [ ■ D 1 ]  may  be  expressed  as  linear  combinations  of  the  columns  of  |AT;CT],  i.e., 


where  X  is  an  qx(n-q)  matrix,  From  (II-?.).  we  obtain 
X  -  A"lB  , 

D  -  CX  »  CA*iB  . 

Using  the  nonsingular  transformation, 

;-i  _  [  A'1  !  -a'1b  1 


A'1 

-A-lB 

°(n-q)xq 

V, 

we  obtain 


W  -  WT 


Xq  °qx(n-q) 

CA  1  ;  °(n-q)x(n-q) 


(II-2) 

(II-3) 
(II -A) 

(11-5) 

(II-b) 


Now  consider  (li  and  (9).  Supposa  these  equations  are  originally  given  in  ternB  of 
a  state  vector  x(k)  not  in  the  forms  of  (30)  and  (31),  i.e., 


x(kil)  »  Ax(k)  +  Bu(k) 


Vi  a 00  -  Hjic(k)  -  H 


(11*2) 


y2d(k) 


C11A 

C11B 

C12 

H11A 

H11B 

»12 

H21A 

H21B 

H22 

Wll 

W12 

W21 

W22 

(11-8) 


where  Hj  has  been  arranged  auch  that  the  qxq  matrix  W.,  is  nonsingular,  and  where 
by  (11-4),  W22  -  W2lWu'lW12  &  H22- 


by  (11-4),  W22  -  W2iWn.'lW12  U  H22 
The  nonaingular  transformation 


with  inverse 

;-i. 


W11 

W12 

°(n-q)xq 

Xn-q 

W'1 

-W”  ^ 

°(n-q)xq 

Jn-q 

(31)  with 

x(k)  ■ 

(II-9) 


(11-10) 


"'d  "  ^d^  anci  H21  “  W2l'Jli 
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ABSTRACT 

A  recent  survey  of-  the  on-line  ident  *  fleet  ion  techniques  of  process.'.  i i , n a.  1 . ■ : !  .• 
presented  and  developments  related  to  numerical  b?havlc.r  of  algorithms  -i  .1  ■  i  r-  ■  -  i . 


INTRODUCTION 


Many  techniques  for  identification  oh  process  dynamics  have  been  reported  Hurl  nr.  the 
last  years  as  indicated  by  many  of  the  references  given  in  [ 1 ] .  Basical;;,  Identifi¬ 
cation,  according  to  the  definition  given  by  Cadeh,  Is:  "The  determination,  on  tin- 
basis  of  input  and  output,  of  a  system  within  a  class  of  systems  (models),  'o  which 
the  system  under  test  is  equivalent."  From  the  definition  of  the  term  Ident  1  ri cat  1  >in, 
there  follows  a  classification  of  the  different  methods  of  identification: 

•  class  of  models:  parametric  versus  non-paramet.rle  models, 

•  class  of  input  signals:  impulse,  step,  sinusoidal,  whltr  noise,  colored 
noise,  pseudo-random  binary  sequences, 

•  class  for  the  equivalence  of  model  and  system:  usually  defined  in  terms 
of  a  criterion  or  a  loss  function, 

•  computational  aspects:  one-shot  versus  Iterative  (sequential)  approaches , 

•  off-line  methods 

•  on-line  (real  time)  methods. 

It  la  almost  unique  for  identification  problems  occurring  in  automatic  control  to: 

(1)  perform  experiments  on  the  system  to  obtain  lacking  knowledge,  and/or  (11)  design 
a  control  strategy  as  the  purpose  of  the  identification. 

In  general,  some  important  major  considerations  for  system  ident  1  float .. on  are  as 
follows : 


•  it  is  difficult  to  give  a  general  answer  to  the  question  of  what  identifi¬ 
cation  method  should  be  used  in  a  specific  case;  choice  is  intimately  re¬ 
lated  to  purpose  of  identification. 

•  the  ahoice  depends  on  so  many  factors,  many  of  which  are  unknown  when  the 
method  has  to  be  chosen. 

•  it  is  often  not  possible  to  compare  models  obtained  using  different  methods 
in  a  relevant  way. 

•  for  parametric  models  (with  determined  structure  and  order)  it  is  not  usually 
an  easy  task  to  choose  model  order. 

e  the  a  priori  knowledge  of  the  process  strongly  influences  the  results  ;  for 
example,  the  more  that  is  known  about  the  properties  of  the  dlrturbanoi*  of 
a  process  the  more  will  be  known  about  the  accuracy  of  the  model. 

e  properties  of  rvailsble  data  (experiment  length,  signal  to  noise  ratio, 
sampling  size  . . .  . 

•  it  is  often  necessary  to  carry  out  experiments  during  "normal  operation"; 
thus  introduce J  perturbations  must  be  small. 

The  literature  has  reported  a  wide  range  of  engineering  and  non-engineering  appli¬ 
cations  where  identification  techniques  have  been  quite  useful,  a  ssmpJe  may  be  found 
in  References  [ 2)  -  [7J.  The  problem  of  identification  and  the  area  of  parameter 
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LZTTreiag 


f- 


E 


i-.'t  l:nat  ion  have  he»n  the  sub, lent  of  many  textbooks  ff.  -  '  ; 1  ;  .  p..  *■!->.  -. - 

|1/J  -  l  d  7 J  are  selected  survey  papers  on  the  subject. 

.it;. mi.'.  *  iic  wliely  used  ideni  1  f!  cat  Ion  techn  i  q1  <’r  vim-  '  ),i>  ;  i 

(1)  v’ust-squares  regression 
{  7 }  tally  principle 
(  si  generalised  least-squares 
ie  1  ns' r.iT.en! 'll  var  at  if-  method 
(■  '  Bov's  method 
(•■)  Correlation  technique 

(7)  First  and  Second-ordej1  Stochastic  Approximation 
(H)  F.alman-Fi !  terlng  algorithm 
(7)  Square -Root  algorithm 
vie)  Hox-Jenklr.o  approach 
ill)  the  maximum  likelihood  method. 

;'!i"  n.-u-j-.irame!  !■  I  '  methods  include  ’he  cror.s-e  >rre  lot  ;:i  n  .j  :  :•  i 

•iinlyr. tr.  and  covariance  functions. 


j  Hel’ore  we  present  a  detailed  discussion  on  the  >n-  !  ’.tv  i  ■  - :  :  !  f‘.--v 

I  will  briefly  outline  the  method.,  useful  for  or:'-l  '.in-  '.  b  ■n’  '.  •  |‘  '.  >.-r, . 

f  methods  of  oyster  identification  are  based  on  frequency,  :"•■!  an!  -  . 

1  These  techniques  assume  off-line  identification  and  are  ir p  1  *  e't.. !  e  only  •  m  iitvi." 

statlonar.y  processes  where  input/output  relationships  for  an-  set  -f  iiqu:.  h  :i  : 
all  inputs.  Thf  derivation  of  the  complex  gain  cf  the  system  for  a:i  iniut.  -f 

.urnry  u  Is.  ear,  iy  obtained  by  numerical  Fourier  transform  usln.'  :.i(,!u>)  »  V.-l-V" l  = 

output  (.iiui/lr.i,  .1  (Ju).  This  approach  1.5,  however,  a  lengthy  on.  -i:  if  fv  •-  . 

t  ranr. s-'rinr.  are  used.  Bode  magnitude  ana  phase  t  l-.ib;  q.il’  ••  h-l|  :'ui  in  M.'.r,  — 

dat'd.  When  using  step  response  Identification  however,  tin-  itiMal  r'.ft-i  lm- 
i  in  an  Ideal  step  situation)  should  be  much  shorter  than  tin-  ;  trior!  of  i  he  hlrh-’i;’ 

frequency  of  Interest  In  the  identification.  Again  Fourier  transform  could  hr  ur>--  i 
in  this  off-line  identification  using  step  responses.  When  Impulse-response  1  in:*  - 
(Mention  is  used,  the  delta  function  Is  usually  approximated  by  pulses  of  finite 
w  l  d  t  h  . 


ON-LINE  1  F.CMNIQUF.S 


!  One  useful  on-line  method  is  based  on  the  employment  of  oorre latlon-funct ion  tech¬ 

niques  to  transform  the  identification  problem  Into  impulse-response  problem  w  ith-jiv 
actual  need  to  apply  Impulse  functions.  This  is  achieved  when  white  noise  is  applied 
as  an  Input  to  the  process  (white  noise  is  defined  as  an  uncorrelated  random  input 
*  with  an  infinite  flat  frequency  speculum  and  zero  mean).  If  noise  is  used  with  a 

i  sufficiently  low  amplitude,  it  might  be  super-imposed  on  the  normal-operat i on  input 


t 


t 


i 


l 

i 


where  •'hp  autocorrelation  Integral  of  a  wh 1  new*  ,  !•>••  *  !  *  :• 

)!).'rv',v  response  Is  related  to  correlation  functions,  .ilnct;  a  white  a 


1 


G(,1oj)  =  t  (,!u). 

XV 


r.il  no  it; 


.  her 


i  -if  i  1- 


‘  '  ;■  ’  a  "lav  ‘  .  >  ’  a  V  •  ■ ! 

•.Vi  j  t-f  i f  Jme  1  by  first 
ini  cut-se  tuent  1;/  perform  an 


xi.va  : .. . .  v  '  an  i  '!•.  v  v 

omputing  the  Pas* '  KiU 
nverse  Fr’T  to  then  . 


■-'•a- 1  ine  mult  i-varlab’n  dent  1  float  ion  Is  also  pose  Ible  through  1  east  -a  pi  an-  :•  - 

gross  ion  procedures.  Surve-f itt  Ing,  as  an  example,  1  llusr  ra*  vs  th»  !  i-a  1  eh  Ini  r !  1  ;• 
technique  where  it  is  usually  desired  to  find  a  functional  form  of  r.  :s:-'  af.f-vl  fivi 
orier  that  best  fits  a  given  set  of  data  (measurements).  "'he  cr't'-'i’lon  ?~v  .-ocm®;-:; 
of  fit.  Is  to  minimise  the  sum  of  squares  of  differences  between  real  world  data  |.ni 
’!.■  ©a*  treated  f  unct  10  lal  form  or  curve.  One  characteristic  of  re/r-sti'  on  a :  , 

in  <-nerril,  is  that  they  require  the  accumulation  of  non«4e a  ly  uta*  ■  ir;..,"/  jt 

if  "t  over  at  least  n  +  1  sampling  intervals  (where  m  is  ‘lie  number  qf  riioif-n:  *0 
t-  identified)  before  regression  can  be  perfcrm.nl. 


If  V  is  a  vector  of  measurement  noise  and  Z  is  a  set  of  measurements,  ‘hen  th-- 
unknown  quantities  X  are  related  to  Z_  and  V  as  follows: 

Z  =  HX  +  V. 

The  question  is  then  to  find  an  estimate  X  thgt  minimizes  the  sum  of  the  s, quarto  of 
the  elements  of  the  vector  difference:  Z  -  HX  .  It.  can  be  shown  that  th®  l.-'is*  - 
squares  estimate  is: 


where  (  )  *  and  (  )-1  indicate  transpose  and  inverse  respectively.  It  is  aivi  .i,:  :  i.nt 
this  procedure  requires  matrix  Inversion.  This  inversion  :■  on  ",  .3  be  avoided  if  •■■ne 
uses  a  sequential  formulation  of  this  regression  technique.  '•  r- , .  •.•••;•,  seiner*  1  a  1 
least-squares  are  not  only  applicable  to  linear  and  nonlinear  stationary  systems 
but  they  also  require  little  computer  to  rage  and  are  fan*  *o  implement.  "  •  r  arc 

two  further  drawbacks  to  the  classical  method  of  1  s  *  -  rquq  re::  ;  ?{:.**:  •  •:•.  .-  .:j  :  . 

no  missing  data  pairs  in  the  sampled  Input  /out  put  iota  nequ-ui  :'whi  -t.  .1  :  a 

very  restrictive  feature),  and  secondly  the  -t-f  fee*'  3  of  tv.  w  •'bre.’va4  *.  .•>•.:*,  oar,  >,  ■ 

accounted  for  only  by  rerunning  the  wb.->l»  tvs*  5ma*  *  >*,  using  *  he  --xt  nr.  !•  i  .•  '''  i:y  :  . 

An  on-line  identification  of  parameters  using  rvurr  Ive  genera  !  Ic.-r  1  1  ■  -as  *  -s  p  ;o- 

price  lure  has  been  reported  In  Kef.  (ft).  In  t.his  recursive  i.lunt  !  r,  * 

be  no  need  to  store  past  measurements  for  the  purpose  of  ooinrut  iis-g  pres.-:.’  •_  s’  Ir.at  ■■  s . 

The  maximum  likelihood  identification  met  hoc  has  {£"-'•  n  widely  usv.-  1  in  *  :  •  f 

process  parameter  Identification.  The  original  met h  >d  is  *'■  and  *  .:■  I  ■.  I r."--r.v- 
for  an  on-line  situation.  A  i  -’urslve  on-line  maxiRtUjft  J  Ike  1  ih*>  1  1  -a*  ’.  : 

a  Igor  l*  hi:.  has  been  surrey,  tod  :  .  ie.rt3.er  an  l  H  any  ass.  |  '*  ]  .  Th  i  b  s.  -  v-se’.  :.  is 

similar  to  the  recursive  reit-s  1 1  i  ue  1  least-,  ;y  ■■  ■  ’  .  -  _s  - 

Sage  [-3]. 
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Recalling  the  model  or  the  measurement  process: 


/  «  H  X  +  V 


One  may  seek  to  minimise  the  weighted  r*  of  squares  of  lev!  a 
J  =  (Z  -  H  X)T  R-1(l  *  X  5 

1 

where  5  1  Is  3  symmetric,  positive  definite  wei:*htin>*  matrix, 
squares  estimate  Is  obtained  as: 


-  f  j.;T  p-l 


H>~*  H‘  R 


-1 


1 1  o  n  r  : 


The  maximum  likelihood  technique  suggests  X  as  that  value  which  maximises  ".he  ; . r- 0 i  :.i — 
h’.’-'-ty  of  measurements  Z  which  actually  occurred  takin.-  ;  r.*-t  a'*-''-.unv  known  r."  a*  !  - 
•  •al  properties  of  noise  V.  Note-  that  in  this  discussion  :.j  if*  '.-i:  n  1--’. 

assume  1  for  the  variable  X ,  Tor  the  case  of  7  t-einr  tf  Gvusc  iv:  :  Ir  t 

E(V  V* )  =  R  (with  2  denoting  expectation- 

the  above  expression  for  X  becomes  a  minimum  variar-.ee  linear  estimate  ~  f  V.  n  !  t 
maximizes  the  likelihood  function  of  ;  >V}  «  ;(L  -  H  X_) .  It  is  1  nterc-c t  in.c  *c  nr."*- 
that  for  Gaussian  V,  when  V  is  independent,  with  P.  =  c  l,  the  least -squares  rc--:-e.--- 
s  1  cn  estimate  is  a  maximum  likelihood  estimate.  A  disc  ussier,  c  r*  t  n  g  tt.q  x  *  r  ■  ir-.  „  /.  o  _  ’.  - 
hood  estimation  of  the  coefficients  cf  multiple  output  iin-.-ir  system,  and  .-..is* 
correlations  from  noisy  measurements  of  input  and  output  is  presented  in  I  . 

Less  widely  used  on-line  Identification  methods  are  the  quas : linear 1  rat  ion  approach 
and  the  invariant  imbedding  identification.  The  guasillr.earlzat ion  techni  rue  'f?  ■ 
is  concerned  with  the  transformation  of  nonlinear  multi-point  boundary  value  Vrot'  iem 
into  a  linear  nonstationary  problem.  Here,  the  type  of  nonlinearity  must  be  giver: 
at  least  In  terms  of  an  approximation.  Quasi  1  Ir.earizat ion  procedure  converges  tc 
the  true  parameters  only  if  the  initial  guess  of  the  parameter  value  is  within  the* 
convergence  bounds;  thus  it  requires  a  certain  prior  knowledge  cf  the  parameter 
range  of  values.  It  Is  Interesting  to  note  that  the  quasilinearization  approach  is 
based  upon  a  "fixed"  number  of  measurements  rather  than  on  a  growing  number*  c-f 
measurements.  The  Invariant  imbedding  identification  !.?hi  is  usually  employed  fer 
nonlinear  systems;  it  also  requires  prior  knowledge  of  the  forms  cf  nonlinear 
functions  whose  parameters  are  to  be  identified.  Some  a  priori  knowledge  cf  the 
range  of  parameter  values  Is  required.  Inadequate  choices  of  initial  values  may 
cause  divergence  or  slow  convergence  of  the  identification.  In  spite  of  the  genera¬ 
lity  of  this  method,  it  Is  of  limited  use  for  on-line  identification  due  to  its 
computation  complexity. 


Let  us  direct  our  attention  to  two  widely  used  on-line  i dent  1 ricat lori  approaches,  the 
Kalman-FI  lt.er  and  the  Autoregressive  Moving  Average  (ARMA)  node!  s  .  As  was  stated 
earlier,  a  recursive  filter  is  one  in  which  there  is  no  need  to  store  past  measure¬ 
ments  for  the  purpose  of  computing  estimates.  In  order  to  aprreci ate  .1 he  value  of 
a  recursive  filter,  let  us  compare  the  following  two  expressions  for  X.  . ,  the  value 
of  X  at  t.  ,,,  if 

Kti 

4  -  L  *  It  (i  *  1,  2,  ...  k) 


where  T,  is  noise-corrupted  measurement,  and 


4  13 

the 

1 

measurement  noise  -.could  be  assume:  write  noise 
k  +  1 

(i) 

-k  +  1 

1 

k  +  1 

l  h 

1=1 

1  *  . 

(11) 

-k+1 

4  + 

—  (2  -  A  ^ 

k  +  1  —k+1  — ’K 

In  the  latter  expression,  the  need  to  store  past  measurements  is  eliminated  and  this 
is  whe"*e  the  value  of  a  recursive  linear  estimator  lies.  Note  "hat  +  i  -  X j< )  is 
usually  termed  the  measurement  "residual."  The  discrete  formulation  of  a  linear 
system  state  at  -discrete  points  in  time,  t^,  usually  takes  the  form: 


4 


.  X,  , 
►1  -k-i 


+  ’4-i 
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where  Is  a  zero  mean  white  sequence  of  covariance 

'‘K  ~  —  kJ 

-10  before,  we  express  the  measurements  ’’  at  time  t,  as  a  -.-ont  i:.v  !  n  f 

.-./s-.t-'x  state  variables  corrupted  with  white  noise: 

4  3  Hk  4  +  V 

V,  here  represents  random  noise  quantities  with  zero  mean  and  eov.art  an  \ ^  - 
;;f V‘J.  denoting  (-)  as  the  a  priori  estimate  of  the  sy~ t ::  at 

we  define  X,  (  +  )  as  the  updated  estimate  based  on  the  use  of  Z,  .  Thus,  a  linea 
recursive  fSrm  for  the  update  estimate  becomes: 


X,  (  +  )  =  K.  X,  (-)  +  K, 

— K  k  — h  *■ 


k-k 


w  *■  K  an  i  K.  a.  «  t  lir.e-vary  ins  wei  ghtin*  matrices  . 
k  k  *  ^ 

In  the  dlscrete-Kaiman  filter  [1.-'],  [1?] ,  [.?93,  [37],  we  define  X,.f-  and 

to  be  the  estimation  error  such  that: 


r.d 


V  +  >  *  4  +  xk(+) 

4  +  v-}' 


"sin;  these  equations  in  the  update  form,  we  get: 

Xkl+)  =  [Kk  +  Kk  Hk  -  I]  Xk  +  Kr  Xk(-1  +  4  Yk. 


Since  E[V  ]  -  0  and  if  =.[Xk(-'<  ]  =  0  and  E[X(+)  ]  =  1  the  term  in  bracket. 
[K,  +  K.  H  -  I]  must  equal  zero  as  well  resulting  this  form  cf  the  «st it: 

K  K  K 


Ion 


X,  (  +  )  =  (I  -  K,  n,  j  X  (-)  +  K.  7.  . 

-k  k  k  -k  k  -k 

Defining  the  error  covariance  matrix  as: 

pk  (+)  -  e  [xk  (+)  Xk  c+;T] 


and  using  the  above  results  we  obtain: 

F„<+)  «  (I  -  KkHk)  VJ.-)  (1  -  K„  HJT  +  K„  Ru  K;  . 


k  k 


k  k  k 


In  arriving  at  this  result  we  assumed  that  the  measurement  errors  were  unecrrel 
and  thus: 


D[Xt  (-)  vj] 


[»„  *„'(->]  •  o. 


The  optimum  choice  of  K,  is  based  on  minimizing  a  weighted  scalar  sum  o”  the  1 1 
elements  of  the  error  covariance  matrix  P^v+j,  l.e. 

Jk  -  E  [xk:+)T  S  Xk<+)] 

where  S  la  any  positive  semideflnlte  matrix.  Letting  S  =  I  tr-e  Kalman  -air.  mat 
bee  ome  s : 

Kk  “  V0  Hl  [Hk  Hk  +  V  _1 


The  optimized  updated  estimation  error  covariance  matrix  F  k  C  +  1  =  [I  - 
and  the  error  covariance  extrapolation  matrix  thus  becomes: 


V.  "k 


Pk  <-) 


fk-i  Pk-1  (+)  Vi  *  Qk-1 
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Knilath  [31]  has  defined  the  sequence,: 


*1 


H  Xt 


1 5  a 
.■*  h  e  c 
cess 

md 

have 

and 

-jUl'y 

r ;  1 ;  , 

i  l  no 
f:  i- 


he  "innovation  sequence"  and  had  shown  that  for  an  optimal  filter  th 
Gaussian  wh'te  noise  sequence.  Mehra  [?9J  used  the  innovation  sequen 
k  the  optimality  of  a  Kalman  filter.  Moreover,  he  used  it  to  estimate 
noise  covariance  matrix  Q  and  the  measurement  noise  covariance  matrix 
e fere nee  [30],  has  used  the  Innovation  property  to  handle  an  important 
that  is  of  the  determination  of  the  order  of  a  system.  Martin  and  Stu 
devoted  in  their  recent  study  a  comprehensive  review  of  the  innovatlc 
its  applications  to  identifications;  they  discussed  some  relative  adva 
utatlonal  and  computer  Implementation  simplicity.  It.  is  worth  mention 
nd'nf;  the  applicability  of  the  Kalman  filter  to  nonlinear  cases  has  be 
and  CADET  [IB]  has  been  developed  as  an  analytical  technique  for  anal 
ar  stochastic  systems.  The  equations  for  the  continuous-discrete  Exte 
er  are  on  page  18?  of  Reference  [ 1 3 ]  .  See  Reference  [31  for  an  a r r  1 1 c 
nied  Kalman  Filter  to  postflight  data  analysis. 
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c.r  the  major  reported  problems  with  the  minimum-variance  recursive  Kalman  ft 
estimator  is  what  has  been  termed  the  "divergence  problem"  in  some  applications. 
Divergence  is  said  to  occur  when  the  error  covariance  calculated  by  the  estimator 
becomes  Inconsistent  with  the  actual  error  covariance.  Nahi  and  Schaffer  [35]  have 
bused  their  divergence  prevention  scheme  on  constant  checking  the  consistent,,-  of  *!'.'• 
calculated  and  the  actual  error  covariances.  They  designed  a  test  fer  inccnc  i  s 
and  an  adaptive  decision-directed  procedure  lor  adjusting  the  calculated  covariance. 
Their  approach  is  accomplished  by  testing  whether  or  not  the  observation  at  each 
stage  is  likely  to  have  come  from  a  distribution  with  the  calculated  covariance. 

Bierman  [12]  discusses  several  types  of  divergence  phenomena  that  may  exist  with 
Kalman's  solution  to  the  linear  parameter  estimation  problem: 

(1)  divergence  due  to  the  use  of  incorrect  statistics  and  unmodeled 
parameters , 

(11)  divergence  due  to  the  presence  of  nonlinearities ,  and 
(ill)  divergence  due  to  the  effects  of  computer  roundoff. 


•Herman  has  recommended  a  square  root  information  filter  (SRIF)  which  compares 
favorably  with  conventional  algorithm  mechanization  In  terms  of  algorithms  complexity 
storage  and  computer  run  times.  The  Improved  numerical  behavior  of  the  SRIF  13  due 
in  the  large  part  to  a  reduction  of  the  numerical  ranges  of  the  variables,  and  thus 
producing  results  comparable  with  a  Kalman  filter  that  uses  twice  its  numerical  pre¬ 
cision. 

Sarldls  and  Stein  (33)  have  presented  a  generalized  algorithm  for  on-line  Identifi¬ 
cation  cl  stochastic  linear  discrete-time  system  using  noisy  Input  and  output  measure¬ 
ments.  The'r  stochastic  approximation  approach  converges  for  arbitrary  but  known 
numerator  dynamics  an3  for  noisy  measurement  conditions,  provided  that  the  noise 
variances  are  specified.  The  mean  square  convergence  of  the  stochastic  approximation 
algorithm  to  the  correct  result  is  guaranteed  under  conditions  that  are,  for  mrny 
physical  systems,  easily  satisfied.  In  Reference  (17),  the  authors  in  order  to  re¬ 
duce  the  required  convergence  tlm^, use  an  adaptive  version  of  the  stochastic  approxi¬ 
mation  method  due  to  Sakrlson  [31*]. 


A  fundamental  property  of  random  signals  witn  Gaussian  Is  that  when  processed  through 
a  linear  dynamic  system,  the  resulting  output  is  also  Gaussian.  Thus,  any  Gaussian 
time  sequence  may  be  considered  to  be  the  output  of  some  linear  system  whose  input 
is  an  independent  Gaussian  time  sequence.  The  Kalman  filter  is  in  this  regards  the 
optimal  linear  predictor  for  predicting  a  Gaussian  process.  Let  the  following  trans¬ 
fer  function  G(s)  represent  a  general  linear  model  for  a  stationary  time  sequence: 


n  m  ,  m-1  ,  , 

D  s  +  D  ,s  +  ...  +  O.s  +  D„ 
m _ m-1 _ 1  _ 0 

A  r+A  .3  4  +  . , .  +  A.s  +  A. 

1 .  1 1  - .  1  u 
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where  s  is  the  Laplace  transform  variable.  Defining  Z_1  as  the  backward  sh ’.  f* 
operator  (Z“n  Xy  *  ) ,  the  above  equation  will  assume  the  discrete  form; 


G(  Z  1 


s0  ♦  e^'1  +  ...  s^z-18 

a0  ♦  ^Z"1  ♦  ...  onZ'n 


x(Z) 

u(Z) 


'Jsing  B  in  place  of 


,-l 


we  write; 


3(B) 

where  a  /B  » 
o  o 

x  denotes  the 
The  discrete 


1+bEt  +bEn 

»  K  - i - — - 

1  ♦  a.B  +  ...  +  &.Bn 
l  n 

K;  61/go  -  bj  ;  a,/ao  -  Sj, 

message  and  u  is  a  laussian 
transfer  function  above  could 


random  Input  signal 
be  rewritten  as  : 


with  zero 


al  xk-l  + 


+  an  \-n 


+  bl  uk- 


*k  “  l  h  \-i  +  l  6j  uk-j 

i-l  J-0 

where  k«0,  1,  2,  ...  ;  t  «kT 
and  E  [u  J  -  0  for  all  j  . 

"his  equation  represents  a  mixed  aut  oregress  1  ve-mo vlng-avera-e  ( ARMA)  model  of  x.  . 
The  #'s  denote  the  autoregressive  coefficient.;  related  to  the  history  of  the  message 
itself  while  the  6's  are  termed  the  moving  average  coefficients  related  to  the  his¬ 
tory  cf  the  random  Input  signal.  Rewriting  the  ARMA  equation  we  get; 


♦(B)  *  8(B)  u^ 


or 


9 ” 1  Ol )  *<B)  x^  •  uk. 


This  Is  a  convergent  Infinite  pure  autoregressive  (AR)  process.  We  may  likewise 
write  the  ARMA  inode;  as; 

*y  -  ♦*1<B)  6(B)  uk 


which  is  a  convergent  infinite  moving-average  (MA)  process.  The  convergence  features 
of  the  Infinite  models  facilitate  them  to  be  expressed  ir  termo  of  finite  orders.  It 
should  be  noted  here  that  identification  should  aim  at  the  minimum  adequate  or-^er. 

In  References  6  and  7,  this  writer  has  developed  an  ARMA  model  to  adequately  fit  a 
noise  time  series.  Oraupe  [35]  has  outlined  a  procedure  for  sequentially  estimating 
the  parameters  and  orders  of  mixed  ARMA  models.  The  procedure  is  based  on  first 
Identifying  a  purely  AR  signal  model.  The  uniqueness  of  the  maximum  likelihood 
estimates  of  the  parameters  of  an  ARMA  model  has  been  discussed  by  Astrom  [i£]  • 


According  to  the  Box-Jenkins  time-series  techniques,  once  the  parameters  of  tht  mixed 
ARMA  model  are  available,  It  yields  forecasts  (predictions)  that  are  comparable  to 
those  obtained  from  a  Kalman  Filter  whose  parameters  are  known.  The  difference  be¬ 
tween  the  two  approaches  lies  in  the  fact  that  forecasting  v'a  ADMA  models  requites 
the  reconstruction  of  the  Inputs  from,  say,  the  least-squared  prediction  errors, 
whereas,  the  equivalent  Kalman  ?ilter  avoids  this  reconstruction  through  sequent  1:  }  ly 
updating  gains  associated  with  the  last  error  term.  It  should  be  noted  that  It  is 
P033itle  to  transform  an  ARMA  model  into  a  str te-space  formulation  to  y*eld  and  rn 
update  a  Kalman  filter  model  fo"  uubsequent  prediction  without  recor.ft ru-.* ion  of 
inputs  (with  the  Kalman  filter,  however,  the  parameters  and  orders  mrst  be  known). 

A  discussion  on  developing  an  AR  model  baaed  on  the  maximum  likelihood  has  been 
developed;  see,  for  example,  Reference  [37]. 
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ABSTRACT 

The  effective  engagement  of  maneuvering  or  non-cooperative  targets  is  a  problem  which 
has  been  of  Interest  in  tank  fire  control  for  several  ytars.  The  approach  to  this 
rrobleft  taken  in  this  paper  Involve*  a  multiple  model  adoptive  filter  structure  to  pro¬ 
cess  target  range  and  bearing  measurements  required  for  target  state  estimation  and 
gun  lead  angle  computation.  This  paper  discusses  the  status  ox  technical  efforts 
directed  toward  the  real  time  microcomputer  implementation  of  this  fire  control  concept. 


INTRODUCTION 

Effective  engagement  of  maneuvering  or  non-cooperative  targets  has  been  an  area  of 
interest  In  tank  fire  control  for  aeveral  yeare.  Solutions  to  this  problem  include, 
among  others,  upgrading  the  trecker ,  the  tensor,  and  the  stabilization  as  well  as  con¬ 
sideration  of  advanced  lead  prediction  algorithms.  With  the  rapid  advancement  of  micro¬ 
computer  technology,  It  has  now  become  feasible  to  consider  the  real  time  implementation 
of  these  advanced  fire  control  algorithms  and  thereby  enhance  the  overall  performance  of 
the  fire  control  syatem. 

Roughly,  we  have  four  major  tasks  to  consider:  system  modeling,  system  configuration, 
digital  simulation,  and  reel  time  simulation.  Syatem  nodellng  includes  system  data 
analysis,  model  formulation,  end  parameter  Identification.  System  configuration  Includes 
choice  of  basic  algorithm,  arrangement  of  models,  end  selection  of  adaptive  policy. 
Digital  simulation  requires  choice  of  data  segment,  choice  of  nonlnsl  conditions,  gen¬ 
eration  of  noise  for  Input  data,  Monte  Carlo  simulations,  and  the  evaluation  of  system 
performance.  But,  numerical  atabillty,  accuracy  of  computation,  memory  size  of  micro¬ 
processor,  and  computational  apeed  are  additional  considerations  In  real  time  implemen¬ 
tation.  Ihis  paper  discusses  each  of  these  area*  aa  in  relates  to  tank  fire  control 
engagement  of  maneuvering  targets. 


SYSTEM  MODELING 

The  energy  spectre  of  target  maneuver  data  provides  qualitative  information  useful  in 
determining  target  model  structure  and  initial  parameter  values  while  maximum  likeli¬ 
hood  Identification  he*  proved  to  be  a  vdoable  tool  foe  optimising  the  selection  of 
the  model  parameters. 

The  Antitank  Miaelle  Teat  (AIMT)  Phase  II  date  basal  was  used  to  identify  the  target 
acceleration  models  since  it  represents  the  best  available  experimental  tart  data  re¬ 
flecting  the  sumewer  characteristics  of  vehicles  such  as  M60Ai  tank,  Scout  vehicle 
and  Twister  vehicle,  covering  a  broad  spectrum  of  speed  up  to  30  wiles  par  hour  and 
acceleration  up  to  0.5  g.  1'Tnce  our  interest  ves  in  modeling  the  target  acceleration, 
the  position  date  was  sampled  at  a  frequency  of  2  epe  and  twice  differentiated  tc 
obtain  the  acceleration  setimetes  which  use  then  resolved  Into  along-track  end  cross¬ 
track  components-  The  power  spectral  density  of  this  data  wae  computed  by  the  maximum 
entropy  methods?  which  assumes  the  da  :e  Is  generated  by  an  autoregressive  process.  The 
power  spectral  density  S(f)  is  given  sy 

_  2  og* _ 

s(f)  -i  JL  J 

II  -  oi  exp  ( -j 2ffi)J 
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«h«ti  og  Is  the  standard  deviation  of  a  Gaussian  noise  process,  oil  Is  the  1-th  coef¬ 
ficient  of  the  autoregressive  process;  M  Is  the  maker  of  coefficients,  and  the  coef¬ 
ficients  a's  are  estimated  recursively,  The  number  of  coefficients  of  autoregression 
is  determined  by  minimizing  the  Akaike's  final  prediction  error’. 

The  number  of  the  autoregressive  coefficients  is  usually  larger  than  three  which  is  not 
desirable  for  Kalman  Filtering.  However,  the  power  density  spectrum  affords  enough 
information  for  estimating  essential  poles  and  zeros  of  a  simple  rational  polynomial 
model  structure.  The  simplified  model  has  the  following  form: 

A(s)  -  - S_t_S -  q(s; 

S1  +  BiS  +  82 

where  q(s)  is  the  Gaussian  noise  process-,  A(s)  is  the  system  acceleration;  5,  8j  and 
82  are  parameters  to  be  identified  for  the  chosen  vehicle  paths  and  each  of  the  along- 
track  and  cross-track  formulations. 

Since  the  target  range  and  azimuth  are  processed  as  measurements  and  the  target  accel¬ 
erations  are  defined  in  the  target  coordinates,  while  the  mathematics  is  done  in  a  car¬ 
tesian  system,  the  required  transformation  of  coordinates  introduces  nonlinearity  into 
the  estimation  problem.  Hence,  the  acceleration  model  was  embedded  in  an  Extended  Kal¬ 
man  Filter  algorithm.  The  model  parameter  vector  is  chosen  to  maximize  the  likelihood 
function**  ,  or  equivalently  minimize  the  negative  log  likelihood  function  M  (£K;a). 
where  zk  was  the  entire  sequence  of  k  samples  of  the  measurement  vector  Z.  Tne  Gauss- 
Newton  method  was  used  in  the  minimization  procedure: 

.  .  r/1  3  M(Zk  ;  aj) 

aj+1  -  oj  -  oD  - 

3  a j 

where  0  *  1  for  this  method,  and  D.  the  expected  Hessian 


The  test  for  convargency  was  given  by 

(aj+1  -aj)T  D  (aj+1  -aj )  <  10* 


SYSTEM  CONFIGURATION 

There  exists  a  maximum  level  of  maneuver  that  the  ground  vehicles  under  study  can  attain. 
This  maximum  level  provides  a  non-trivisl  range  of  dynamic  motion  that  can  be  quantized 
to  a  finite  number  of  maneuver  level*.  In  this  study,  five  different  parameter  values 
were  selected  and  the  corresponding  Extended  Kalman  Filters  structured  to  simultaneously 
process  tracking  Input  data  In  parallel  ..d  output  terget  atate  estimates.  One  of  the 
filters  In  the  design  was  a  simple  4-state  filter  based  on  a  constant  velocity  target 
model.  The  remaining  four  filters  were  identified  with  various  maneuver  levels. 

Several  interesting  options  ere  available  to  provide  some  adaptive  capability  to  the 
algorithm  including  adapting  the  plant  noise  rodel  or  adapting  the  prediction  model. 

The  approach  taken  in  this  investigation  is  to  select  the  filter  with  the  maximum 
computed  likelihood  function.  More  orecisely,  target  range  and  azimuth  angle  are  pro¬ 
cessed  by  the  parallel  filters  and  the  filter  having  the  largest  likelihood  function  ie 
automatically  chosen  to  provide  the  best  estimate  for  lead  prediction  and  gun  orders. 

Hie  prediction  model  is  the  lotmon  second  order  function  of  projectile  time  of  flight. 


DIGITAL  SIMULATION 

A  Monte  Cerlo  simulation  of  100  runs  was  set  up  to  process  a  large  msnber  of  10  second 
segments  representing  various  maneuver  levels  of  the  M60A1  tank,  Twister  and  Scout 
vehicles.  These  segments  of  data  were  different  front  those  used  for  the  parameter  iden¬ 
tification  tasks  discussed  earlier.  For  the  introduction  of  measurement  noise,  two 
Gausslen  random  number  generators  were  used  with  different  seeds  to  start  each  run. 

For  evaluating  the  system  performance,  the  perpendicular  miss  distance  of  the  predicted 
line  of  sight  from  the  reel  target  position  was  defined  as  the  prediction  error.  The 
firing  time  points  were  fixed  for  each  segment  under  process.  The  performance  Indicator 
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ph  at  aach  firing  time  point  vat  defined  at  the  ratio  of  the  master  of  Mires  that  the 
prediction  error  ia  irti  than  i.15  meters  to  the  tota?  number  of  tuns.  Basically,  they 

are  hit  probabilities  considering  the  prediction  errors  alone. 

For  an  engagement  range  of  approximately  2000  meters,  45°  cross  range  (across  the  range 
vector),  /  sigma  range  measurement  error  of  2  reters,  /  sigma  azimuth  tracking  error  of 
0.1  milt,  a  projectile  speed  of  1500  meters  per  second  and  7  firing  points  per  segment 
the  hit  probability  results  are  summarized  in  tr.e  following  table: 


Fean  ph 

Target  Type  Number  of  Segments  Constant  Velocity  Model  ~^daptlve"Pc3el 


M60A1  13  .41  .49 
SCOUT  10  .27  .36 
TWISTER  8  .20  .26 


For  an  engagement  range  of  approximately  1500  meters,  60'  cross  range,  /  sigma  range 
measurement  error  of  3  meters,  /  sigma  azimuth  tracking  error  of  0.3  mils,  a  pro- 
jectile  speed  cf  1158  meters  per  second  and  four  firing  points  per  segment,  the  hit 
probability  results  are  summarized  in  the  following  table: 


Mean  ph 

target  Type  Number  of  Segments  fconstar.t  Velocity  Node!  Adaptive  hlodeT 

M60A1  6  .51  .56 

TWISTER  6  .31  .37 

The  results  from  the  Monte  Carlo  simulations  indicated  that  the  performance  of  the 
multiple  model  adaptive  filter  design  was  generally  comparable  to  a  filter  which  was 
tuned  to  the  target  dynamics  of  that  particular  tracking  interval.  Ir.  particular,  the 
results  shoved  that  the  adaptive  prediction  consistently  performed  better  than  the  con¬ 
stant  velocity  prediction  with  an  improvement  in  prediction  ranging  from  10  to  40  per¬ 
cent.  The  system  sensitivity  results  from  looking  at  a  maneuvering  target  segment  of 
data  indicated  that  the  system  performance  for  the  azimuth  channel  was  heavily  depen¬ 
dent  on  the  angular  measurement  noise  and  the  projectile  time  of  flight  in  terms  of 
range,  and  was  not  very  sensitive  to  the  range  measurement  noise  and  the  range  sampling 
rare.  The  result!  also  Indicated  that  higher  probability  of  hit  could  be  obtained  in 
the  cross  range  geometry  than  In  the  down  range  (coming  down  along  the  range  vector) 
geometry. 


MICROCOMPUTER  IMPLEMENTATION  &  EVALUATION  (REAL  TIME) 

A  number  of  important  issues  arise  in  addressing  the  problem  of  real  time  microcomputer 
implementation  and  algorithm  evaluation.  Particularly  critical  are  problems  of  mmer- 
ical  stability  and  accuracy  tnpasad  by  the  finite  word  length  constraint  of  current  raicro- 
coatputera.  Also,  Important  are  considerations  of  memory  size  and  computational  speed 
and  hardware  flexibility  to  perform  parallel  and  floating  point  operations. 

A  filter  algorithm  which  seems  to  be  particularly  well  suited  to  real  time  microcomputer 
Implementation  ia  Blerman's  UD  algorithm'  for  the  propagation  of  the  state  error  co- 
variance.  The  algorithm  has  the  desirable  feature  of  computational  accuracy  and  stability 
and  Its  required  memory  size  and  number  of  multiplications  are  comparable  to  those  of 
the  conventional  extended  Kalman  filter  algorithm.  The  original  filter  algorithms  and 
software  were  therefore  modified  to  incorporate  the  UD  covarisnce  algorithm. 

The  Intel  86/L2A  single  board  computer  was  selected  for  the  real  time  implementation 
and  evaluation  of  the  configured  system.  Each  boarJ  has  32F  of  random  access  memory 
(RAM)  and  16K  of  electronic  programmable  read  only  memory.  It  can  be  easily  extended 
to  64K  of  RAM.  The  dual  port  RAM  In  the  main  computer  board  is  accessible  by  other 
single  board  computers  through  the  multibus  lioes,  providing  a  cotanon  area  for  infor¬ 
mation  transfer  among  the  computers.  The  8087  coprocessor  is  designed  to  work  with 
the  86/12A  computer.  It  has  the  desirable  caprc'.lity  of  64  bit  floating  point  oper¬ 
ation  which  will  save  the  programmer  a  lirge  amount  of  time  in  scaling  the  variables 
and  documenting  the  scaling  procedure.  Its  27  micro-second  computation  time  for 
64  bit  multiplication  le  considered  very  fast. 

The  final  configuration  of  tha  fire  control  system  to  be  sinulited  Is  shown  In  Figure  1. 


■u'A?i»ui 
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Figure  1 


The  difference  between  the  target  angle  and  the  sight  angle  provides  the  actuating 
signal  for  the  auto-tracker  or  the  human  operator  (with  handle)  which  outputs  the 
angular  rate  signal.  The  angular  rate  signal  together  with  the  range  measurements  are 
fed  to  the  multimodel  proceeeor  which  coaputeg  the  estimated  target  states  for  the  sight 
servo  ccmnande  and  the  lead  angle  and  the  desired  gun  angular  rate  for  the  gun  aervo 
commands-  This  is  a  stabilised  sight  gun  director  type  of  configuration. 


CONCLUSION 

In  the  tank  fire  control  problem  with  emphasis  on  maneuvering  vehicle  engagement,  four 
major  tasks  were  dealt  with  contiguously.  System  modeling  and  system  configuration  were 
carried  out  first.  Tht  AWT  data  base  was  chosen  to  run  through  a  max i man  entropy  spec¬ 
tral  analysis.  Modal*  were  formulated  and  their  parameters  were  then  identified  by  the 
maximum  likelihood  method.  The  models  were  embedded  in  the  Extended  K.ilman  Filters  which 
were  processed  in  parallel  to  provide  adaptive  estimates  for  gun  lead  prediction.  A 
Monte  Carlo  simulation  provided  us  the  system  sensitivity  and  the  system  performance  in 
terms  of  the  probability  of  hit.  The  real  time  simulation  is  an  intermediate  step  be¬ 
tween  the  digital  simulation  and  tha  real  system  experiment. 

Real  time  microcomputer  implementation  requires  careful  consideration  of  both  software 
and  hardware  Issues.  The  Merman's  UD  algorithm  with  better  numerical  charact* ristics 
replaced  the  conventional  Kalman  propagation  of  state  error  covariance.  The  Intel 
86/12A  single  board  computers  were  selected  for  their  flexibility,  capability  of 
floating  point  operation,  and  high  speed  of  64  bit  multiplication. 

Moreover,  th#  human  operator  is  a  very  nonlinear  complex  system  which  calls  for  a  real 
person  to  be  included  In  the  control  loop.  In  all,  the  experience  of  this  real  time 
exercise  may  enable  us  to  appreciate  the  real  world  problem  and  provide  us  a  realistic 
perspective  of  the  entire  tank  fire  control  business. 
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MULTIPLE  MODEL  ADAPTIVE  CONTROL 

R  ibert  D.  Smith 
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Weapon  Synthesis  Division 
Naval  Weapons  Center 
China  Lake,  California  91555 


INTRODUCTION 

Multiple  Model  Adaptive  Control  (MMAC)  is  a  conceptually  simple  approach  to  the  problem 
of  controlling  nonlinear  dynamic  systems.  The  technique  utilizes  several  state  esti¬ 
mators  running  in  parallel.  Each  state  estimator  iB  designed  to  match  a  linearized 
model  of  the  nonlinear  system.  State  variable  feedback  for  control  purposes  ia  imple¬ 
mented  using  the  output  of  the  "best"  state  estimator.  The  resulting  system  is  highly 
nonlinear,  and  the  success  of  this  approach  is  highly  dependent  on  the  algorithm  used 
to  select  the  proper  state  estimator. 

Adequate  MMAC  design  techniques  currently  do  not  exist  and  a  common  sense  trial  and 
error  approach  must  be  employed.  Despite  this  apparent  limitation,  several  problems 
studied  at  the  Naval  Weapons  Center  using  MMAC  have  shown  encouraging  results.  In 
this  paper  the  classic  problem  of  stabalizing  a  radar  guided  missile  in  the  presence 
of  severe  nonlinear  radome  boresight  errors  is  used  to  illustrate  the  potential  of 
MMAC. 


MULTIPLE  MODEL  ADAPTIVE  CONTROL  STRUCTURE 
A  block  diagram  of  the  MMAC  structure  is  shown  in  Figure  1. 
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FIGURE  1.  MMAC  Structure. 
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The  structure  consists  of  the  nonlinear  system  to  be  controlled  and  several  state 
F  estinators  running  in  parallel  driven  by  the  inputs  and  measurable  outputs  of  the  m  n- 

r  linear  system.  Each  of  the  state  estimators  is  based  on  n  linearized  model  of  the 

nonlinear  system  about  some  operating  point.  It  is  the  function  of  the  loqic  element 
to  determine  which  of  the  state  estimators  is  providing  the  "best"  estimate  of  the 
nonlinear  system's  states.  The  estimated  states  in  conjunction  with  the  appropriate 
gain  matrix  are  used  as  feedback  to  modify  the  dynamics  of  the  nonlinear  system. 

The  concept  of  MMAC  in  not  unique  to  this  paper.  A  brief  history  of  tn<>  concei  t  in-i 
an  extensive  investigation  of  the  MMAC  technique  tor  flight  control  of  m  F-8  aircraft 
aro  provided  in  a  report  by  Athans  et  al.‘  However,  the  deterministic  design  (i.e., 
Luenberger  observers  vice  Kalman  filters)  and  the  logic  element  in  the  MMAC  structure 
reported  in  this  paper  differ  from  that  of  Reference  1.  In  particular,  the  logic 
element  used  in  this  report  defines  one  state  estimator  (Luenberger  observers)  as 
"best"  when  the  differences  between  itB  estimated  outputs  and  the  measured  outputs  of 
the  nonlinear  system  are  minimal.  In  addition,  the  states  of  the  remaining  state 
estimators  are  initialized  to  the  states  of  the  "best"  state  estimator  for  that  update 
period.  Thus,  the  state  variable  feedback  is  derived  from  one  state  estimator  and  not 
a  linear  combination  of  state  estimator  outputs  as  described  in  Reference  1. 

A  summary  of  the  major  elements  of  the  MMAC  structure  described  in  this  paper  is  pro¬ 
vided  below. 

NONLINEAR  SYSTEM 

The  restrictions  on  the  nonlinearitf.es  and  dynamics  which  limit  the  utility  of  the 
MMAC  technique  are  not  well  understood  at  this  time. 

STATE  ESTIMATORS 

Luenberger  observers  as  defined  in  References  2,  3,  and  4  are  utilized.  The  state 
estimators  are  based  on  linearized  models  of  the  nonlinear  system.  No  a  priori  guide¬ 
lines  exist  which  define  the  number  of  state  estimators  required. 

LOGIC 

The  logic  function  performs  two  operations  on  a  periodic  basis.  First,  the  "best" 
state  estimator  is  chosen,  based  on  the  minimum  of  the  sum  of  the  absolute  values  of 
the  differences  between  the  estimated  outputs  and  the  measured  outputs.  Second,  the 
states  of  the  remaining  state  estimators  are  initialized  to  the  states  of  the  "best" 
state  estimator.  Although  not  well  defined,  the  update  rate  of  the  logic  function 
must  be  consistent  with  the  bandwidth  of  the  desired  closed  loop  system. 

FEEDBACK 

Th«  feedback  consists  of  state  variable  feedback  utilizing  the  estimated  states  of  the 
"best"  state  estimator.  The  feedback  gain  matrix  is  precalculated  based  on  the 
linearized  system  model  associated  with  each  state  estimator,  and  the  desired  closed 
loop  characteristics  of  the  nonlinear  system  being  controlled. 


EXAMPLE 

The  classic  problsm  of  stabilizing  a  radar  guided  missile  in  the  presence  of  severe 
nonlinear  radome  boresight  errors  is  used  to  illustrate  the  potential  of  the  MMAC 
technique.  The  radome  data  used  in  this  model  is  typical  of  existing  radomes.  The 
missile  is  modelled  as  a  simple  second  order  system  whose  acceleration  normal  to  the 
velocity  vector  is  proportional  to  the  line  of  sight  rate  between  the  missile  and  the 
target. 

RADOME  BORESIGHT  ERROR  MODEL 

Figure  2  defines  the  geometry  used  in  this  model. 
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FIGURE  3.  Radome  Boresight  Ei ror  Slope. 


MISSILE  MODEL 

The  missile  is  modelled  as  a  simple  second  order  system  whose  acceleration  normal  to 
the  velocity  vector  is  proportional  to  the  line  of  sight  rate  between  the  missile  and 
the  target.  Figure  4  is  a  block  diagram  of  the  missile  model. 


• 

0 

V  N'u  2 
c  n 
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6  2 

a  +  2;ons  + 

FIGURE  4.  Missile  Model  Block  Diagram. 

The  parameters  of  this  model  are  defined  as  follows. 

ajj  «  missile  acceleration  normal  to  its  velocity  vector 

Vc  “  closing  velocity  between  the  missile  and  the  target 

N'  “  effective  navigation  ratio 

wn  «*  natural  frequency  of  the  missile 

t  »  damping  ratio  of  the  missile. 

In  the  presence  of  radome  errors,  the  missile  is  driven  by  b'  where 
o'  =  o  +  KR(1) 1 

as  derived  In  the  previous  section.  For  very  large  missile  to  target  ranges  o  is 
very  small  and  can  be  neglected.  Thus 

a'  -  KR(X)i, 

which  represents  a  nonlinear  feedback  loop  around  the  missile.  This  so  called  para¬ 
sitic  feedback  loop  is  the  source  of  the  stability  problem  caused  by  radome  boresight 
errors.  To  complete  the  block  diagram  it  is  necessary  to  derive  the  relationship 
between  the  rate  of  change  of  the  look  angle  (1)  and  the  missile's  normal  acceleration 
(a^).  From  Figura  2, 
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\  “  o  -  0 


and  \  **  o  -  §. 

Since  o  is  assumed  to  be  zero, 

*  -  §  . 

In  addition 

•  •  • 

6  -  Y  +  a. 

The  quantity  y  is  directly  related  to  since 
aN  *  VM^ ' 

where  VM  is  the  missile's  velocity.  The  angle  of  attack  (a)  is  related  to  a^,  through 
the  relationship 


where  C  is  the  missile's  airframe  gain  which  relates  angle  of  attack  to  normal  accel¬ 
eration  for  a  given  missile  velocity  and  altitude.  Combining  the  above  relationships 
and  using  Laplace  notation  yields 


Using  the  relationship  i  the  block  diagram  for  the  missile  with  the  nonlinear 

parasitic  feedback  loop  can  be  completed  and  is  shown  in  Figure  5. 


FIGURE  5.  Missile  with  Parasitic  Feedback  Loop. 


Figure  5  is  the  nonlinear  system  of  interest  and  the  one  used  to  demonstrate  the  poten¬ 
tial  of  the  MMAC  technique. 

MMAC  CONFIGURATION 

Sixteen  second  order  state  estimators  were  used  for  this  example.  Each  estimator  was 
based  on  a  linear  model  of  the  miBsile  obtained  from  Figure  5  by  fixing  the  value  of 
KR(1).  Values  of  KR(1)  from  -0.035  tn  +0.040  in  increments  of  0.005  were  used.  The 

dynamics  of  the  state  estimators  were  patterned  after  the  linearized  missile  models, 
and  the  feedback  gains  were  chosen  to  yield  error  dynamics  with  a  natural  frequency 
of  10  Hz  and  a  damping  ratio  (c)  of  0.9.  (see  Reference  4).  The  logic  function  was 
performed  every  0.01  seconds,  and  the  measurable  output  was  assumed  to  be  the  missile's 
normal  acceleration  (a„) . 

The  open  loop  characteristics  of  the  misBile  model  are  defined  below. 
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••  2 u  (rad/ sue)  (1.0  Hz) 

t  «  0.1  (1/aec) 

N'  -  4.0 

Ve  -  7000  |!t/nc) 
vM  -  3000  (ft/sec) 
c  *  675  (ft/eecVrad) 

The  state  variable  feedback  gains  used  by  the  MMAC  were  calculated  to  give  the  closed 
loop  missile  a  natural  frequency  of  2  H*  (4x  rad/sec)  and  a  damping  ratio  of  0.7. 

RESULTS 

Figure  6  in  a  plot  of  the  missile's  desired  (dashed  line)  initial  condition  response 
and  its  uncompensated  (solid  line),  as  defined  by  Figure  4,  response.  Extending  the 
time  of  this  response  would  show  a  limit  cycle  behavior  for  the  uncompensated  system. 
Figure  7  compares  the  MMAC  (solid  lino)  and  deaired  (dashed)  responses.  The  success 
of  the  MMAC  is  evident.  Although  the  Initial  condition  errors  were  zero  for  this 
case.  Figure  8  illustrates  the  MMAC  response  (solid  line)  for  a  mismatch  in  the 
estimated  normal  acceleration  (a^) .  For  this  case  the  estimated  normal  .icceleration 

was  assumed  to  be  4  g's.  The  importance  of  initializing  the  states  of  the  state 
estimators  at  esch  update  cycle  Is  lllustratsd  In  Flgurs  9.  For  this  case  no  state 
initializing  was  utlllssd.  This  response  differs  markedly  from  the  original  MMAC 
configuration  of  Figure  7,  Saving  the  best  for  last,  the  most  Impressive  feature  of 
the  MMAC  technique  is  illustrated  by  the  response  shown  in  Figure  10.  For  this  case 
the  same  MMAC  uaed  in  the  previous  examples  was  employed,  but  the  t'lgn  of  the  radome 
boresight  error  model  was  reversed.  Again,  the  MMAC  yielded  an  excellent  response 
(solid  line)  relative  to  the  desired  response  (dashed  line). 


FIGURE  6,  Uncompensated  Missile  Response  (solid  line) 
and  Desired  Response  (dashed  line) . 
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FIGURE  7.  MMAC  Response  (solid  line) 
and  Desired  Response  (dashed  line). 


FIGURE  8.  MMAC  Response  with  Initial  Condition  Error 
(solid  line)  and  Desired  Response  (dashed  line) . 


FIGURE  9.  MMAC  Response  with  No  State  Initializing 
(solid  line)  and  Desired  Response  (dashed  line) . 
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FIGURE  10.  MMAC  Resporise  with  Radome  Boresight  Error  Model  Sign 
Reversed  (solid  line)  and  Desired  Response  (dashed  line) . 


CONCLUSIONS 

The  potential  of  the  MMAC  technique  has  been  demonstrated  via  a  simple  example.  The 
technique  is  conceptually  simple  and  seems  to  enjoy  a  reasonable  degree  of  insensi¬ 
tivity  to  the  exact  form  of  nonlinearity  involved.  That  is,  the  bounds  of  the  non¬ 
linearity  are  more  important  than  the  exact  shape  of  the  nonlinearity.  However, 
design  guidelines  do  not  currently  exist  which  relate  the  characteristics  of  the  non¬ 
linear  system  to  the  number  of  state  estimators  required  and  the  update  rate  of  the 
logic  function.  Finally,  the  burden  of  implementing  the  computations  imposed  by  the 
parallel  structure  of  the  MMAC  technique  will  diminish  as  technology  continues  to 
reduce  the  size  and  increase  the  speed  of  computers. 
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ABSTRACT 

In  the  interest  of  establishing  a  systems  approach  to  the  design  of  fire  control 
'■ystems,  the  design  of  estimators  and  predictors  is  formalized  into  a  direct 
procedure.  The  usual,  trial  -and-error  approach  to  fixing  the  parameters  of 
estimators  is  circumvented.  The  performance  requirements  of  the  fire  control 
system  are  used  at  the  outset  as  inputs  to  the  computation  of  filter  pa r a me t e r s . 
Component  specifications  are  an  important  outcome  of  this  design  process. 

In  particular,  tracking  accuracy  requirements  emerge  as  results  of  the  design 
process.  Tradeoffs  between  first  and  second  order  predictors  are  quantified 
and  used  to  select  the  oest  predictor. 

The  s  t  a  t  e- of  - 1  he- a  rt  in  the  design  of  Kalman  filters  for  fire  control  systems 
leaves  the  designer  with  several  parameters  to  be  used  to  overcome  the  effects 
of  modeling  errors.  These  parameters  are  the  model  and  observer  noise  vari¬ 
ances,  and  they  are  usually  fixed  by  searching  for  satisfactory  operating 
conditions.  The  methodology  developed  here  uses  miss  distance  and  target 
bandwidth  characteristics  to  fix  the  noise  variances.  The  miss  distance  is  a 
system  performance  requirement,  and  thj  bandwidths  are  obtainable  from  the 
analysis  of  broad  classes  of  targets.  The  result  is  a  direct  design  methodology 
which  is  free  of  searching. 


THE  ROLE  OF  ESTIMATORS  IK  F. RE  CONTROL  SYSTEMS 


One  of  the  fundamental  processes  which  arises  in  gun  fire  control  is  the  process 
of  estimating  the  state  of  the  target.  This  estimation  process  is  readily 
discernible  in  even  the  least  sophisticated  systems.  As  the  system  desiyn  is 
augmented  to  Include  capabilities  against  maneuvering  targets,  the  burden  upon 
the  estimation  process  becomes  progress i valy  greater  both  in  terns  of  accuracy 
and  number  of  states  to  be  estimated.  For  Instance,  for  straight-line, 
constant  velocity  targets,  there  is  no  need  to  estimate  acceleration.  On  the 
other  hand,  the  utility  of  a  velocity  estimate  will  depend  directly  upon  the 
accuracy  of  the  estimate.  An  inaccurate  lead  may  be  worse  than  no  lead  at 
ill.  The  same  argument  holds  for  the  higher  derivatives  of  motion. 

At  any  point  In  the  evolution  of  fire  control  technology  there  is  probably  a 
practical  limit  to  the  dimensionality  and  accuracy  of  the  estimation  process. 
Considerations  of  processor  speed,  observer  accuracy,  and  target  identification 
(modeling)  would  be  expected  to  determine  the  number  and  accuracy  of  the 
state  variable  estimates.  !'  the  estimator  technology  is  critical  in  the 
sense  that  no  o'her  technology  would  Inhibit  the  system  implementation,  the 
design  strategy  Is  one  of  achieving  the  most  sophisticated  system  which  can 
be  supported  by  the  estimator.  In  the  current  s t  it e ■ of  -  the- art ,  the  estimator 
and  observer  (sight  or  tracking)  technologies  seem  to  share  critical  roles. 

The  solution  of  the  tracking  part  of  the  design  problem  will  require  much  of 


*  T  h  i  s  work  was  performed  while  serving  as  a  consultant  to  the  US  Army  Materiel 
Systems  Analysis  Activity,  Aberdeen  Proving  Ground,  Maryland  21005 


the  same  technological  resources  as  the  estimator  (t.e.,  processor  speed  and 
models).  In  addition,  most  of  the  additional  cost  of  a  highly  sophisticated 
system  Mill  probably  fall  in  the  sight  or  tracking  mechanism. 

Acknowl edging  this  set  of  Interacting  technologies,  the  purpose  of  this  papef 
is  to  formalize  some  of  the  issues  in  terms  of  simple  models  of  observers, 
estimators  and  predictors.  The  performance  of  predictors  working  in  tandem 
with  optimal  estimators  Mill  be  used  to  specify  the  parameters  of  the  estimators 
and  observers.  Tradeoffs  between  observer  technology  and  overall  (predictor) 
performance  will  becone  apparent.  The  propagation  of  errors  through  typical 
predictors  will  be  used  to  assess  the  trade-offs  between  Nth  and  N*lth  order 
predictors. 

A  by-product  of  this  work  is  the  formulation  of  a  direct  design  methodology 
for  Kalman  filters  In  fire  control  systems.  The  unknown  r.oise  statistics  will 
be  assessed  in  terms  of  the  power  spectra  of  generic  targets  and  allowable 
performance  limits  of  the  predictor. 


CONVENTIONAL  CE  SIGN  METHODOLOGY 


The  conventional  approach  to  the  design  of  estimators  and  predictors  for  fire 
control  systems  is  best  illustrated  by  the  following  development  of  models 
and  parameters.  One  would  start  by  formulating  target  and  observer  models  of 
the  form. 

(a)  Target  Model 

*k  +  l  *  *k*L  +  Bkuk 

(b)  Observer  Model 


»k  ■  *v-k  ♦  Vk 

These  models  immediately  involve  a  1  i  near  i  za  t  i  on  a  ppro  *i  ma  t  i  on.  The  target 
model  captures  the  well  defined  motion  in  the  state  transition  matrix,  ak  , 
and  lea.es  the  less  defined  part  of  the  motion  to  a  noise  term,  BkUk.  The 
observer  is  usually  a  statement  that  nut  all  the  state  components  are  visible, 
and  that  the  observations  are  corrupted  by  an  error,  Vk.  (The  index,  k ,  is 
a  discrete  time  index).  If  one  can  further  approximate  Uk  and  Vk  by  white 
gaussian,  zero  mean  processes,  an  estimator  of  Xk  can  be  formulated  as: 

*k  +  l  *  *k  *k  (Predicted  State) 

Xk  *  Xk  *  Kk  (Vk  -  Hk  Xk)  (Corrected  State) 

which  is  the  Kalman  Filter  wherein 

Kk  '  PfcMRk  f  HkR  Hk>-1  ( Ft  Iter  Gain) 

Pk+1  *  *kPk*k  +  ®k9kBx  (Predicted  Variance) 

Pk  *  Pk  -  KkHkP.  (Corrected  Variance) 

Rk  -  E(UkUk)  (Observer  Noise  variance) 

Qk  "  E(VkVk)  (Nodal  Noise  Variance) 

In  the  most  sophisticated  fire  control  systems,  the  target  noise  Is  represented 
in  a  target  oriented  coordinate  system.  Thus,  the  qlver  Qk  will  rotate  as 
the  target  moves  which  in  turn  leads  to  a  nons.eady  Ki,  .  The  Kalman  gains 
tend  to  change  throughout  the  estimation  process.  In "addi t 1 o n,  Rk  may  be 
range  dependent  which  leads  to  further  variability  in  Kk, 


In  designing  such  a  filter,  the  implementor  is  left  with  choices  of  the  magni¬ 
tude  of  Qk  and  Rk  (t.e,,  iQt-i  and  iRki).  A  conventional  design  process 
would  require  assessing  iRki  from  the  accuracy  of  the  instrumentation  used 
by  the  observer.  Since  iQk  I  represents  un  odeled  behavior,  it  Is  usually 
adjusted  to  achieve  some  other  objective,  such  as  white  Innovation,  or  minimum 
ensemble  miss  distances.  Whatever  the  objective,  the  last  phase  is  unguided 
by  the  theory  and  thus  usually  requires  extensive  simulation  to  determine  K)kt. 
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A  DIRECT  DESIGN  METHODOLOGY 


A  methodology  which  could  utilize  maximum  allowable  miss  distances  to  assess 
the  design  parameters  directly  would  have  some  obvious  advantages  over  the 
conventional  process.  Such  a  methodology  is  proposed  here  with  the  design 
features  sh~wn ,  i  .e .  , 


o  uwe  r 

A1  1  owab  1  e 
Kiss  Dis¬ 
tance  ( i  .e .  , 
1  o  miss). 


Spectrum  ofjthe  target 


Predict orrAl gorithn 


motion 


THE  DIRECT  DESIGN  OF  ESTIMATORS 


The  principles  of  the  design  will  be  illustrated  by  restricting  the  discussion 
to  a  single  dimension  and  further  restricting  the  models  to 

*  :  Upper  Triangular 

Qlj  :  Scalar  constant,  q 

Ry  :  Sc  a  1  ar  constant,  r 

These  restrictions  do  not  limit  variability  of  the  gains  in  the  final  design, 
but  only  allow  one  to  focus  attention  to  the  magnitudes  of  the  parameters  in 
each  direction.  The  design  process  requires  solution  of  the  steady  state 
filter  equations  which  become 

P  ■  »?«  '  +  Bqfi  ‘  -  tP  H '  (r  *  HPH')*1rtP*' 

The  solution  for  P  in  terms  of  r  and  q  requires  iteration.  However,  a  closed  form 

solution  for  P/q  and  r/q  in  terms  of  bandwicth  of  the  target  motion  is  possible. 
For  instance,  for  a  third  order  model,  it  requires  the  observation  from  the 
analogous  continuous  models  that 

Pj  3  /  q  -  ( 1  /  wy  )  '  At 

where  wy  is  the  bandwidth  fov  velocity,  and  At  *  t^  +  j  -  t^  is  the  time 

increment  between  observations.  This  in  turn,  fists  P33/q  by  passing  1*33/0 
through  the  predicted  variance  equation,  i.e., 

p33/q  *  (  *33  ^  p3 3 ^  *  ®23 

From  this  stilting  point,  all  the  other  "arlance  ratios  can  be  found.  The 
required  bandwidths  can  be  assessed  from  the  power  spectrum  observed  In  field 
tests  of  generic  targets.  The  ratios  (P/q  and  r/q)  completely  specify  the  one 
dimensional,  steady  desigr,  but  they  do  not  produce  the  magnitudes,  iQ  > 
and  iR  1  ,  needed  in  a  multidimensional  des'gn.  The  required  magnitudes 
are  obtained  from  the  variance  of  miss  distance 

*  (Tn  P/q  T'N)i/Z 

V« 

In  an  optimal  design,  the  P  is  interpreted  as  the  variance  of  the  estimator 
error.  P/q  is  obtained  from  P/q  by  passing  the  latter  through  the  corrected 
variance  equation.  The  Tn  vector  is  the  coefficient  vector  for  an  Nth  order 
predictor.  Thus,  the  above  equation  represents  the  variance  propagation  through 
an  Nth  order  predictor.  Since  P/q  is  available  (from  P/q),  one  can  directly 
determine  o«ii  s  sA/d"i  A  specification  of  o  „,-j5S  will  lead  to  q  thence  to  r 
(from  r/q).  » 


ns 


The  logical  outcome  Of  this  procesr  It  Specification  of  q  and  r  in  terns  of 
the  filter  bandwidth,  the  »fss  distance,  and  the  predictor  coefficients,  Once 
r  is  found,  the  question  it  ratted  at  to  whether  an  observer  with  an  accuracy 
of  r  is  achievable.  Thus,  thi *  design  process  nay  provide  direct  activation 

for  enhancing  the  observer  technology. 


PATHOLOGICAL  DESIGNS 


The  design  methodology  outlined  in  the  previous  section  mus  .  be  approached 

with  an  appreciation  that  the  results  nay  not  always  be  reasonable  and  achievable. 

The  resulting  IRJ  and  iQ»  may  be  thought  of  as  intensities  uf  noise  on  the 
observer  aid  the  targit  resrecl ively  .  The  'R i  nay  be  so  snail  that  it  will 
not  be  achievable  using  the  evolving  technology  of  sight  Mechanisms.  Conversely, 
the  iq  l  may  be  *r,  ii-g-  that  targets  cannot  possibly  achieve  such  a  intensity 
of  maneuver  (i.e.,  rate  of  change  of  acceleration).  Both  situations  represent 
pathological  cases.  In  the  best  of  situations,  the  iQ  i  may  be  brought  in 
bounds  by  reducing  the  variance  of  miss  distance  without  seriously  deflating  •  R  s  , 
thus  not  forcing  new  observer  technology.  Alternately,  if  the  1Q1  is  within 
bounds,  the  miss  distance  requirements  may  ba  relaxed  to  bring  iR  I  within 
current  technological  constraints. 

In  the  worse  case,  both  IS  l  and  IQ  l  may  be  beyond  reasonable  bounds.  Changing 
the  miss  distance  requirements  would  not  alleviate  this  pathology.  The  only  recourse 
at  this  point  is  to  reassess  the  frequency  response  of  the  filter.  As  the  bandwioth 
filter  is  reduced,  the  ratio,  iQi/iRl.is  reduced.  Thus,  in  order  to  achieve 
reasonable  noise  intensities,  it  may  be  necessary  to  filter  out  some  of  the  higher 
frequency  components  of  the  target  motion.  Such  a  redesign  is  in  the  direction  of 
model  mismatching  and  thus  toward  progressively  less  optimal  estimation.  A  deteri¬ 
oration  in  actual  miss  distance  (as  opposed  to  propagated  variance-)  is  inevitable. 


SOME  TYPICAL  FILTER  DESIGHS 


In  order  to  Illustrate  the  design  methodology  and  in  order  to  support  a  trade-off 
S-tudy,  several  typical  filters  were  considered.  These  filters  are  parameterized 

by  the  equation  for  the  acceleration  variance,  ^33/0,  i.e., 

f*3  3 /«a  ■  {i/»y)"  at 

The  variance  ratios,  P/q.  are  computed  from  the  steady  state  filter  equation 
given  in  The  Direct  Design  Methodology  section  along  with 


H  -  [1  0  0]; 

At  -  0.1  See; 


and 

^33 /q  ■  P3 3/s>  *  it? 


Propagating  these  varianres  through  a  second  order  predictor  with  a  1.5  sec  time-of 
flight  (TOF)  leads  to  variances  at  impact  as  typified  in  figures  1  and  2.  The 
utility  of  the  designs  can  be  visualized  by  noting  that  for  a  particular  time-of* 
flight,  the  bandwidth  and  impact  error  define  the  q  and  r  of  the  filter.  As  a 
hypothetical  case,  consider  the  targets  with  frequency  bandwidth  at  wy  *  0,25 
hz.  In  order  ip  Insure  a  68  percent  minimum  hit  probability  against  a  target 
widtn  of  2.3  meters  which  behaves  according  to  tne  imbedded  model,  the  R NS  impact 
error  would  be  limited  to  1.15  meters  (1.e.,c  b,;ss).  These  targets  could 
be  hit  with  such  a  probability  with  a  second  order  predictor  agd  1.5  sec  time-of- 
fl'ght  If  they  exhibit  an  RMS  jink  of  no  more  than  2,676  m/sec3  (i.e.,  y~q  ). 

The  observer  exist  be  able  to  'see'  the  target  with  an  RMS  error  of  no  more  than 


.106  r  .ters  ( 1 ,e.  ,  ir  ). 


The  restriction  to  behavior  according  to  the  Imbedded 
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model  will  limit  the  total  impact  error  to  that  propagated  through  the  predictor 
from  the  estimation  process,  tf  the  target  is  exhibiting  higher  order  behavior, 
then  the  performance  would  be  degraded. 

FIRST  AND  SECOND  ORDER  FREDI C10R  TRADE-OFFS 


The  preceding  discussion  of  typical  designs  was  predicated  upon  the  proposal  that 
the  target  was  properly  modeled  by  a  third  order  difference  equation  [i.e,,  posi¬ 
tion,  velocity,  and  acceleration  as  state  variables)  with  white  noise  at  the 
j  1  ,ii.  level  and  that  the  predictor  was  second  order.  This  section  considers  the 
case  where  the  target  is  third  order,  but  a  first  order  predictor  is  used.  Such 
an  arrangement  leads  to  a  trade-off  between  mGdel  mismatch  errors  and  propagated 
errors.  A  general  development  of  the  prediction  errors  for  N  to  N  *  1th  order 
mismatches  appears  In  Appendix  A. 

In  a  first  order  predictor,  the  acceleration  effects  would  not  be  utilized.  The 
resulting  prediction  error  is 

£p  -  [1  tf  0]  [X  -  X] 

-  [0  0  t2f/2]  *  X 

where  the  first  .era  is  the  propagated  error  from  the  1st  order  predictor.  The 
second  term  is  .he  effect  of  the  unused  state  variable.  The  variance  of  the  pre¬ 
diction  error  is 

e;e%)  -  [i  tf  o]  p  [i  tf  o]  ■ 

+  [0  0  t2f/2]  t  {XX1  )  [0  0  t2f/2]  ' 

- 2[ !  tf  0]  EC  (X-X)X*  3  [0  0  t2f  / 2] ' 

where  the  last  two  terms  represent  additional  errors  which  do  not  arise  by  propagation 
of  estimation  errors  through  the  predictor, 

Suppose  a  filter  had  been  designed  to  achieve  certain  miss  distance  constraints 
using  a  2nd  order  predictor.  It  Is  now  possible  to  assess  the  relative  performance 
of  a  first  order  predictor  using  the  same  estimates  (i.e-,  optimal  estimators  for 
a  third  order  system).  The  point  of  interest  Is  the  equality  of  the  first  and 
second  order  predicted  error  variances,  I.e., 

r%)  1st  *  *2p)  2nd 

where 

E(«%)2nd  *  Cl  If  tffo  *  Cl  If  t2f/23' 

.  „2 

°  ml  ss 

Equating  the  two  variances  defines  a  linear  relation  of  the  form 
E(XX')3(3  •  E(ac'2)  •  a  o2miss 

That  is,  the  variance  of  acceleration  Is  linear  in  the  variance  of  miss  distance 
at  the  condition  of  Indifference  between  the  predictors.  A  trade-off  function  is 
obtained  as  shown  In  Figure  3.  In  fart,  a  family  of  trade-off  is  obtained,  one 
for  each  value  oT  the  pair  (u  time  tf  flight). 

With  one  additional  datum,  the  variance  of  accelerations,  thf  designer  can  effec¬ 
tively  choose  between  first  and  second  order  predictors.  Alternately,  the  flr'e 
control  system  may  be  programmed  to  compute  a  moving  average  of  the  acceleration 
squared  and  use  these  results  to  switch  predictors. 

THE  DESIGN  PROCEDURE 


The  purpose  of  this  section  is  to  review  and  summarize  the  design  procedure  developed 
in  the  preceding  sections.  The  design  process  will  be  discussed  in  terms  of  the 
major  .teps  which  lead  to  fixing  the  filter  parameters. 


STEP  1:  ASSESS  VUE  BANDWIDTH  Of  THE  TARGET  MOTION 

In  this  step  the  designer  way  refer  to  power  spectral  oenslty  a.ta  for  targets  of 
the  broad  generir  tyoe  of  interest.  The  filter  will  be  designed  to  pas?  velocity 
motion  up  to  my  ,n  frequency. 

STEP  2:  ASSESS  THE  MAXIMUM  RMS  MISS  DISTANCE  AND  TIME  OF  FLIGHT 

Here,  the  size  of  the  target  and  nominal  hit  probabilities  are  used  to  assess  the 
maximum  RMS  miss  distance  (omissl*  Nominal  ranges  will  determine 
the  t  i  me  of  flight. 

STEP  3:  DESIGN  THE  FILTER  TO  ACHIEVE  ab  FOR  THE  PROPAGATED  ERROR  THROUGH  A 
SECOND  ORDER  PREDICTOR 

This  step  utilizes  the  results  from  Figures  1  and  2  to  obtain  r  and  q  of  the  filter 
The  ach  i  evabl  1 1  ty  of  observers  of  accuracy  on  the  order  of^TF  may  force  rite 
procedure  back  to  Step  1  at  this  point.  v 

STEP  4:  USE  THE  FILTER  FROM  STEP  4  TP  ASSESS  THE  MEAN  SQUARED  ACCF.ERATION 

This  step  is  an  off-line  data  analysis  of  the  acceleration  levels  for 
typical  targets. 

STEP  5:  DETERMINE  THE  ORDER  UP  THE  PREDICTOR 

In  this  step,  the  choice  between  first  and  second  order  predictors  is  made.  A 
line  of  Indifference  such  as  Figure  3  provides  the  boundary  between  the  two  pre¬ 
dictors. 

This  design  process  is  completely  free  of  iteration.  The  design  evolves  from  an 
assessment  of  target  power  spectra  to  sight  accuracy,  -J~f  ,  and  predictor  order 
(Step  5).  The  designs  are  based  upon  an  idealized  target  model,  and,  thus,  still 
require  experimental  verification. 


APPENDIX  A 

ANALYSIS  OF  PREDICTION  ERRORS 

The  purpose  of  this  section  Is  to  uutltrse  the  derivation  of  prediction  errors  in 
fire  control  systems.  It  will  be  presumed  that  predictors  are  designed  as  linear 
combinations  of  estimated  states,  i.e., 

Ap(t  +  tf)  *  T  fnX  ( t. ) 

whore  Tm  is  usually  of  the  form 

Tm  *  [1  tf  t2f/2...t*/ml] 

and  the  states  are  successive  derivatives  of  position.  The  predicted  position, 
f p  Is  to  be  compared  to  the  true  position  of  the  target  which  is  modeled  as 

X(t  +  tf)  *  Xg  (t  ♦  tf)  +  Xt [  (t  +  tf) 

where  X h ( t  +  tf)  is  the  deterministic  position  which  can  be  determined  by  the 
state  af.  t.  Xg- 1  (t  +  tf)  Is  the  target  induced  ('ll)  position  and  represents 
behavior  which  could  not  be  known  from  the  state  «t  t.  The  deterministic  part  of 
the  true  position  Is  modeled  as 

Xd(t  +  tf)  •  T„X(t) 

which  Is  an  Nth  order  laylor  series  approximation. 

Tne  target  induced  motion  may  be  modeled  as 
(*TlK  +  l  *  *k  ( XT 1 ) k  +  BUy 

which  Is  the  same  form  as  the  target  model  employed  In  the  filter.  It  represents 
random  walk  In  acceleration.  It  is  convenient  to  assume  that  ( X  j  j )  u  is 
Identically  zero  and  that  D*  Is  white  noise. 
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The  prediction  error  will  be  the  difference  between  the  predicted  position  and 
the  true  position 

£PE  *  Xp(t  +  tf)  -  X(t  +  tf) 

*  T»X(t)  -  TfjX(t)  -  X  T  j  ( t  +  tf) 

Utilizing  the  independence  of  Xfj.  and  the  X  and  X  variables,  the  variance  of 
prediction  error  is 

p£  *E(TmX{t)  -  TNX(t))2  *  E(XT,XTI'I 

2  2 

*  «  p  +  a  Tl 

I  hero  u^p  is  the  "propagated  variance." 

The  predictors  of  greatest  interest  are  the  under-de s i gned  ones  where  nXN. 

For  the  case  where  m  *  N , 

0  %  *  tN  p  Tli 

Likewise,  for  m  +  1  -  N 

°f*  "  2^m  2 

+  t;e(xx')t;' 


where 


l  T  E[(x-x)x*] 

JJ 

tJ,  *  [oo  o. . .  t  /M] 

The  additional  terms  in  the  above  raise  the  question  of  under  what  conditions  do 
the  m  th  and  m  *  1  th  predictors  produce  the  same  variance,  i.e., 

2  2  2 
(  “p'm  +  °T I  *  <  ^pU+l  +  °T  1 

The  target  induced  effects  cancel  out,  leaving  a  relationship  between  tbe  variance 
of  the  unused  states  in  the  m  th  order  predictor  (i.e.,  E(XX  )  and  the  filter  de¬ 
sign.  This  relationship  is  the  indifference  furction  between  the  m  th  and  m+1  th 
p--edi  ctors . 

The  cross  covariance  term,  l,  is  obtainable  from  the  steady  state  equation 
L  ■  (  1  -  XH)  (•  2*’  -  PB ' ) 

where  K  *  P/q  h'  ( r/q  +  H  P/q  h') 

Tbe  cnly  column  of  L  which  is  of  interest  is  the  one  corresponding  to  the  m+  1 
element  of  X,  Utilizing  the  fact  that  »(i,m+l)*  0  for  all  i  <m  and  (m+1,  m+1) 

»  1  leads  to 


Co 'm+1 (Z*  *  (*  '  KH)(*Colm+1(Z)-3m+1  *  B) 
which  is  linear  In  the  m  +  1th  column  of  l. 
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RMS  ACCELERATION,  M/SEC 


RMS  P8CMGATED  IMPACT  BKOR  THROUGH  A 
SSGDND  ORDER  HttOCTOR.MCriRS 

figure  3.  A  Typical  Lin*  of  Indifference  Between  First 
and  Second  Order  Predictors. 
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OPTIMAL  CONTROL  AND  ESTIMATION  FOR  STRAPDOWN 
SEEKER  GUIDANCE  OF  TACTICAL  MISSILES 

P.  L.  Vergez,  1  Lt ,  TJSAF 
J.  R.  McClendon,  1  Lt ,  URAF 
Air  Force  Armament  Laboratory 
United  States  Air  Force 
Eglin  Air  Force  Base,  Florida  1254? 


SUMMARY 

Inertially  stabilized  gitnballed  platforms  have  been  used  with  seekers  in  the  past  for 
tactical  missile  applications  because  of  limited  seeker  field s-of-view.  Gimballed 
platforms  increase  the  total  f ield-of-view  of  the  missile,  i.e.,  if  a  seeker  has  a 
f  iel  d-of-view  of  +  3*  ,  the  gimballed  platform  increases  the  missile's  field-of-viei%  to 
approximately  +  675°,  Future  guided  missiles  will  be  required  to  operate  in  much 
higher  dynamic  engagements  which  demand  the  use  of  expensive  gimbals  for  conventi.nal 
seekers.  Recent  advances  in  seeker  technology  have  increased  the  fields-of-view 
significantly,  such  that  future  missiles  could  have  the  seeker  fixed  to  its  body 
(eliminating  the  gimbals)  with  fields-of-view  in  excess  of  +  P0°.  These  body-fixed 
(strapdown)  seekers  introduce  large  measurement  errors  caused  by  their  optics  and 
electronics.  Conventional  guidance  and  filtering  techniques  do  not  work  well  with 
strapdown  seeker  measurements.  Recent  dither  adaptive  approaches  to  generate  inertial 
measurements  from  the  body  fixed  measurements  in  order  to  use  conventional  guidance 
have  failed  to  work  in  high  g  engagements.  However,  recent  Air  Force  Armament 
Laboratory  in-house  studies  indicate  that  guidance  an  !  estimation  algorithms  derived 
from  optimal  control  theory  can  function  well  with  strapdown  seeker  measurements  in 
high  g  engagements,  resulting  in  greatly  improved  missile  performance. 

INTRODUCTION 

Most  contemporary  tactical  guided  weapons  utilize  proportional  navigation  as  the  ter¬ 
minal  guidance  law  and  an  inertially  stabilized  gimballed  seeker  to  provide  guidance 
information.  The  proportional  guidance  law  is  most  often  used  because  it  can  be 
easily  implemented.  It  has  been  shown  that  proportional  navigation  is  most  effective 
under  restrictive  engagement  conditions,  i.e.,  small  of f-horesight  angle  launches, 
intercepting  low-maneuverability  targets;  however,  when  employed  in  engagements  that 
deviate  from  these  conditions,  proportional  navigation's  performance  is  degraded. 
Inertially  stabilized  gimballed  seekers,  which  track  the  target,  have  been  used  in  the 
past  because  of  field-of-view  limitations,  physical  implementation  requirements  to 
maintain  seeker  lock-on,  and  the  practical  consideration  that  this  method  provides  the 
most  direct  means  of  obtaining  the  required  inertial  line-of- sight  rates  necessary  for 
proportional  navigation. 

The  air-to-air  engagement  (fighter  versus  fighter)  is  analytically  and  operationally 
the  most  demanding  and  complex  scenario  in  the  guided  weapons  arena  from  the  pon-nt  of 
view  of  the  kinematics  of  the  engagement.  Further,  trends  in  operational  requirements 
Indicate  that  future  air-to-air  missiles  will  require  a  high  probability  of  kill  under 
total  sphere  launch  engagement  conditions  and  a  launch  and  leave  capability  when 
employed  against  a  wide  variety  of  highly  maneuverable,  intelligent  targets.  These 
requirements,  when  applied  to  conventional  guided  weapons,  demand  the  use  of  expensive 
gimbals  which  can  function  under  high  dynamic  conditions;  however,  this  does  not 
guarantee  good  missile  performance.  Recent  advancements  in  seeker  technology  have 
resulted  in  eeeker  designs  with  much  larger  fields-of-view  and  seeker  tracking  charac¬ 
teristics  which  do  not  require  the  seeker  centerline  to  point  in  the  general  vicinity 
of  the  target.  Examples  of  such  seekers  include  optical  and  radar  correlators, 
holographic  lens  used  with  laser  detectors,  and  phased  array  antennas. 

The  potential  advantages  of  such  seekers  are  numerous  and  result  basically  from  the 
fact  that  the  seeker  can  now  be  rigidly  fixed  to  the  weapon  body.  These  body-fixed 
seekers  (also  referred  to  as  strapdown  seekers)  have  the  potential  of  eliminating  the 
tracking  rate  limits  and  structural  limitations  of  inertially  stabilized  gimballed 
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seekers  while  simultaneously  reducing  the  mechanical  complexity  of  implementation  and 
calibration.  The  elimination  of  mechanical  moving  parts  would  In  tarn  eliminate  fric¬ 
tional  cross-coupling  between  pitch  end  yaw  tracking  channel*  and  accuracy  degradation 
due  to  missile  acceleration,  and  would  create  the  potential  for  an  increase  in 
reliability  of  electronic  components  over  mechanical  ones,  finally,  there  are  poten¬ 
tially  significant  cost  savings  associated  with  eliminating  the  gimbals. 

Despite  all  these  advantages,  there  are  potential  hazards  associated  with  integrating 
strapdown  seekers  into  the  overall  guidance  system.  These  strapdown  seekers  introduce 
large  measurement  errors  caused  by  their  optics  and  electronics.  Conventional 
guidance  techniques  do  not  wcrk  well  with  strapdown  seeker  measurements  for  two 
reasons:  first,  the  measurement  errors  introduced  by  strapdown  seekers  are  much  'ikith 
severe  than  measurement  errors  from  a  gimhalled  seeker,  making  conventional  filtering 
techniques  inadequate  for  filtering  the  noise  from  the  measurements:  second,  conven¬ 
tional  guidance  requires  inertial  referenced  meanurements  but  strapdown  seekers  only 
provide  body-fixed  measurements. 

decent  Air  Force  Armament  Laboratory  contract  efforts  investigated  dither  adaptive 
approaches  to  synthetically  generate  inertial  line-of- sight  rate,  such  that  prr  por- 
hional  navigation  could  be  used.  These  approaches  worked  well  against  low-g 
maneuvering  targets;  however,  they  proved  to  be  ineffective  against  high-g  maneuvering 
targets.  In  terms  of  future  operational  requirements,  this  approach  is  unacceptable. 
In  order  to  satisfy  these  requirements,  future  air-to-air  missiles  will  require 
advanced  guidance  algorithms.  Additionally,  in  order  to  implement  these  advanced 
guidance  algorithms,  more  information  about  the  missile  and  target  dynamic  stat.  s  will 
have  to  be  accurately  measured  or  estimated  on  hoard  the  missile.  The  very  nature  of 
this  problem  lends  itself  to  the  use  of  modern  control  theory  to  derive  the  advanced 
guidance  laws  and  modern  estimation  theory  to  develop  techniques  for  processing  the 
available  information  and  estimating  the  unmeasured  information. 

The  second  section  of  this  paper  presents  a  background  on  strapdown  seeker  guidance 
technology  performed  by  the  Air  Force  Armament  Laboratory.  The  third  section 
discusses  the  basic  differences  between  gimballed  seeker  systems  and  strapdown  seeker 
systems.  The  next  section  presents  the  guidance  law  and  estimation  algorithms  derived 
for  this  study.  This  section  is  followed  by  the  evaluation  and  results.  Finally,  the 
conclusion*  of  this  study  ar.d  recommend  al  Ion  a  for  future  study  are  discussed. 

BACKGROUND 

For  the  past  four  years  the  Air  Force  Armament  Laboratory  has  been  investigating 
strapdown  seeker  guidance  technology  for  tactical  missiles.  Contract  No 
F08635-" 7-C-01 44  Investigated  the  feasibility  of  implementing  strapdown  seekers  on 
air-to-surface  tactical  weapons.  Algorithms  were  developed  to  synthetically  generate 
Inertial  line-of-slght  rate  from  the  measurements  generated  by  a  strapdown  seeker  such 
chat  proportional  navigation  could  be  ueed.  The  algorithms  designed  and  evaluated 
throughout  the  study  were  developed  with  the  concept  of  digital  implementation  in 
mind.  This  was  the  first  study  in  which  a  digital  Implementation  of  the  strapdown 
seeker  and  sensor  signal  processing  waa  considered  and  attempted  via  high-speed,  low 
cost  microprocessors.  The  results  indicated  that  an  air-to- surface  guided  weapon 
incorporating  a  strapdown  seeker  had  a  performance  comparahle  to  the  same  weapon 
incorporating  a  gimballed  seeker, 

3.1  Contract  No.  F08635-77-C01 37  Investigated  the  feasibility  of  implementing  strap- 
down  seekers  on  air-to-air  tactical  weapons  and  also  designed  and  evaluated  an  autopi¬ 
lot  for  the  air-to- surface  weapon  used  in  the  first  contract.  The  results  of  the 
feasibility  study  Indicated  that  this  approach  worked  well  for  a  skid-to-tum  missile 
against  a  low-g  maneuvering  target  (<4  g's);  however,  the  performance  was  poor  against 
high-g  maneuvering  targets  (9  gTs) .  This  spproach  also  performed  poorly  for  a  bank- 
to-turn  missile  against  a  target  maneuvering  outside  the  missile's  pitch  plane  because 
the  missile  would  then  have  to  roll.  The  high  roll  rate  characteristics  of  a  bank-to- 
turn  missile  created  extreme  problems  for  this  approach. 

3.2  In  .January  1980,  the  Air  Force  Armament  Laboratory's  basic  research  program  in 
optimal  control  theory  applications  to  tactical  weapons  began  an  in-house  effort  to 
determine  the  feasibility  of  applying  optimal  control  theory  to  the  strapdown  seeker 
guidance  problem.  A  bank-to-tum  missile  model  was  used  along  with  realistic  strap- 
down  seeker  error  sources  identified  in  Contract  No.  F08635-79-C-01 37.  Guidance  and 
estimation  algorithms  ware  developed  tc  Improve  the  missile's  performance  in  short 
range,  high-g  engagements.  Performancs  was  greatly  improved  over  that:  shown  in  pre¬ 
vious  contractual  studies.  The  performance  was  still  not  as  good  as  that  obtained 
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from  the  same  missile  modal  with  a  gimballed  seeker.  The  latter  result  was  not 
totally  unexpected,  since  this  la  a  beginning  effo.r.  The  results  from  this  basic 
research  study  thus  far  have  shown,  that  advanced  guidance  laws  and  estimation 
algorithms  can  he  developed  and  applied  to  air-to-air  missiles  utilizing  strapdown 
seekers.  Future  efforts  in  this  area  should  demonstrate  this  approach's  full  pote*'- 
r.  i  a  l , 

BASIC  CONCEPTS 

There  are  major  differences  between  gimballed  seekei  a  and  strapdown  seekers.  A  gim¬ 
balled  system  has  a  seeker  that  is  mounted  on  a  two  gimbat  platform.  The  seekei  in  a 
gimballed  system  has  a  small  f ield-of -view  (FOV)  (perhaps  as  little  as  +3  degrees). 

The  gimballed  platform  permit,  the  seeker  to  cover  a  much  larger  r’ie!d-of-view.  The 
gimballed  seeker  provides  ■.eisuraments  of  inertial  line-of-sight  (LOR)  angle  and  LOS 
rate  for  a  passive  seeker,  and  range  and  range-rate  for.  an  active  seeker.  The  strap- 
down  system  has  a  seeker  that  is  rigidly  mounted  to  the  missile’s  body,  doing  away 
with  a  gimballed  platform.  The  strapdown  seeker  provides  measurements  of  range, 
range-rate,  and  error  angles,  (the  angle  between  the  missile's  X-axis,  the  X-axis 
pointing  out  of  the  nose  of  the  missile,  and  the  line-of-stght  vector).  In  a  gim¬ 
balled  system  the  measurements  are  virtually  independent  of  missile  body  motion; 
however,  in  a  scrapdown  system  the  measurements  contain  the  body  motion.  Hie  major 
error  sources  of  a  gimballed  system  are  gyro  drift,  glmbal  friction,  gimbal  cioss- 
couplings,  and  acceleration  sensitivity.  In  a  strapdown  system  the  major  error  sour¬ 
ces  are  the  seeker  measurements  themselves,  with  the  major  contrihuters  being  scale 
factor  error,  radome  errors,  glint  noise,  and  inherent  angle  alignment  errors. 

For  the  purposes  of  this  paper  the  error  sources  used  are  scale  factor  error  and  ther¬ 
mal  noise.  The  approach  is  to  develop  an  Extended  Kalman  Filter  that  explicitly 
accounts  for  these  error  sources  and  to  estimate  the  state  information  required  by  an 
advanced  guidance  law.  This  approach  along  with  some  digital  simulation  results  are 
presented  in  this  paper. 

4.1  The  Air  Force  Armament  Laboratory's  basic  research  program  has  teen  investigating 
many  control  and  estimation  theories.  The  guidance  law  selected  for  this  study  has 
been  found  to  be  good  in  terms  of  performance  versus  complexity  with  the  performance 
assessed  by  maximizing  inner  and  outer  launch  boundaries  for  a  specified  maximum  miss 
distance,  and  complexity  measured  In  terms  of  digital  implementation  in  state-of-the- 
art  weapon  systems.  The  guidance  law  selected  la  derived  from  Linear  Quadratic 
Gaussian  Theory.  The  only  assumption  made  in  the  derivation  of  the  guidance  law  is 
that  the  missile  has  instantaneous  response  and  complete  control  over  its  accelera¬ 
tion.  The  guidance  law  is  expressed  In  the  following  equations; 

AMg  “  3  (SRx/tgo2  +  Vgx/tgo  +  Kt  Afx>  C'a) 

''My  "  3  <?RY/tK°2  +  VRy^S0  +  kT  ATy>  Ob) 

aMj  “  3  (SRj/tgo2  +  +  kT  At z)  Oc) 

The  quantities  appearing  in  the  guidance  law  equations  are  described  below. 

Sr„,  Sg„,  Sr_  -  Three  components  of  relative  position  vector 

"  Sr  referenced  to  the  missile  body  (.Ft) 

vRy>  vRy>  vRz  -  Three  components  of  relative  velocity  vector 

Vg  referenced  to  the  missile  body  (Ft/sec) 

aTx,  aty.  At?  -  Three  components  of  target  acceleration  vector 

*  ‘  £  Ay  referenced  to  the  missile  body  (Ft/sec2) 

Afty.  AMy .  aMt  “  Three  components  of  missile  acceleration  command  vector 

*  '  An  referenced  to  th?  missile  body  (Ft/sec2) 

Kt  -  Target  acceleration  gain 

Kt  -  (e  “'tS0  -  xtgo  +1)  /  x2tgo2  (2) 

X  -  Target  acceleration  response  time  coefficient. 


tgo  -  Time-to-go  (sec)  (reference  1) 


2  Srx 


AXX  -  Oifference  between  missile  acceleration  command  and  K7  X  target, 
acceleration  in  the  axial  direction  (ft/see^) 


AXX  "  AMy  _  kT*  ATy  (*►) 

Kt’  -  Kt  evaluated  at  the  previous  time  interval 


kt'  -  kt  !  (5) 

|  (t-At) 


The  time-co-go  algorithm  has  the  advantage  of  explicitly  accounting  for  the 
missile's  axial  acceleration,  which  has  been  ignored  in  the  past;  thus  resulting 
in  more  optimal  lateral  and  normal  acceleration  commands. 

Since  the  measured  information  is  in  the  missile's  body  fixed  coordinate  system 
and  the  acceleration  commands  needed  for  the  autopilot  are  also  in  the  missile's 
body  fixed  coordinate  system  It  would  be  desirable  to  design  a  filter/guidance 
pnckage  that  operates  in  the  same  coordinate  system.  This  is  illustrated  in 
Figure  1,  where  p,  q,  and  r  are  the  three  missile's  body  and  angular  rates 
(roll,  pitch,  and  yaw  rate)  ,  and  ffnj,  are  the  azimuth  and  elevation  angles 

referenced  to  the  missile  body,  A^„  is 'the  missile's  achieved  acceleration  vec¬ 
tor  referenced  to  the  missile  body,  and  all  the  other  variables  are  the  same  as 
defined  above. 


Figure  1,  Guidance  and  Estimation  Missile  Body  Mechanization 

The  active  fi iter/estimator  selected  for  this  studv  is  an  Extended  Kalman  Filter 
(EKF),  This  type  of  filter  was  selected  because  the  measurements  could  be 
modelled  using  nonlinear  equations.  The  filter  is  needed  to  process  the  noise 
from  a  strapdown  seeker  ana  to  estimate  the  information  needed  by  the  guidance 
law  referenced  to  the  missile's  body-fixed  coordinate  system.  The  time 
invariant  standard  EKF  will  only  work  in  an  Inertial  fixea  coordinate  system  and 
will  only  process  Gaussian  white  noise  (thermal  noise);  therefore,  the  filter 
must  be  modified  to  estimate  information  referenced  to  the  body-fixed  coordinate 
system  and  to  process  noises  other  than  Gaussian  white  noise.  A  (low  diagram  of 
the  modified  EKF  deaigned  for  the  study  iu  illustrated  in  Figure  1,  with  the 
modifications  noted  with  an  asterisk  *.  Y  and  F  are  the  estimates  of  the 
filter's  state  and  error  covariances,  respectively.  The  remaining  steps  in  the 
diagram  are  accomplished  in  the  same  manner  as  a  time  invariant  standard  EKF. 
This  paper  is  limited  to  the  investigation  of  the  filter  modifications,  with  the 
standard  steps  left  for  the  reader  to  investigate  (References  2  and  S). 


)Z6 


Figure  2.  Modified  EKF  Flow  Diagram 


To  mechanize  the  F,KF  with  Its  stale  model  and  mea suremeot  model  referenced  in  the 
missile's  body  fixed  coordinate  system  and  to  process  both  thermal  noise  and  scale 
factor  error  requires  special  modi  .'icacions.  An  eleven  state  EKF  was  used  where  the 
states  are  composed  of  the  three  components  of  relative  position  (Sr) ,  relative  velo 
city  (Vr) ,  target  acceleration  (Aj)  and  the  longitudinal  and  lateral  components  of 
scale  factor  error  (Es) . 
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The  dif ferential  equations  ire  written  as  (reference  7). 


Sr 

-  VR 

f7a> 

vr 

“  At  -  Am  + 

Ch) 

*T 

-  -  A  At  +  W t 

f7r1 

Kr 

-  0  +  IJq 

CM) 

where  Wv[,  Wp,  and  Wg  are  the  process  noises  for  missile  acceleration,  target  accelera¬ 
tion,  and  scale  factor  error,  respectively. 

Rr  ,  vr,  and  At  are  ths  necessary  variables  used  for  the  guidance  law  and  Fg  is  use  1  in 
the  to  explicitly  account  for  scale  factor  error.  Since  the  scale  factor  error  Is 

a  constant  multiplicative  error  on  the  measurements,  equation  (71)  is  a  vs L i d  approxi¬ 
mation. 

The  nonlinear  measurement  equations  are  written  as 

(ha) 


(8b) 


where  Brg  ar.d  Bqg  are  the  azimuth  and  elevation  angles,  respectively,  and  v  is  the  pro¬ 
cess  noise  for  tfrn  and  Bern-  The  other  two  measurement  states  are  range  and  ranee-rate  (R 
and  R).  “ 

This  modification  now  accounts  for  both  thermal  noise  and  scale  factor  error  in  the 
KKF  ,  however,  there  is  still  the  problem  of  referencing  the  state  model  In  the 
missile' s  body  fixed  coordinate  system.  This  problem  occurs  because  the  standard  EKF 
for  a  time-invariant  system  ie  designed  to  translate  its  states  for  a  given  at,  hut 
does  not  account  for  the  missile's  rotations.  The  missile's  rotations  are  implicitly 
accourted  for  in  the  measurements.  If  the  measurements  are  referenced  to  the 
missile's  bedy,  all  knowledge  of  the  missile's  rotatior  Is  divested  from  the  F.KF.  For 
the  ERF  to  work,  the  miasile's  rotation  must  be  modelled  explicitly  in  the  filter 
design. 

To  rotate  the  filter's  states  IX)  it  is  necessary  to  have  a  good  measure  of  the  angu¬ 
lar  displacement  of  the  missile  over  a  given  at.  The  filter's  states  and  the  time 
interval  At  are  written  as 

X  -  [  Sr  Vr  At  ES  J  ‘  (V 

l  X  1 1 


At  -  tg  -  tfc-1  (10) 

The  angular  rates  (p,  q,  &  r)  are  known  for  any  given  peine  in  time  and  can  be  used  to 
obtain  the  angles  necessary  to  rotate  the  filter' a  states.  If  the  assumption  is  mad 
that  the  angular  accelerations  are  constant  over  At,  the  angular  displacement  ($,h, 

D  can  be  derived  in  the  following  manner: 


1 2B 


It 


♦  (At)  -  At  <p(tk)  +  p(t|<_!)) 


(11a) 


T 


ft  (At)  -  At  (q(tk) 

+  q(tk-i>> 

(11b) 

2 

¥  (At)  -  At  (r(tk) 

+  r(tk-1 )) 

(11c) 

- 3 - 

To  rotate  the  filter  states  from  time  tk-i  to  time  tk ,  the  following  operation  is 
needed. 


X’tfc  -  T'($,  (V.  W  %  (tk.,)  (12) 

A 

'■■There  X' tk  are  the  states  which  are  to  h?  propagated  and  T'  is  a  roll,  pitch  vaw 
ordered  rotational  matrix  represented  hy: 


Tl  T2  T-j 
T*  T*  Tg 
T?  Tg  T9 
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where 


Tl  - 

cos  ft  cos  yftsin  *  sin  T  sin  f> 

(14a) 

T2  - 

sin  f  cos  $ 

(14b) 

t3  “ 

-sin  ft  cos  ft  *  cos  ft  sin  ft  sin  ^ 

(14c) 

T4  - 

-cos  ft  sin  ft  +  ein  ft  cos  i'  sin  f 

(1  4d) 

T5  - 

cos  ft  cos  f 

(14  a) 

t6  " 

sin  ft  sir.  f  +  cos  ft  cos  ft  sin  ^ 

(14f) 

T?  - 

sin  ft  cos  0 

(14g) 

Tg  - 

-sin  f 

(  i  4h) 

t9  - 

cos  ft  cos  f 

(141) 

Hot*  that  T'  doe*  not  rotate  the  target  acceleration  states  nor  the  scale  factor 
errors.  This  is  because  the  target  acceleration  is  simply  modeled  as  a  process  and 
doea  not  realistically  represent  the  target's  acceleration.  Scale  factor  error  is  a 
constant  and  does  not  retire  rotation.  This  poses  a  special  problem  for  propagaclng 
the  state*,  and  error  covariance  matrix  since  the  relative  position  and  velocity  are  in 


a  different  coordinate  system  than  the  target  acceleration.  This  can  be  handled 
through  the  state  transition  matrix  by  Including  the  rotation  in  its  derivation, 
(liven  the  state  model 

X(t)  -  F  X(t)  +  h  U(t)  (IS) 

and  making  the  substitution  from  equation  (12),  the  state  model  becomes; 

X’(t)  «  T*  F  (T*)-l  X  (t)  +  T'  bll(t)  (In) 

where  F  is  the  stare  matrix  and  bU(t)  Is  the  state  forcing  function. 

The  state  transition  matrix,  §'  (tg,  tk_i)  is; 

§’  (tkl  tv.,)  -Op"1  ((SI  -  T*  F  (T*)-1)  I  (17) 

1  >  I  (t-at) 
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where 


F  ]  -  e~*At  +  Atx  -1 


X 


2 


F 2  -  1  -  e-»At 


(19a) 


(19b) 


X 

Because  T'  changes  each  time  the  filter  is  called,  the  state  transition  matrix  will 
have  to  be  updated  every  at. 

The  propagation  and  update  equations  for  the  filter  states  and  error  covariances  and 
the  solution  for  the  Kalman  gain  matrix  ave  the  same  as  that  outlined  in  reference 
(2). 

The  filter  la  now  estimating  relative  position  (Sg)  and  velocity  (Vg)  with  respect  to 
the  missile' a  body-fixed  coordinate  frame  and  target  acceleration  (At)  in  a  non- 
rotating  coordinate  frame.  To  use  equation  (1)  in  body-fixed  coordinates,  At  will 
have  to  be  rotated  into  the  missile' s  body-fixed  coordinate  frame  in  the  following 
fashion: 

at'  -  t"  at  (2n) 

where 
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T"  » 


T|  T2  T3 

t4  t5  t6 
T7  Tfi  Tq 


(21) 


with  T  i  >  t2,  T3,  T4i  T5,  Tis,  I7  ,  Tfi,  To  defined  ir.  equation  O'O. 

The  target  acceleration  is  rotated  in  the  guidance  law  because  it  i«  row  considered  as 
actual  target  acceleration  instead  of  a  Markov  Process. 

The  guidance  law  now  looks  like: 

AMx  -  3  (SR),/tgo2  +  VRx/tgo  +  KT  A*tx)  (22a) 

AMy  “  3  (SRy/tgo2  +  VRy/tgo  +  KT  A'Ty)  (22b) 

^MZ  “  2  (SRz/tgo2  +  VR,/tgo  +  KT  a.>Tz)  (?2h) 

with  Kq>  defined  in  equation  (2) . 

Now  the  guidance  law  is  in  the  missile's  body-fixed  coordinate  frame  which  feeds 
directly  into  the  autopilot  without  any  transformation. 

EVALUATION 

To  evaluate  the  guidance  and  estimation  algorithms  developed  for  this  study  a  detailed 
six-degree-of-freedom  (6-DOF)  simulation  of  a  generic  bank-to-turn  short  range  lir-to- 
air  missile  was  used.  T.ie  target  used  in  the  simulation  incorporated  a  "smart" 
target  algorithm  incorporating  a  nine-g  out-of-plane  evasive  maneuver.  The  simulation 
contains  detailed  nonlinear  math  models  of  the  major  missile  subsystems  including  the 
seeker,  autopilot,  and  propulsion  systems;  realistic  noise  models  of  the  on-board  sen¬ 
sors  and  seeker  models;  detailed  aerodynamic  models  of  missile  airframe 
characteristics;  and  the  models  that  describe  the  missile's  equations  of  motion.  This 
missile/target  combination  was  selected  because  it  represents  desired  performance 
capabilities  for  the  future  guided  weapons. 

It  is  difficult  to  establish  a  baseline  for  comparison  because  no  previous  approaches 
using  strapdown  seekers  have  provided  successful  performance  results  when  using  the 
same  missile/ target  models.  To  evaluate  the  algorithms,  a  plot  of  miss  distance  ver¬ 
sus  launch  range  was  generated  for  the  case  of  0®  of f-boresight  (the  of f-boresight 
angle  defines  the  angle  between  the  initial  line-of-sight  vector  and  the  initial 
missile  velocity  vector,  therefore  0°  of  f-boresight  means  the  mir.sile  was  launched 
directly  at  the  targat)  and  90*  aspect  angle  (the  angle  between  the  initial  line-of- 
sight  vector  and  the  targets  velocity  vector  at  launch).  The  missile  and  target  were 
co-altltude  (10000  feet)  f.t  launch  and  were  co-speed  at  launch  (.9  Mach).  The  target 
performed  its  evasive  out-of-plane  maneuver  when  the  range  became  less  than  6000  feet. 
This  case  was  selected  because  in  previous  studies  it  represented  one  of  the  most 
challenging  shots  for  the  lnertial.ly  referenced  guidance  and  estimation  algorithms  to 
handle,  figure  3  shows  the  results  of  this  evaluation.  The  solid  line  represents  the 
results  if  all  the  information  required  by  the  guidance  law  was  available  without  any 
noise  corruptions  (this  represents  the  deterministic  results).  The  dasher!  line  repre¬ 
sents  the  results  using  the  guidance  and  estimation  algorithms  and  realistic  noise 
models.  Because  the  noise  models  represent  random  processes,  numerous  Monte  Carlo 
analyses  had  tc  be  performed.  A  mean  miss  distance  of  ten  feet  or  less  was  considered 
a  hit,  and  anything  greater  than  ten  feet  was  considered  a  miss. 

As  can  easily  be  seen  from  Figure  3,  the  advanced  guidance  and  estimation  algorithms 
perform  very  Will  for  launch  ranges  up  to  1 300C  feet. 
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Figure  3.  Performance  Evaluation 
CONCLUSIONS  AND  RECOMMENDATIONS 

The  results  .'f  this  effort  have  demonstrated  the  feasibility  of  using  optimal  contro. 
and  estimation  theory  for  deriving  advanced  tactical  missile  strapdown  seeker  guidance 
concepts  to  yield  high  performance  guidance  algorithms.  This  was  accomplished 
strictly  through  software  modifications  without  changing  the  characteristic s  of  the 
other  missile's  subsystems. 

The  fact  that  the  algorithms  did  not  perform  well  In  the  longer  range  launches  can  be 
attributed  to  two  things;  first,  the  large  noise  levels  from  a  strapdown  seeker,  and 
second,  the  fact  that  the  guidance  law  was  derived  to  Improve  the  missile's  short 
range  capabilities. 

To  pursue  the  full  potential  of  this  high  pay-off  technology,  a  more  detailed  program 
geared  toward  the  derivation  of  guidance  and  estimation  algorithms  using  theories 
(such  as  dual  control  theory)  that  are  more  applicable  to  the  strapdown  seeker 
guidance  problem  should  be  considered.  Tba  consideration  of  air  typical  noise  sources 
from  a  strapeown  seeker  should  also  be  Included  in  this  program. 

The  advantages  of  strip-down  seekers  over  those  with  two-axis  gimbals  should  make  them 
attractive  for  future  applications.  These  advantages  include  Increased  reliability 
with  the  elimination  cf  moving  parts  and  the  elimination  of  errors  due  to  gimbal  fric¬ 
tion  and  mlsiili  accelerations.  Strejy'own  ry»t»m»  <j<v>V!  potentially  be  lower  in 
weight  and  cost.  This  would  be  particularly  true  in  the  long  term  as  the  cost  of 
electronic  components  decreases  with  respect  to  mechanical  components. 
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SUMMARY 


This  Is  a  preliminary  report  of  current  research  on  the  development  of  enhanced 
mathematical  models  to  characterize  and  predict  the  motion  of  an  attack  air¬ 
craft  engaged  In  air-to-ground  weapor  delivery  maneuvers.  The  salient  feature 
of  this  study  Is  the  application  of  an  Integrated  modeling  technique  which  com¬ 
bines  game-  theory,  raarkov  chains,  and  multivariable  time  series  models.  The 
goals  of  this  study  are  twofold;  (1)  the  delineation  of  mathematical  models 
which  lead  to  an  Increased  understanding  of  the  effective  attributes  of  evasive 
maneuvering  by  attack  aircraft,  and  (11)  the  development  of  improved  filtering 
and  prediction  algorithms  for  the  related  AAA  fire  control  problem. 

Thu  present  study  la  an  outgrowth  of  rn  earlier  study  (1)  which  characterized, 
identified,  and  validated  robust  mathematical  models  for  the  motion  of  an  attack 
aircraft  during  Its  wrapon  delivery  pass  against  a  defended  target.  These  new 
maneuver  models  provided  the  basis  for  enhanced  filtering  and  prediction  algo¬ 
rithms  was  based  on  a  synthesis  of  univariate  time  series  methods  and  game 
theoretic  analysis.  This  synthesis  lead  to  (1)  the  development  and  validation 
of  a  practical  design  procedure  for  high  performance  target  state  estimators  In 
the  presence  of  moderate  to  large  parameter  uncertainty ,  and  (11)  a  technique 
for  designing  a  class  of  "worst  case"  maneuver  processes  to  blunt  the  effective¬ 
ness  of  AAA  systems, 

A  central  aspect  of  the  research  reported  In  (1)  was  the  use  of  authentic  flight 
test  data,  which  consisted  of  eleven  sample  flight  profiles  an  aircraft  might 
perform  while  attacking  a  defended  ground  target.  The  actual  data  wae  gathered 
during  flight  teste  with  an  A?-E  aircraft  at  the  NWTC,  China  Lake,  California. 
These  attack  profiles,  which  also  constitute  the  flight  test  data  base  for  this 
present  study,  are  described  In  detail  In  Chapter  II  of  reference  (1).  This 
kinematic  data  base  describes  the  aircraft  motion  in  a  cartesian  coordinate 
system,  where  the  origin  of  this  coordinate  system  la  the  aircraft's  Intended 
target,  aB  well  as  the  assuned  location  of  the  AAA  weapon  system.  The  kinematic 
data  aescrlblng  the  eleven  flight  profiles  in  the  XY Z  coordinate  ByBtem  includes 
consistent  position,  velocity,  acceleration,  and  accereration-dot  data  in  each 
coordinate  with  a  time  increment  uf  0.1  sec.  Hie  primary  models  developed  In 
(1)  characterize  the  aircraft  motion  in  terms  of  "decoupled"  autoregressive 
(AR)  models  for  the  Individual  acceleration-dot  time  series  In  X,  Y,  and  Z.  We 
suminarlze  the  salient  results  of  this  earlier  study  witu  the  following  remarks: 
(1)  Although  the  eleven  flight  paths  appear  significantly  different  t.o  thB 
"naked  eye,"  the  thirty-throe  aooeleration-dot  time  series  In  the  data  base  -- 
eleven  flight  paths  times  three  directions  --  are  shown  to  be  accurately  modeled 
by  a  single  robust  fifth-order  autoregressive  model.  The  cloven  flight  paths 
In  this  data  base  Include  three  dive  toss  maneuvers,  five  dive  maneuvers,  and 
three  pop-up  maneuvers.  The  acceleration-dot  processes  wore  Incorporated  in 
the  model  development  since  the  acceleration,  velocity,  and  position  time  aerios 


133 


are  all  significantly  nonstationary.  (ii)  .Substantial  Improvements  In  overall 
prediction  capability  ape  achievable  by  using  robust,  hlgh-order  f liter-predictor 
algorithms  based  on  a  fifth-order  AR  model  of  acceleration-dot  instead  of  the 
"usual"  (benchmark)  third-order  algorithms  based  on  a  first-order  AR  model  of 
acceleration.  (ill)  Typical  improvements  in  average  hit  probability  achieved 
by  the  new  .models  developed  in  (1)  versus  the  standard  benchmark  model  based  on 
a  first-order  AR  model  of  acceleration,  ranged  from  25  to  15  pe-cent.  The 
specific  enhancement  in  average  hit  probability  associated  with  these  new  filter- 
predictor  algorithms  depends  on  the  specific  flight  path,  and  the  noise  Levels 
in  the  unfiltered  observations.  The  unflltered  observations  were  modeled  by 
target  range,  azimuth,  elevation,  and  the  respective  rafes. 

THE  NEW  MOTELS 

The  new  models  being  developed  and  tested  in  this  present  study  ere  based 
on  an  integration  of  finite  markov  chain  models  for  aircraft  normal  acceleration 
with  autoregressive  integrated  moving  average  (ARIMA)  models  for  aircraft  tan¬ 
gential  acceleration  and  bank  angle.  Th-_  consideration  of  dynamic  stochastic 
models  for  target  motion  based  on  target  aspect  (bank  angle)  as  well  as  aero¬ 
dynamic  variables  (normal  and  tangential  acceleration)  was  motivated  by  au 
earlier  investigation  reported  in  (2).  These  preliminary  results  Indicated 
that  enhanced  prediction  capability  might  be  achievable  based  on  prediction 
algorithms  defined  in  terms  of  target  aspect,  airspeed,  and  normal  acceleration, 
particularly  over  extended  prediction  intervals  (e.g. ,  3-5  sec.).  We  remark 
that  other  investigators  working  in  the  air-to-air  fire  control  environment 
have  recently  considered  3tate  estimation  algorithms  based  on  target  aspect  and 
normal  acceleration.  However,  these  collateral  works,  which  are  reported  in 
(3)  &  (4),  do  not  make  use  of  any  flight  teat  data. 

The  factors  which  suggest  modeling  target  motion  in  terms  cf  bank  angle,  normal 
acceleration,  and  tangential  acceleration  are:  (1)  A  desire  to  describe  target 
motion  in  terms  of  decision  variables  under  the  convrol  cf  the  pilot  (11)  Tne 
recognition,  based  on  theoretical  considerations  as  well  as  empirical  studies, 
that  the  stochastic  dynamic  behavior  of  the  individual  X,  Y,  A  Z  acceleration- 
dot  time  series  for  a  given  flight  profile  are  strongly  coupled  in  a  noncausal 
fashion.  (ill)  The  recognition  that  alternative  models  for  target  motion  haseu 
on  aspect  and  aerodynamic  variables  could  allow  the  exploitation  of  partially 
redundant  dynamic  data  in  the  context  of  seeking  enhanced  prediction  capability 
through  multisensor  integration. 

PRELIMINARY  RESULTS 

(l)  The  Tlrst  phase  of  the  present  study  focused  on  the  identification  and 
estimation  of  univariate  time  series  models  for  target  bank  angle  (PA),  normal 
acceleration  (NA),  and  tangential  acceleration  (TA).  These  results  indicate 
that  the  eleven  BA,  NA,  l>  TA  time  aeries  can  be  adequately  modeled  by  three 
separate  ARIMA  mcdela.  (11)  A  single  input  single  output  (si£h)  transfer 
funotlon  analysis  indicates  that  while  there  are  weak  causal  relations  between 
i)'.  and  NA,  and  between  NA  and  TA,  it  is  adequate  to  treat  the  individual  BA, 

NA,  A  TA  time  series  for  a  given  flight  path  as  independent  series.  (ill)  The 
NA  time  aeries  for  each  flight  path  exhibits  significant  piecewise  linear 
behavior.  This  suggests  that  the  rate  of  change  of  no*mal  acceleration  can  be 
modeled  as  a  finite  state  markov  ohaln.  Preliminary  analysis  suggests  t  ist 
this  markovlan  model  Is  quite  competitive  wlh  the  previously  described  ARIMA 
modal  for  NA  as  Judged  by  the  relative  prediction  capability  of  each  model. 

(lv)  Preliminary  version*  ©*  these  new  models  orovlde  overall  prediction 
capability  which  la  comparable  to  that  provided  by  the  models  described  in  (1). 
However,  sinoe  these  results  were  obtained  in  u  noiseless  environment  and  since 
the  supporting  game  theoretlo  sensitivity  analysis  rem&inB  to  be  completed,  we 
view  the  present  results  as  a  good  Indication  of  future  prospects. 
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ABSTRACT 

The  paper  presents  results  of  a  wind  tunnel  test  program  using  .1  dynamical 1  ••  •  caied 
helicopter  rotor  model  to  evaluate  the  use  of  higher  harmonic  blade  pitch  control  <1 
a  means  for  reducing  helicopter  vibration  levels.  The  test  program  involved  the  um 
of  an  adaptive  automatic  control  system  which  employed  Kalman  filter  estimation  of 
parameters  and  optimal  control  theory.  Test  data  are  present'd  L ■  show  that  ivniit 
cant  reductions  in  the  rotor  vibratory  vertical  force  and  vibratory  pitching  moment 
were  obtained  over  the  range  cf  advance  ratios  tested.  Simultaneous  r«  faction  of 
the  vibratory  rolling,  moment  was  not  achieved  at  all  advance  ratios,  and  the  reasons 
behind  this  result  remain  an  open  issue.  The  wind  tunnel  results  inuicato  that  the 
higher  harmonic  inputs  resulted  in  an  increase  in  the  edgewise  bending  moments, 
torsional  moments,  and  control  loads.  The  increased  loads  experienced  during  the 
test  were,  however,  well  within  the  design  loads.  Tht  results  of  the  test  program 
thus  indicate  that  active  higher  harmonic  blade  pitch  control  offers  a  viable  means 
of  achieving  reduced  helicopter  vibration  levels. 


SYMBOLS 


C^,  Cj  caution  terms 

E  expected  value  of  a  stochastic  quantity 

J  magnitude  of  optimal  control  penalty  function 

T  transfer  matrix  relating  higher  harmonic  inputs  to  vibratory  responses 

T0  nominal  value  of  transfer  matrix 

W.7  matrix  of  response  weights 

W()  matrix  of  control  weights 

Z  column  of  vibratory  responses 

Zq  column  of  bas?line  vibratory  responses  (without  higher  harmonic  control) 

Zqq  nominal  values  of  baseline  vibratory  responses 

jT  perturbation  transfer  matrix 

jZp  perturbation  baseline  response  vector 

60  perturbation  higher  harmonic  input  vector 

0  higher  harmonic  input  vector 

0  nominal  higher  harmonic  input  vector 

SUPERSCRIPTS 

T  transpose  of  a  matrix 

A  estimated  value  from  Kalman  filter 

*  optimum  higher  harmonic  inputs 


INTRODUCTION 

The  U  S.  Army  Research  and  Technology  Laboratories  (AVRADCOM) have  u  wide  ranging 
research  program  aimed  at  investigating  means  for  achieving  reduced  vibration  levels 
in  helicopters.  One  of  the  concepts  being  explored  is  higher  harmonic  rotor  blade 
pitch  control. 


137 


Higher  harmonic  control  (HHC)  is  a  means  whereby  reduced  vibration  levels  in  the 
airframe  are  sought  through  tailoring  of  the  vibratory  aerodynamic  loads  on  the 
blades,  Ir.  this  concept  the  vibratory  forces  and  moments  which  cause  airframe 
vibration  are  altered,  at  their  source,  before  they  reach  the  airframe.  This  is 
in  contrast  to  the  more  conventional  passive  means  of  vibration  control  such  as 
12  3 

vibration  absorbers  ’  and  vibration  isolators  which  deal  with  the  vibratory  loads 
after  they  have  been  generated. 

The  current  program  has  involved  the  development  of  algorithms  for  determining  the 
higher  harmonic  control  inputs  and  the  wind  tunnel  testing  of  the  higher  harmonic 
control  concept  using  aeroelastically-scaled  articulated  rotor  models.  A  flight  test 
program  is  planned  to  further  evaluate  the  wind-tunnel-developed  HHC  system.  This 
paper  will  present  results  from  recent  tunnel  testing  which  involved  the  application 
of  a  closed  loop  "automatic"  control  system. 


HIGHER  HARMONIC  CONTROL  CONCEPT 

Higher  narmonic  control  is  achieved  by  superimposing  non-rotating  swashplate  motions 
at  the  blade-passage  frequency  (4P  for  a  4  bladed  rotor)  upon  the  basic  collective 
and  cyclic  flight  control  inputs.  (Note:  Harmonics  of  the  rotor  rotational  frequency 
will  subsequently  be  denoted  as  IP,  2P,  3P,  etc.)  The  frequency  of  the  inputs  is 
picked  at  the  blade  passage  frequency  because  this  is  the  frequency  of  the  loads  which 
are  to  be  suppressed.  The  amplitude  and  phase  of  the  higher  harmonic  inputs  are 
chosen  so  as  to  achieve  minimization  of  the  responses  being  controlled. 

This  approach  to  control  vibratory  loads  has  been  the  subject  of  a  number  of  recent  wind 
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tunnel  investigations.  ’  ’  These  investigations,  which  were  each  conducted  on  signi¬ 
ficantly  different  types  tf  rotor  systems,  all  showed  that  higher  harmonic  control  was 
successful  in  reducing  the  vibratory  loads  transmitted  by  the  rotor  to  the  airframe. 
These  tests  further  indicated  that  the  amplitude  of  higher  harmonic  blade  pitch 
inputs  required  to  achieve  the  desired  reductions  was  small--on  the  order  of  one 
degree  for  the  conventional  helicopter  flight  envelope. 

Thu  primary  parameters  which  determine  the  success  of  the  higher  harmonic  inputs  in 
reducing  the  vibratory  loads  are  the  amplitudes  and  phases  of  the  various  inputs.  In 
the  references  4,  5,  and  6,  these  inputs  were  determined  througn  trial  anc  error 
testing.  This  trial  and  error  approach  is  satisfactory  if  one  is  using  a  single  input 
to  control  a  single  response.  However,  when  three  controls  are  used  to  control  one  or 
more  responses,  then  the  number  of  possible  combinations  of  inputs  becomes  too  numerous 
for  the  trial  and  error  approach  to  be  successful.  Furthermore,  if  the  higher  harmonic 
control  technique  is  to  be  applied  to  production  helicopters  then  some  systematic  means 
must  be  available  to  determine,  automatically,  the  required  inputs.  The  means  for 
automatically  determining  the  higher  harmonic  inputs  constitutes  a  closed  loop  active 
control  system. 

ACTIVE  CONTROL  SYSTEM 

A  schematic  of  the  active  control  system  employed  in  obtaining  the  results  reported 
herein  is  shown  in  figure  1.  In  this  case  a  four-bladed  rotor  wind  tunnel  model  (to 
be  discussed  later)  was  used  and  the  4P  higher  harmonic  inputs  were  used  to  control  the 
4P  vibratory  responses  in  vertical  force,  pitching  moment,  and  rolling  moment.  In 
figure  1,  the  vibratory  responses  from  the  model  (containing  all  the  harmonics)  are 
input  to  an  electronic  control  unit  (ECU) .  The  ECU  actually  performs  two  separate 
functions,  the  first  of  which  is  to  extract  from  the  total  vibratory  response  signals 
the  amplitude  and  phase  of  the  4P  contribution,  since  it  is  this  contribution  which 
is  to  be  minimized.  The  ECU  contains  an  analog  implementation  of  a  demodulation 
scheme  which  provides  the  sine  and  cosine  components  (from  which  the  amplitude  and 
phase  may  be  determined)  of  the  4p  responses  in  real  time. 

The  sine  and  cosine  components  of  the  4P  responses  are  passed  from  the  ECU  to  a  digital 
computer  which  contains  the  software  for  the  control  algorithms.  The  nature  of  the 
control  algorithms  will  be  discussed  i.i  a  subsequent  section.  The  control  software 
maxes  use  of  the  measured  responses  to  previous  4P  higher  harmonic  inputs  to  determine 
the  "optimum"  higher  harmonic  inputs.  The  sine  and  cosine  components  of  these 
"optimum"  inputs  are  output  from  the  computer  as  d.c.  voltages  which  are  passed  to  the 
ECU.  The  ECU  then  performs  its  second  function  which  is  to  convert  the  d.c.  voltages 
from  the  computer  to  4P  oscillatory  analog  signals  buying  the  correct  amplitude  and 
phase  to  drive  the  control  system  servos.  The  modk  then  responds  to  these  inputs  and 
the  control  loop  begins  again. 
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The  IP  and  64P  signals  shown  on  figure  1  are  timing  signals  used  by  the  ECU  in 
extracting  the  4P  components  of  the  responses. 


Fig.  1  Block  diagram  of  closed  loop  higher  harmonic  control  system. 

CONTROL  ALGORITHMS 

The  control  algorithms  employed  in  the  program  make  use  of  digital  optimal  control 

theory.^  In  implementing  the  theory,  it  is  assumed  that  the  4P  system  response  may  be 
described  by  the  following  equations. 

}z|  =  \zQ)  +  fr]  M  (1) 

Note  that  these  equations  constitute  a  static  linear  representation.  The  equations 
state  that  the  system  4P  response  is  made  up  of  a  baseline  response  plus  a  response 
which  is  related  to  the  4P  inputs  by  n  transfer  matrix.  Thus,  ;.f  the  number  of 
responses  is  the  same  as  the  number  of  inputs  and  if  the  baseline  responses  and 
transfer  matrix  are  known,  then  a  set  of  4P  inputs  could  be  found  which  would  null 
the  4P  responses. 

The  first  portion  of  the  control  strategy  is  thus  to  determine  the  baseline  response 
and  the  transfer  matrix.  Since  it  is  undesirable  to  turn  the  control  system  off  to 
measure  the  baseline  response,  and  since  information  about  the  system  is  available 
from  past  HHC  inputs  and  the  resulting  responses,  an  identification  algorithm  Ls  used 
to  determine  Zq  and  T.  The  identification  algorithm  used  is  the  Kalman  filter,® 

This  algorithm  may  be  thought  of  as  a  generalized  form  of  a  least-squares  algorithm 
which  accounts  for  the  fact  that  the  measured  responses  may  be  contaminated  by  noise 
and  the  transfer  matrix  may  be  changing  with  time. 

Once  the  baseline  responses  and  the  transfer  matrix  are  known,  optimal  control  theory 
can  be  used  to  determine  the  "optimum"  inputs.  Several  "controllers"  were  developed 
for  the  active  control  system  and  these  controllers  were  extensively  tested  using 
computer  simulation  prior  to  the  wind  tunnel  testing.  Four  of  these  controllers  will 
be  discussed  briefly  to  illustrate  their  salient  features. 

The  first  controller  is  one  which  will  minimize  the  performance  index. 


If  it  is  assvEBed  that  the  transfer  matrix  is  known  without  error,  then  the  inputs 
which  minimize  the  above  performance  index  are  Riven  bv 

*  ,at  A  1-1  rAT  Ai 

o  =  -fr  vz  r  +  w(J]  1  w,.  /J  m 

Note  from  equation  (3)  that  if  the  response  weighting  matrix,  W., ,  is  the  identity 
matrix  and  the  control  weighting  matrix,  Wg,  is  zero,  then  the  result  from  equation 

(3)  is  the  same  as  solving  equation  (1)  directly  for  the  inputs  which  will  give  ::er<> 
responses.  The  weighting  matrix  on  the  responses  allows  one  tt  place  more  emphasis  on 
reduction  of  some  of  the  responses  than  others.  The  control  weightings  a'luv.  *>ni- 
limit  the  amplitude  of  controls  allowed. 

It  should  be  noted  that  the  performance  index  of  equation  (1)  and  the  controller  of 
equation  (3)  are  deterministic.  If  tKe  performance  index  is  assumed  to  be  stocii.t'-'  ic . 
i .  e .  , 

,i  =  e|ztwzz  +  oTw(l«}  ti  > 

then  the  controller  of  equation  (3)  is  modified  by  terms  which  are  based  on  the  covar¬ 
iance  matrix  of  the  Kalman  filter.  Detailed  discussion  of  these  term.:,  i:  beyond  the 
scope  of  this  paper,  but  the  controller  has  the  form 

<*  “  '[TWZT  +  W0  +  Oj-1  |TTWzZ0  +  C.]  (5) 

The  effect  of  the  added  terms  and  Cz  is  to  introduce  caution  into  the  controller 

since  these  terms  account  for  parameter  uncertainties  as  reflected  by  the  Kalman  filter 
covariance  matrix.  These  first  two  controllers  (eq .  (3)  and  eq .  (5>)  are  adaptive  in 
that  the  estimates  of  the  parameters  used  in  the  model  (eq .  (1))  are  continuously  updated 
through  the  Kalman  filter,  and  the  updated  parameter  estimates  are  used  to  determine 
the  optimal  inputs 

Neither  the  controller  of  equation  (3)  nor  the  controller  of  equation  (3)  assume  any 
prior  knowledge  of  Che  system  behavior.  If  it  is  assumed  that  the  T-matrix  is  known, 
then  a  constant  gain  controller  is  obtained  as 

-  -  tVVo  ♦  we] ' ' 1  CtoTVo]  < « > 

In  this  case  only  Zq  is  estimated  by  the  Kalman  filter  and  the  T0-matcix  is  preprogrammed 
based  on  test  or  flight  conditions. 

Since  the  T-roatrix  may  not  be  known  perfectly  at  all  flight  conditions,  a  perturbation 
controller  was  developed  which  assumes  that  the  model  of  equation  (1)  is  perturbed 
about  an  assumed  nominal  value  of  TQ  and  Zq,  i.e.. 


The  optimum  inputs  for  the  perturbation  controller  are  given  by 

8  -  8c  +  48 

8o  s  '  [TowzTo  +  w9]*l[ToVoo] 

48*  -  ^[TowzTo  +  we]_i  T0Hz[«o  +  4™o] 

The  Kalman  filter  is  used  in  this  case  to  estimate  the  perturbation  quantities  4ZQand4T. 


The  Kalman  filter  used  in  the  estimation  portion  of  each  of  the  above  controllers  is  a 
recursive  algorithm  and  thus  each  new  measurement  of  the  responses  leads  to  an  updated 
estimate  of  the  parameters  in  the  model  of  equation  (15.  With  each  update  of  these 
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p.v.vunet  ers  ,  updated  optimum  inputs  art  calculated  and  applied  to  the  rotor  cent  ml 
.‘■vs  tom  and  the  cvclo  -serins  np.ain.  The  control  al  >-or  i  t  bins  art  executed  vers*  quici’l-' 
hv  i ho  computer  and  permit  updating  the  upLunal  couLi'ul  solution  every  r*  vi>hit  jen 
tin  rot  o'*.  The  algorithms  would  nc  re-ally  permit  more  rapid  updating  of  the  solute-ie 
hut  it  i  :■  fell  ;  hut  ouce-per  -  vi-ve  1  ut  i«>n  ujul.it  i  up.  i  :  uiriciiiit  to  ureonmioda  t  e  the  • 
l.ipid  rh,  uie.es  in  t  1  i  t  com!  i  t  i  <  »n>;  which  i«iiv\ln  he  exju-r  i  enced  i«v  a  lielieopter 
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The  basic  wind  tumu  1  model  used  in  tin-,  invest  ij.at  ion  war-  the  Aeroeiu-  t  ic 
experimental  Svstom  t'AKKS'i  ■bown  in  \  iy.ure  .  !  1  *  i : .  moth!  is  the  .nieces,  or 

model  described  in  1‘eleri.nvi  and  it  i  *.  ir-e.l  ;.«r  ,n  i  *  u-i  nsl  i  t  i  live:,  t  \  p  1 1  n 
scale  r* nor  systems.  The:  e  incest  ipaliom  am  conduct  .a!  :n  the  NASA  l-aneli 
hvnair.i i':.  Tunnel  (TPT1 . 


to  [  I :  i 

■nr  ni  mo 


The  T1V1  is  a  coni  i  nuous  -  f  \  .»w  tniinrl  with,  a  !<>:m.l  ii-:.i  a-cl  it'll  and  is  i/ap.i 

npi’l'cit  lest  over  a  Nue!:  number  •.‘.•nj,.t  ue  :  •>  !  .’  ■  at  •  t  .-»•>!::  ion  •pressure:.  I  ro’!: 

at  mo'phci’e .  T!u  t\!nr.el  test  :  •  -i*  i  ■  *n  i-  ■  .  ■  quart  ..ith  iToppt-ii  corners  a 

cross  sect  i  ona  1  area  ol  d  1  .  Kiiher  ait  •  r  1  rrnr.  I  ::i.iv  be  ust  d  as  a  ’e  . 

the  Tlo’.  i-‘or  this  i  sive- 1  i  ■-•a  5  i  ■  !i  ,  :  r»  » ■-*  i  -  i  a.  a  iminai  dtusitv  i  .  u'«  !-’>• . 

as  a  test  medium.  hue  adv.int  a-.ns  «>l  u  •  i  r.y  !  non-  1  .tr.  a  test  medium  lor  ae 

model  les.liup,  ha\'e  heen  diseased  in  m  ;  i-m-tue:  ln  and  11  , 

The  ARKS  is  powered  hv  a  lb  V\<  variable  f requeue-  svpch.'nnows  electric  rojo 
to  the  rotor  shaft  threu.d:  a  ’-i  !t  driven,  t  -..-u- s  i  He  e  redact  ion  svsiim.  a- 

attitude  is  ehaur.ed  m .  ine.  a  :  cm*  •!  i  .  controlled.  !  -i  r.i'.i  1  i  e  aci  ii.s!  »r  and.  i  1  re 

svstem.  The  rotor  control  svsmrs  is  -i  v‘niiVi,:il  imu!  wa..i:plute  sv*.i  ei:i  which 
controlled  through  the  use  of  !hi\.-  electronic  si  rve:  and  Scdr.m  1  i  e  actuate 
hi)*,h  frequent*-'  response  charnel  or  i  st  t  »* :  •  •  i  this.  coiArol  - . .  •  - 1  t*ns  are  neccssai* 

hie, he r  inputs. 
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Instrumentation  provisions  .*n  |si  .hi  ai  *  -  •  o . 1  in‘i« 
settings,  rotor  force:-.  and  ,,:»«ine'it  -- .  1  It  old  ,  . Hi¬ 
nt  t  i  tude  Is  measured  !•-'  an  -acc«  ler-Tii  '<  i  ,  and  i-a.-v  , 
linear  potentiometers  cu.m*-*-!  to  f'r  .  r  1  ;■ !  a  »  •  -  : 
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cuff.  The  rotating  blade  data  are  transferred  to  the  fixed  system  through  a  6U- 
eharmel,  horizontal  disk  slip-ring  assembly.  Rotor  forces  and  moments  a^e  measured 
by  using  a  six-component  stiain-gage  balance  mounted  below  the  drive  system.  The 
balance  is  fixed  with  respect  to  the  rotor  shaft  and  pitches  Vi t h  the  fuselage. 

Fuselage  forces  and  moments  are  not  sensed  by  the  balance. 

The  vibratory  forces  and  moments  used  as  response  inputs  to  Lhe  higher  harmonic  corn. al 
algorithms  were  taken  from  the  balance.  This  means  that  the  moment  responses  usci  by 
the  control  algorithms  were  made  up  of  the  rotor  huh  moment  s  plus  the  rotor  inplane 
shears  times  the  offset  distance  between  the  rotor  huh  and  the  ha  lance  center.  This 
offset  distance  was  51.44  cm. 

The  rotor  system  used  in  this  investigation  was  a  four-bladed  articulated  rotor  system. 
The  blades  were  dynamically  scaled  to  be  representative  of  a  current  generation  rotor 
system.  The  blades  had  swept  tips  consistent  with  their  full-scale  counterpart,  but 
the  swept  tips  were  not  significant  with  respect  to  the  higher  harmonic  control  program. 

The  rotor  was  tested  over  a  range  of  advance  ratios  (tunnel  speed/rotor  tip  speed)  con¬ 
sistent  with  the  full-scale  flight  envelope.  Because  of  tunnel  limitations,  advance 
ratios  below  .7.  were  not  possible.  The  rotor  rotational  speed  was  set  so  as  to  achieve 
a  full-scale  tip  Mach  number.  At  each  advance  ratio  the  rotor  was  trimmed  to  a  con¬ 
dition  which  represented  a  1-g  flight  condition  for  the  full-scale  aircraft.  Blade 
flapping  was  trimmed  with  respect  to  the  shaft. 


DISCUSSION  OF  RESULTS 

The  results  to  be  discussed  in  this  section  were  obtained  using  the  closed  loop  active 
control  system  discussed  earlier.  In  obtaining  these  results,  the  model  was  trimmed  at 
a  given  advance  ratio,  and  data  were  recorded  to  establish  the  vibratory  responses  with¬ 
out  higher  harmonic  control,  The  automatic  control  system  was  then  turned  on  and  allowed 
to  stabilize.  With  the  controller  still  on  at  ics  stabilized  condition,  data  were 
recorded  to  establish  the  vibratory  responses  with  higher  harmonic  control. 

Although  all  the  controllers  discussed  earlier  were  tested  ori  the  model,  the  results 
which  follow  are  all  based  on  the  controller  having  the  stochastic  performance  index. 

It  was  found  during  the  tests  that  the  caution  provided  by  this  controller  tended  to 
make  it  much  smoother  in  minimizing  the  responses  than  the  other  controllers.  It  should 
be  pointed  out  that  no  rate  limiting  was  applied  to  any  of  the  controller.?;  however, 
amplitude  limiting  was  applied  to  all  the  controllers  with  the  maximum  amplitude  being 
set  at  1  degree  for  most  of  the  testing.  The  success  of  the  constant  gain  and  perturba¬ 
tion  controllers  was,  as  expected,  dependent  upon  the  accuracy  with  which  the  nominal 
parameter  values  were  specified.  The  controller  based  on  the  deterministic  performance 
index  achieved  essentially  the  same  stabilized  condition  as  the  stochastic  index  controller 
the  main  difference  between  the  performance  of  the  two  being  that  the  deterministic 
controller  tended  to  be  more  erratic  in  its  approach  to  the  optimum  condition.  It  is 
felt  that  rate  limiting  may  have  relieved  this  problem. 

The  success  of  the  higher  harmonic  control  in  reducing  the  vibratory  responses  is  shown 
in  figures  3,  4,  and  5,  where  the  variation  of  the  responses  with  advance  ratio  are 
shown  both  with  and  without  higher  harmonic  control.  Figure  3  shows  the  variation  of 
the  vibratory  vertical  force.  As  may  be  seen  from  this  figure,  the  higher  harmonic  con¬ 
trol  was  quite  successful  in  reducing  this  vibratory  response.  Reductions  of  from  70 
to  90  percent  were  obtained  over  the  range  of  advance  ratios  tested.  The  vibratory 
pitching  moment  shown  in  figure  4  indicates  reductions  of  from  33  to  68  percent  and 
the  vibratory  rolling  moment  shown  in  figure  5  indicates  reductions  of  from  0  to  46 
percent . 

The  fact  that  the  order  of  the  reductions  which  could  be  obtained  in  the  vibratory 
pitching  and  rolling  moments  was  much  less  than  the  reductions  obtained  in  the  vertical 
force  is  a  result  for  which  no  explanation  has  been  established.  Mathematically,  since 
three  inputs  were  used  to  control  three  responses,  it  should  have  been  possible  to 
drive  each  of  the  responses  to  near  zero  values.  A  considerable  amount  of  testing  was 
done  to  explore  this  apparent  anomaly,  but  a  satisfactory  explanation  was  not  found 
during  the  wind  tunnel  teat  program. 
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Fig.  3  Variation  of  vibratory  vertical  force  with  advance  ratio. 
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Fig.  4  Variation  of  vibratory  pitching  moment  with  advance  ratio. 
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Fig,  5  Variation  of  vibratory  rolling  moment  with  advance  ratio. 

It  should  be  pointed  out  that  the  results  presented  in  figures  3-5  were  obtained  by 
weighting  the  vertical  force  response  more  heavily  than  the  moment  responses  (equa¬ 
tions  (2)  (3)).  Numerous  combinations  of  the  weightings  were  explored  during  the 

test*  and* it  was  found  that  the  weightings  play  a  significant  role  in  the  levels 
vibration  reduction  which  can  be  obtained.  It  was  found,  for  example,  that  vxt 
proper  combination  of  weights,  the  moments  could  be  reduced  more  than  is  shown 
figures  A  and  5.  but  at  the  expense  of  less  reduction  in  vertical  rorce. 

Efforts  to  understand  why  moment  response  reductions  greater  than  those  shown  In 
figures  A  and  I  could  not  be  obtained  in  conjunction  with  large  reductions  in  vertical 
forcl  response  are  continuing.  Indications  are  that  the  problem  lies  in  the  sensor 
location  i  e.,  the  moments  being  sensed  by  the  balance  contained  hub  moment  as  well  a. 
hub  shear  contributions.  Further  tests  are  being  performed  to  reconcile  this  issue. 

It  is  imperative  when  evaluating  a  system  which  appears  to  promise  high  P®yof£,  *°r l?w 
investment  eg.,  significant  vibration  reduction  with  a  low  weight  penalty  that  all 
avenues  of  possible  fide  effects  be  explored.  In  the  case  of  higher  harmonic  control, 
since  the  concept  is  based  on  tailoring  the  blade  aerodynamic  loads  to  achieve  teduc 
tions  in  the  vibratory  responses,  an  examination  of  the  higher  harmonic  inputs  is 
appropriate  Ths  result.  to  be  shown  are  from  the  same  test  points  at  an  advance  ratio 
ofP  3PIs  the  vibratory  responses  shown  earlier.  The  results  at  other  advance  ratios 
were  similar. 

Tht  radial  distribution  of  rlade  alternating  flapwise  bending  moment  (1/2  peak-to-peak 
values)  is  showS  in  figure  6.  Similar  distributions  for  the  edgewise  moment  and  torsion 
v  —  (*»  7  And  8  resoectivelv  As  may  be  seen,  there  is  a  small  reduction 

in6  the  flapwise11  bending  mo®4nt.  a  significant  increase  in  the  edgewise  bending  moment, 
and  a  moderate  increase  in  the  torsional  moment.  With  the  exception  of  the  edgewise^ 
moment,  these  results  are  consistent  with  the  open  loop  results  obtained  previously. 

The  cause  of  the  increase  in  the  edgewise  moments  appears  to  be  associated  with  place- 
_.nt.  blade's  natural  frequencies  relative  to  the  rotor  harmonics.  Figure  9 

Resents  a  ha^onic  deposition  of  tte  edgewise  bending  moment  at  53  percent  span^ 

?  imv  seen  there  is  a  strong  contribution  at  6P  without  higher  harmonic  control, 
and  t£is  contribution  is  aggravated  when  higher  harmonic  contrcl  is  applied  natural 
contribution  at  6P  without  higher  harmonic  control  is  indicative  of  a  blade  na^r®'; 
frequency  near  6P.  Excitation  of  this  mode  by  tne  higher  harmonic  control  comes  f.om 
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Ftg.  6  Radial  distribution  of  blade  alternating  flapwise  bending  moment  (1/2  peak-to- 
peak  values)  at  an  advance  ratio  cf  .3. 
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Fig.  /  Radial  distribution  of  blade  alternating  edgewise  bending  moment  (1/2  peak-to- 
peak  values)  at  an  advance  ratio  of  .3. 
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Fig.  8  Radial  distribution  of  blade  alternating  torsionil  moment  (1/2  peak-to-peak 
values)  at  an  advance  ratio  of  .3. 


EDGEWISE 

BENDING 

MOMENT 


In.  -lbs 
30  - 

25  - 

20  - 

15  - 

10  - 

5  - 

0  - 


Fig.  9  Harmonic  decomposition  of  edgewise  bending  moment  at  53  percent  span,  and 
advance  ratio  of  .3. 
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the  fact  that  4P  cyclic  action  of  tha  non- rote  ting  swaahplate  results  in  3F  and  5P 
motions  of  blade  pitch  in  the  rotating  system,  whereas  4P  collective  motion  of  the 
swaahplate  results  in  4P  blade  pitch  changes.  Any  impurity  of  the  3P  blade  pitch 
motions  could  excite  the  6P  natural  blade  mode  since  it  is  a  second  harmonic  of  the 
3P  input . 

The  indication  from  the  edgewise  moments  is  that  if  a  new  rotor  is  designed  *-o  incor¬ 
porate  higher  harmonic  control,  blade  frequency  placements  subject  to  constraints 
imposed  by  the  higher  harmonic  control  must  be  a  design  consideration.  Further,  for 
flight  testing  of  higher  harmonic  control  on  existing  aircraft:,  the  blada  loads  must  be 
carefully  monitored  to  avoid  any  excessive  stresses.  It  should  be  noted  that  the  edge¬ 
wise  loads  with  higher  harmonic  control  shown  in  figure  7  are  well  within  the  design 
load  envelope  for  these  blades,  but  the  fact  that  higher  harmonic  control  can  produce 
a  significant  Increase  in  the  loads  must  be  recognised,  particularly  in  flight  test 
programs 

Figure  10  presents  the  pitch  link  loads  with  and  without  higher  harmonic  control  as  a 
function  of  advance  ratio.  As  may  be  seen,  and  as  was  expected,  there  is  an  increase 
in  the  conLrol  loads  when  the  higher  harmonic  control  is  applied.  The  source  of  the 
increase  may  be  attiibuted  directly  to  the  higher  harmonic  inputs  as  may  be  seen  from 
figure  11.  This  figure  presents  a  harmonic  decomposition  of  the  pitch  link  load  at  an 
advance  ratio  of  .3.  Not^  that  the  increase  in  load  with  higher  harmonic  input  occurs 
at  frequencies  of  3P,  4P,  and  5P  which  are  the  excitation  frequencies  in  the  rotating 
system.  These  increases  in  control  system  leads  are  consistent  with  previous  findings^ 
and  the  magnitude  of  the  increases  has  not  caused  significant  concern  among  designers. 
Again,  however,  these  increases  must  h~  considered  in  any  flight  test  program. 


Fig.  10  Variation  of  alternating  pitch  link  load  (1/2  peak-to-peak  values)  with 
advance  ratio. 
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Fig,  11  Harmonic  decomposition  of  pitch  link  load  at  an  advance  ratio  of  2. 


CONCLUDING  REMARKS 

Results  have  been  presented  from  a  wind  tunnel  test  of  a  dynamically-scaled  helicopter 
rotor  model  in  which  an  active  control  system  employing  higher  harmonic  blade  pitch  was 
used  for  helicopter  vibration  reduction.  This  test  was  the  first  time  that  an  adaptive 
control  system  employing  optimal  control  theory  has  been  used  for  this  purpose.  The 
test  wes  successful  in  that  the  control  algorithms  functioned  flawlessly  and  significant 
reductions  in  vibratory  reaponses  were  achieved.  An  open  issue  remains,  however,  as  to 
why  even  greater  reductions  in  the  vibratory  ’•esponsea  were  not  obtained.  Further 
testing  is  being  conducted  with  the  model  to  resolve  this  question. 

The  test  results  indicate  that  higher  harmonic  contro  an  lead  to  increases  in  blade 
and  control  system  loads.  For  the  model  tested,  iner  net  were  evident  in  the  edgewise 
bending  and  torsional  moments,  as  well  as  the  pitch  ’  k  loads.  Although  the  increased 
loads  were  considerably  below  the  design  limits  for  model  tested,  the  fact  that 
blade  and  control  system  loads  can  increase  must  be  sidered  in  any  flight  test 

demonstration  of  the  higher  harmonic  control  concept . 

Further  wind  tunnel  testing  is  planned  to  more  fully  exp,  re  the  characteristics  of  the 
control  algorithms  presented  in  this  paper.  Preparations  are  also  underway  for  a 
flight  test  demonstration  of  the  wind-tunnel-developed  system.  The  flight  tests  will 
be  conducted  under  contract  by  Hughes  Helicopters  using  an  0H-6A  helicopter  in  the  Fall 
of  1981. 
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ABSTRACT 

Many  control  systems  can  be  described  mathematically  by  a  system  of  differential 
equations,  depending  on  a  parameter  p  =  p(t).  called  the  control,  which  can  be  chosen 
to  impart  a  desirable  property  to  the  corresponding  solutions.  The  system  consists 
of  a  set  of  differential  equations  dx/dt  -  f(t,x;p)  together  with  an  initial  value 
x(0)  *  Xq.  We  consider  the  special  case  of  the  system  in  which  £  is  co-periodic  in  t: , 
and  we  determine  values  of  the  control  p  which  yield  uJ -periodic  solutions  One 
general  result  which  we  obtain  is  an  extension  of  Floquet'a  theorem  to  nonlinear 
systems.  Further  geometric  arguments  are  used  to  determine  periodicity  in  the  case 
of  a  second-order  system  which  arose  in  a  theoretical  determination  of  the  onset  of 
oscillations  in  a  laser  oscillator. 

INTRODUCTION 

This  paper  is  devoted  to  real  differential  equations  of  the  form 

dx/dt  «  f (t , x)  ( 1 ) 

where  x  -  x(t)  and  f(t,x)  are  both  n-dimensional  vectors,  the  latter  being  co-periodic 
in  t;  i.e.,  f(t,x)  »  f(t+ul,x)  identically  in  t  and  x  for  some  positive  constant  w. 

We  shall  assume  an  existence  and  uniqueness  theorem,  so  that  through  a  point  (t0,x0) 
in  the  (nl-l)-ditnensional  (t,x) -space  there  exists  a  unique  solution;  moreover  this 
solution  is  assumed  to  be  defined  in  the  interval  [tg.eo]. 

Conforming  to  the  theme  of  this  meeting,  the  function  _f(t,x)  will  depend  on  a  con¬ 
trol  parameter  p  which,  in  our  case,  la  independent  of  t,  We  shall  show  that  a 
proper  selection  of  p  will  guarantee  the  exiotence  of  a  periodic  solution  of  (1)  for 
certain  choices  of  f(t,x). 

FLOQUET'S  THEOREM  FOR  CERTAIN  NONLINEAR  SYSTEMS 

In  our  first  result,  we  generalize  one  of  Floquet's  theorems  to  nonlinear  systems. 

We  recall  that  Floquet's  theorem,  applied  to  a  (perhaps  complex)  linear  periodic 
system 

dx/dt  -  A(t)x,  (2) 

where  A(t)  is  an  tu-periodic  n  by  n  matrix,  affirms  the  existence  of  a  (quas i -periodic) 
Floouet  solution  x(t)  such  that  x(t+W)  **•  ^x(t)  for  some  scalar  constant 

It  may  be,  however,  that  even  in  the  case  of  a  real  system  (2),  must  be  non-real. 

For  Instance,  consider  the  constant  coefficient  case 
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Then  the  solution  initially  at  Xq  is 

x(t)  »  ®Jt*c  “  (I  c°s  t  +  J  sin  t)xQ, 
where  I  is  the  identity  matrix  (note  the  analogy  with  Euler's  formula 


whence  c^Xq 


cos  t  +  i  sin  t)  .  If  x(t)  is  a  Floquet  solution  then  x(t+ai)  =  ,>x(t) 


Axq.  so  that  A  is  an  eigenvalue  of  for  any  w,  since  J  is  constant 


i  •  U  U  -  -  '  -  — 

Thus  A-e-  ,  which  is  real  for  real  4)  only  of  the  form  mir  for  m  an  integer 


However,  if  the  dimension  n  of  A(t)  is  odd  and  A(t)  is  real,  then  there  must  exist 
a  real  Floquet  solution.  This  follows  in  the  usual  matrix-theoretic  proof  of 
Floquet' s  theorem  since  any  real  odd-dimensional  matrix  has  a  real  eigenvalue  and 
a  corresponding  real  eigenvector.  We  now  generalize  this  result,  for  odd  n,  to 
positive- homogeneous  nonlinear  systems  fl.  Theorem  l] . 

THEOREM  1.  Suppose  that  n  is  odd  and  that  f^(tfltx)  1  «f(t,x)  for  any  nonnegative 
scalar  Ot.  Then  there  exists  a  nontrivial  real  solution  x^(t)  of  (1),  and  a  positive 
constant  A,  such  that  x^(t+w)  "  Ax*(t). 

Proof.  Let  us  associate  each  point  on  the  unit  sphere  Sn"^  with  the  initial  value 
of  a  solution  of  (1).  The  solution  at  time  tfcO  then  defines  a  continuous  mapping 
Tt :  x(0)**  x(t)  /  |x(t)|  ,  which  takes  Sn"^  into  itself,  since  |x(t)|  j*  0  from  the 
uniqueness  of  the  (trivial)  solution  through  the  origin.  Moreover  is  horootopic 
to  the  identity  Tq  in  En  -  0.  Since  n  is  odd,  from  the  extended  Poincare-Brouwer 
theorem  [2,  p.  483j  ,  Tw  has  a  fixed  point;  i.e.,  there  exists  a  solution  x^(t)  such 
that  Ax^(0)  -  whereA-  |x^fcu)|  •  Now  clearly  x^(t+w)  andAx*(t)  both  satisfy 

(1).  Since  they  are  equal  at  t  •  0,  they  are  identical. 

It  seema  strange  that  the  proof  of  this  theorem  requires  the  dimension  be  odd,  yet 
the  corresponding  result  for  complex  linear  systems,  i.e..  Floquet's  theorem,  is 
independent  of  the  parity.  It  might  be  hoped  therefore  that  there  is  a  Floquet 
solution  in  complex  2k-space.  However,  the  Poincare-Brouwer  theorem  applies  in 
complex  space  (as  in  real  space)  If  and  only  if  the  dimension  is  odd  f3l . 

As  lii  the  linear  case,  wa  have  the  following  result. 

COROLLARY  1.  The  Floquet  solution  of  Theorem  1  can  be  expressed  as  x^ft)  -  ePt  £(t) 
where  (l/e>)  logA  and  j>(t+w)  •  p_(t)  . 

Proof.  Define  £(r.)  -  x^(t).  Then 

£(t+e>)  -  £(t)  ■  e”^t+il^x1(t+4e)  -  e"^tx1  (t)-e"^tx1' (t)  CAe-^4*-!)  »  0. 
whence  j>(t)  is  lal-pariodic  aa  asserted,  if  p  assumes  the  stated  value. 

1  fit- 

Subatituting  x  (t)  ■  ert  £(t)  into  (1) ,  from  the  homogeneity  of  f  wa  obtain 
e^t (fE  +  £*)  "  e^tf(t,£(t)) 

whenc  e 


£'  "  £<t.E>  -/£■  (3) 

This  gives  us  the  next  result,  in  which  we  may  regard^  as  a  control,  thus  justifying 
the  presence  of  this  talk  at  a  meeting  on  control  theory. 

COROLLARY  2.  Under  the  hypothesis  of  Theorem  1,  (3)  has  a  nontrivial  w-periodic 
solution  js(t)  for  suitable  constant  p  ■  (l/u>)  log  A. 
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Applying  this  result  to  the  linear  system  (2),  we  inoediateiy  conclude  that  the 
equation  x'  “  (A(t)  * ^>I)x  has  a  nontrivial  periodic  real  solution  for  a  suitable 
real  constant  p,  If  A(t+«ul  “  A(t)  Is  real  and  n  is  odd. 

PERIODIC  SOLUTIONS  OF  A  LlfNARD  EQUATION. 

The  other  example  which  we  consider  arose  in  a  theoretical  study  of  a  laser  oscilla¬ 
tor  [4]  ,  namely  the  question  of  the  existence  of  periodic  solutions  of  the  equation 

x"  -  axx’  +u£x  ”0,  (4) 

where  Wis  a  positive  constant-  When  a  *  0.  the  answer  is  immediate.  When  a  is  a  non¬ 
zero  real  constant,  we  first  assume  it  to  be  a  positive  constant. 

We  rewrite  (4)  as  the  autonomous  system 

x’  -  y  (5) 

y  ’  -  x(ay  -  cu2) 

and  observe  that  the  line 
2 

L:  y  «  to  /a  >  0 

is  a  trajectory  in  the  phase  plane.  We  now  show  that  all  solutions  initially  below 
this  linear  solution  is  periodic,  and  the  period  is  independent  of  a  and  the  initial 
values. 

THEOREM  2.  A  solution  of  (5)  is  periodic  if  and  only  if  its  trajectory  lies  below 
L,  i  .  e  .  ,  if  and  only  if  <o2/a  >  x'  (0)  . 

Proof.  We  make  two  simple  geometric  observations.  First,  the  mirror  image  through 
the  y-axis  of  any  trajectory  is  also  a  trajectory,  for  replacing  x  and  t  by  their 
negatives  preserves  (5) . 

Second,  since  distinct  trajectories  of  (5)  cannot  intersect,  any  trajectory  initially 
above  or  on  L  must  remain  above  or  on  L;  therefore  it  cannot  form  a  closed  path 
surrounding  the  origin,  which  is  the  only  critical  point  of  the  system.  However, 
such  a  closed  trajectory  is  characteristic  of  periodic  solutions. 

Now  from  (5)  we  find 

dy/dx  »  (ay  -«i^)x/y 

d2y/dx2  «  (ay  -  uj2)  (y2  +  «i2x2)/y3. 

? 

For  any  nontrivial  solution  below  L.  ay  -  ui  <0,  whence  dy/dx  <  0  in  the  open  first 

and  third  quadrants  and  dy/dx  >  0  in  the  second  and  fourth  quadrants  Moreover, 

2  2  2  2 

d  y/dx  <  0  when  y  >  0  and  d  y/dx  >  0  when  y  <  0.  Thus,  any  trajectory  initially 
below  L  in  the  second  quadrant,  say,  must  travel  in  a  clockwise  direction,  inter¬ 
secting  the  positive  y-axis  and  continuing  in  the  right  half-plane  until  it  inter¬ 
sects  the  negative  y-axis.  Distinct  trajectories  cannot  intersect;  thus  from  the 
symmetry  of  the  family  of  trajectories  about  the  y-axis,  the  resulting  trajectory  is 
itself  symmetric  about  the  y-axis  and  is  therefore  closed.  The  corresponding  solution 
is  thus  periodic. 

A  similar  result,  valid  for  a  <  0,  may  be  proved  similarly. 
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ABSTRACT 

As  an  alternative  to  phased  array  radar  systems,  the  Multitarget  Weapon  Control  Radar 
concept  is  being  explored  to  determine  its  suitability  for  multltarget  tracking.  One 
component  of  the  Mirror  Track  Radar  ia  the  Mirror  Track.  Antenna  consisting  of  a  gira- 
baled  radio  frequency  (RF)  "mirror"  which  simultaneously  reflects  the  RF  signal  and 
rotates  its  pol«.rl ration  90*  ,  and  a  dual- axis  hydraulic  actuator  to  rapidly  position 
the  mirror,  hence  toe  beam,  to  any  position  within  a  hemisphere.  The  low  inertia  of 
the  mirror/mount  structure  allows  for  more  rapid  positioning  of  the  radar  beam  than 
conventional  means  would  allow.  The  requirement  for  rapid  positioning  of  the  mirror, 
pnd  precise  pointing  accuracy,  required  the  development  of  a  dual-mode,  digital  con¬ 
troller  consisting  of  a  time-optimal  scheme  (based  on  switching  surfaces)  with  c 
transition  to  a  linear  controller  for  final  settling.  Variational  calculus  and 
Pontryagin’s  minimum  principle  were  applied  to  solve  for  the  switching  boundaries  of 
the  third  order,  type  one  system.  Three-dimensional  plots  of  this  switching  surfacu 
are  presented. 


INTRODUCTION 

Radar  systems  have  taken  a  Jump  in  the  recent  past  from  relatively  simple  mechani¬ 
cally  scanned  antennas  to  complex  multielement  phased  array  antennas,  and  not  without 
good  reason.  There  vas  every  reason  to  expert  that  the  benefits  to  be  accrued  by  the 
electronic  scanning  made  possible  by  the  use  of  phased  arrays  with  their  attendant 
speed  and  versatility  would  outweight  the  cost  of  the  aany  electronically  controlled 
phase  shifters,  the  greater  density,  and  the  complexity  of  the  beam  control.  With 
ships'  topside  weight  becoming  critical  and  the  expected  decrease  in  element  costs  of 
phased  array  antennas  not  evolving  to  a  satisfactory  degree,  there  is  an  interest  in 
"filling  the  gap"  in  tracking  antenna  technology.  This  is  leading  to  the  development 
and  application  of  more  complex  mechanically  scanned  antennas. 

The  increasing  density  of  the  electronic  warfare  <EW)  environment  adds  another  im¬ 
petus  to  the  development  of  the  mirror  track  antenna  (MTA) .  Whereas  a  phased  array 
is,  by  virtue  of  its  design,  a  single  frequency  device  with  limited  bandwidth,  the 
MTA  can  be  made,  and  is  being  designed,  to  operate  on  a  pulse- to-pulse  basis  at  two 
widely  differing  frequencies.  There  is  also  a  significant  increase  in  the  instanta¬ 
neous  bandwidth  to  be  realized  by  the  implementation  of  the  MTA  concept,  leading  to 
other  forms  of  electronic  countermeasures  (ECM),  making  the  system  more  J ara/dec ept ion 
resist ent . 

The  nominal  specifications  that  the  Multitarget  Weapon  Control  Radar  (MTWCR)  is  being 
designed  to  are  necessarily  vague  since  they  must  be  tempered  not  only  with  the  oper¬ 
ational  environment  and  tracking  scenario,  but  also  the  physical  constraints  imposed 
by  the  mechanical  implementation.  The  design  goal  Is  to  track  a  minimum  of  six  tar¬ 
gets  simultaneously  and  maintain  at  lea ai  ont  "hit"  per  second  update  rate  for  the 
purposes  of  midcourse  guidance.  From  this  general  specification,  and  the  requirement 
for  hemispheric  coverage,  came  the  more  specific  minimum  required  acceleration  and 
velocity.  The  minimum  angular  velocity  being  15  rad/s  and  the  minimum  angular  accel¬ 
eration  being  150  rad/s^.  From  these,  and  an  estimated  Inertia  of  the  mi rror / g imbal 
arrangement  of  4,42  slug-ft^  (6  kg-m2)t  requited  torques  could  be  calculated  as  ap¬ 
proximately  570  ft-#  (772.7  n-m) . 

The  MTWCR,  with  the  mirror  track  antenna  as  a  subsystem,  i6  a  distinct  departure  from 
current  tracking  radar  systems  lr.  that  It  Is  being  designed  not  as  a  slngl e-target  , 
dedicated  tracker / il lumina tor ,  but  rather,  as  the  name  imolies,  a  radar  able  to  track 
several  targets  simultaneously.  But  the  complexities  of  the  multitarget  tracking 
problen  are  not  the  ii»sue  at  hand,  ether  than  that  it  places  constraints  on  the 
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mechanic*!  design  of  the  system.  Those  constraints  are  of  two  forms,  the  first  being 
the  t ime- op t iaa 1  control  (positioning)  of  the  MTA,  and  the  second  being  the  required 
pointing  accuracy  to  satisfy  the  constraints  of  the  variable  rate  sampled  data  track¬ 
ing  filters.  It  was  soon  apparent  that  the  two  requirements  could  not.  be  satisfied 
by  a  single  control  scheme;  a  linear  controller  being,  by  definition,  not  t  inu*- 
'■‘Ptitual,  but  yet  required  for  pointing  accuracy,  and  a  nonlinear  time-optimal  con¬ 
troller  being  unable,  in  any  practical  implementa tion ,  to  have  the  required  pointing 
accuracy.  This  necessitated  a  dual-mode  system  which  was  time-optimal  for  large 
excursions  with  a  transition  to  a  linear  mode  for  settling.  Since  th»:  linear  mode  of 
operation  is  a  classical  case  of  meeting  minimum  settling  time  constraints,  its  de¬ 
velopment  is  not  discussed  here,  nor  are  the  stability  considerations  resulting  from 
the  implementation  of  a  dual-mod?  control  system.  The  following  discussion  concerns 
itself  with  the  conversion  of  the  plant  ta  a  linearized  equivalent  model  and  the  sub¬ 
sequent  development  of  the  t ime -op t ima 1  control  based  on  switching  surfaces. 

MIRROR  TRACK  ANTENNA  PRINCIPLE  OF  OPERATION 

Referring  to  Figure  1,  the  feed  consists  of  a  conventional  linearly  polarized  mono- 
pulse  feed.  For  the  purpose  of  this  discussion,  it  is  considered  single  frequency, 
although  a  dual  band  monopulse  feed  is  being  designed  and  will  be  included  in  the 
final  design.  The  linearly  polarized  RF  signal  from  the  feed horn  illuminates  a  para¬ 
bolic  transreflector  embedded  in  the  protective  r adorn e.  The  trans reflect  or  consists 
of  a  linear  (not  a  mesh  or  grid)  set  of  wires  that  are  parallel  to  the  electric  field 
polarization  from  the  linear  feedhorn.  The  parabolic  reflector  collimates  t.ie  beam 
and  redirects  it  towards  the  feedhori  where  it  illuminates  the  twist  reflector  (mir¬ 
ror).  This  twist  reflector  not  only  reflects  the  beam,  but  it  also  rotates  the 
polarization  of  the  RF  signal  90°  so  that  the  transreflector  is  now  transparent  to 
the  RF  signal.  The  position  of  the  beam  can  thereby  be  controlled  by  a  precise  posi¬ 
tioning  of  the  mirror  with  a  gain  of  two  due  to  the  fact  that  the  i.ngle  of  reflection 
equals  the  angle  of  incidence.  The  system  is  reciprocal  on  receive  which  also  af¬ 
fords  a  slight  degree  of  ECM  resistance  to  c r o a b- po 1 ar i z ed  signals. 


Figure  1.  Mirror  Track  Antenna  Principle  of  Operation 


BE AH  STEEPING  MECHANISM 


The  mirror  itself  consists  of  a  layer  of  dielectric  material  with  embedded  planar 
wii»-  grids  (to  perform  the  polarization  rotation ^  sandwiched  to  an  aluminum  hontvconb 
support  structure.  The  hoxteycoab  structure  was  required  to  damper,  any  tendency  of 
the  mirror  to  vibrate  at  its  natural  frequency  when  excited  by  step  inputs  at  the 
four  support  points  (see  Figure  2),  and  to  maintain  a  "flat1  surface  since  fractional 
wavelength  distortions  would  result  in  antenna  pattern  degradation. 


monopulse  feed 


drive  nech«n i sm 


transref  In-tv 


—  i  i  ^  t  ref  1  e  r  t  k 


Figure  2.  Mirror  Track  Antenna 

The  method  chosen  to  position  the  mirror  was  a  gimbaled  arrangement  with  orthogonal 
single  turn  hydraulic  rotary  actuators.  The  glmbaled  arrangement  was  required  to 
allow  for  hemispheric  coverage  with  the  point  of  rotation  of  the  mirror  located  at 
the  center  and  or.  the  surface  of  the  mirror  itself  to  minimize  translation  motion. 
Hydiaullc  actuators  were  chosen  since  they  have  the  best  torque- to-we  ight  ratio  <note 
that  one  of  the  actuators  is  moving  with  the  upper  gimbal  and  is  part  of  the  inertial 
load  for  the  lower  actuator),  and  require  no  gearing  to  achieve  sufficient  rotational 
acceleration  and  velocity. 

The  majority  of  the  gimbal  structure  was  constructed  of  3-  and  4- in.  aluminum  channel 
for  maximum  rigidity  and  minimum  inertia  without  r  ‘sorting  to  exotic  materials.  The 
aluminum  honeycomb  of  the  mirror  support  structure  itself  approaches  the  best  weight- 
to-strength  ratio  possible.  The  central  supporting  column  is  10  in.  (.25  n)  in 
Inside  diameter  and  is  made  of  .25  in.  (6.3  mm)  thick  steel.  The  approximate  overall 
dimensions  of  the  system  are  7  ft  (2.1  -.a  )  high,  5  ft  (1.5  m  )  in  diameter  with  an 
estimated  weight  of  700  lb  (318  kg). 

THE  PLANT 


The  mechanism  and  actuating  device  consist  of  a  servo  amplifier,  flow 
valve*  a  hydraulic  actuator,  and  an  inertial  load  (damping  forces  are 
pored  to  the  torque  available*  and  the  mechanism  is  made  sufficiently 
there  is  no  appreciable  flexure  at  the  frequencies  of  interest). 


control  servo 
negligible  cotn- 
stiff  so  that 


The  servo  amplifier  is  a  voltage-to-current  converter  with  adjustable  gain  (Kj  amps / 
volt)  and  sufficiently  high  bandwidth  such  that  •»  run  he  modeled  as  a  simple  gain, 


The  flow  control  valve  can  be  modvled  no  a  first  jrder  lag  where 


S 

i 


<9) 


1  +  TS 


where 


Kj  ■  servo  valve  static  flow  gain  at  zero  load  pressure  drop 

t  “  apparent  servo  valve  tine  constant  -  .006  seconds 

Since  the  aechanlsn  (see  Figure  2)  is  still  under  devclopnent,  the  inertia  will  be 
repreaei.ed  by  the  variable,  J,  the  anticipated  value  being  fros  17.6  to  88.3  f]n.- 
aec ^  (2  to  10  kg-*^).  The  nount  and  nirror  are  being  aade  sufficiently  rigid  that 
spring  effects  occur  at  frequencies  such  higher  than  those  of  interest  to  the  control 
system. 

Due  to  the  non  1 inea r i t i e s  of  the  servo  valve,  the  system  model  require  linearization 
about  an  operating  point.  The  drop  in  pressure  resulting  from  increased  flow  rate 
must  be  accounted  for  since  it  is  pressure,  hence  torque,  that  accelerates  the  lead. 
Figure  :i  is  the  linear  model  of  “he  plant  chosen  to  include  the  effects  of  changi-.g 
pressure  with  flow  rate  and  the  states  are  the  angular  position,  velocity  and  ar .el- 
eration  -all  real,  measurable  variables.  Figure  4  is  derived  from  the  valve  char¬ 
acteristics  and  is  used  to  make  a  linear  approximation  to  K3. 

STATE  SPACE  REPRESENTATION 


If  the  state  space  variables  [1]  are  chosen  as  shown  in  Figure  5,  the  variables  are 
directly  related  to  physical,  measurable  quantities.  That  is 


*1 

*2 


6,  the  output  angle 

Zj,  the  angular  velocity 

z ^ ,  the  angular  acceleration 


h  -  *  h(^) 


K6K7 

"TTl 


(la) 

(lb) 

(lc  ) 


the  resulting  plant  can  be  redrawn,  letting 


~*5*7 

JT 


T 


*5*7 


10 


*6*7 

JT 


(2a) 


(2b) 


(2c) 


For  the  linear  controller,  the  s&ie  nodel  can  be  used  with  a  change  in  based  on  a 
reduced  flow  rate. 


This  system  (see  Figure  6)  can  be  represented  in  matrix  fora  as 


Z  -  [  A  ]  Z  +  Bu 

If)  -  cz 

where 


0 

1 

o' 

B  • 

0 

-*T 

C  - 

i 

0 

0 

1 

0 

0 

0 

*8 

V 

V 

0 

(3) 

(4) 


ise 


( yoi  ts)  Kfc  * 

1  +  St  I 


k6  - 


K,  -  K,K. 
/  3  4 


J  “  inert  i *  of  mount /mirror 
K ^  “  motor  constant  (gpo/RPS) 

Figure  5*  Block  Diagram  of  Reduced  Plant  with  Initial  State  Assignments 
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*3 
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Figure  6.  Modified  State  Space  Representation 


MODIFICATION  OF  DSSCAli  TiOM  IN  OR OKA  TO  MODEL  STATES  AS  ERRORS 

Since  Inputs  are  restricted  to  steps,  the  ayctcm  can  be  considered  autonomous  with 
various  initial  conditions  JZ],  The  closed  loop  system.  Including  the  nonlinear  con- 
tro!  let  and  plant,  G(s),  is  shown  In  Figure  7. 


*  [  * ( t )  1  *  +A 


Figure  7.  System  Slock  Diagram 

The  requirement  is  that  after  some  time  t,  ?(t)  -  r(t)  and  therefore  e(t)  -  3.  Th's 
is  equivalent  to  requiring  that  e  »  e  ■*  e  «  0  at  time^t.  Let  the  input  be  lero  and 
the  system  start  with  ar\  initial  value  of  6  ( t )  ,  then  e(t)  »  -3  ( t )  . 

From  the  previous  development  of  the  system  state  equations,  -eft)  can  be  substituted 
for  6(C)  leading  to  the  change  of  variables, 


Or  i  gina  1  Sysf  em 


Error  System 


i!  -  e 


*2  “  ® 


zi 


6 


(5a) 
(5b) 
( 5c ) 


That  Is,  the  analysis  is  identical,  but  the  definition  of  the  stater  is  changed  for 
the  implementation. 


So  taking  the  change  of  variables  from  (5)  and  F-.-.bs  1 1  tut  in  g  into  the  models  of  (3,  4) 


Z  •  [  A 1?  +  Bu 

1  *  ?z 

• 

-e  -  [-A]e  +  Bu 

?  -  -u 

or,  letting  the  error  *  2 

* 

W  ~  [  A  iv  -  Bu 

(6a) 

and 


T  -  -CH  (6b) 

The  value  of  this  transformation  Is  that  all  further  analysis  can  be  based  on  the 
movement  of  the  initial  condition  to  the  origin  of  the  state  space. 

Another  translation  will  be  made  to  si-jpiify  '.he  algebra  by  finding  the  diagonal  form 
of  the  [A]  matrix  [1],  This  is  done  by  finding  the  Jordan  form  of  the  matrix  by 
using  tl.e  modal  matrix,  [P],  to  perform  a  .imilarity  transformation.  Since  the 
eigenvalues  will  bs  real,  distinct,  and  noipoaitive,  the  Jordan  form  is  diagonal,  and 
is 


[J] 


lj  0 
0  12 
0  0 


(7) 
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With  the  modal  matrix  constructed  trom  the  eigenvectors  as  folic 


'1 

V  >-22 


IM  ■  |  l  '  i 

l 

0  *•  A  ^  -  X  o 

0 

The  change  of  variables  can  then  be  made,  letting  IPV]  *  [W] 

V  -  [ A]W  -  Bu 

[Pl  V  -  [ A 1 [P1V  -  Bu 
(P-ll  (PlV  -  [P~l  ]  | A ]  [P]V  -  [ P “ 1 1 B u 

V  -  [P~ 1 ] [ A  J  [?1  V  -  gu 


(8) 


Y 

Y 


-2[p]v 


The  eigenvalues  (and  hence  f J]  and  [Pi)  are  found  by  finding  the  roots  of  the 
acteristicB  equation  which  is  the  determinant  of  (XI  -  k) . 

del<X[I]  -  [A])  -  X(\2  -  K9X  -  K8) 

with  eigenvalues 

h  -  0 


t 


*2,3  * 

Let  the  eigenvalues  of  the  system  be  0,  X,  aX  where  X2  •  0X3  then 


[J] 


IP] 


IP*1] 


0  0 
0  X 


0  0  aX 

ill 
0  -X  -aX 
0  X2  a2X2 


1 

0 

0 

l 

From  (9 )  end  ( 3) 

B  -  IP*1!? 


-(a2  -  1) 

1 

Xa(l  -  a> 

X2a 

a 

+  1 

XU  -  a) 

~XT(1  -  a) 

-1 

-1 

Xa(i  -  a) 

X^a( 1  -  a) 

(9a) 

(9b) 

char- 

(10) 

(11a) 

(lib) 

(12) 

(13) 

(14) 
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<  «kwui4ata!C,.\Ml'  £  „  . ,,  wii. , 


Leading  to 


0  0  0 
0X0 
0  0  aX 


Kior 

V  '  7 


i 

n 

-i 


1  -  a 
1 


a  ( 1  -  a) 


(15) 


The  solution  to  this  system  of  linear,  time  Invariant  differential  equations  can  be 
found  by  using  Laplace  transforms  and  letting  the  control  for  the  time-optimal  solu¬ 
tion  be  the  scalar 

u  “  — ,  A  *  ±1 

s 


that  la 


$  “  js|I]  -  [J  ]J  _1V(0)  -  £s[Ij  - 
of  ja  [  I  ]  -  [  J  jl 


The  inverse  of  j^a  [  I  ]  -  [J]|  is 

f*  1 1 1  -  m 


im  -  mj'1 


j _ 

-  X 


s  -  a  X 


then 


s  -  X 
0  0 

1 


a  -  aX 


[*<">  -  il] 


Vi(a)  -  tviCO)  - 


'101  A 


v2(s)  . 


10 


4 


AJ<1  -  coJ(a3<8  -  X) 


v3(8)  “  ~aX-v3(0)  + 


10 


,  2  . ,  ,  » (a  -  aX  ) 

X  a ( 1  -  a) 


Taking  the  inverse  Laplace  transform  to  find  tha  time  domain  solution 


Vl(t)  *  (C) 


v 2  C 1 3  -  (0 ) e 


Xl 


-  -  A 

I 


v^ft)  *  v3(0)eu>L  + 


K106 


1  2 

A  n  ( 1  -  <%) 


(•■“  ■  ’) 


(10) 


(17) 


(18) 


(19a) 


(19b) 


(19c) 


( 2  0a ) 


(20b) 


(20c) 
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'  On  ■iiui'.Aitiiift  -  Mi,  i. 


*djj 


l.i*  1 1  i  n  g 


a n  cl 


-i°  .  ..J. 

,2  K... 


V  K.  J  0  -  X 


to  simplify  the  system  representation 


Xj  (t) 

■»  V 

1 

(0) 

-  At 

X  2  (  t  ) 

It 

A  a 

,  it  ,  , 

-  x2 

\  0  ) . 

Kl  ■  ‘  i 

!>"  " 

X  j  ( 1 1 

“  X 

1 

(O)i 

■lU  + 

/*_ 

Vrf(  f 

2n )  , 

(22b) 

,  ,111,1  ('2  2 

»• )  ri'i»r 

v  s  I'll  t  t  h  i*  H  t  1'  p  l  »■ j'  i  >  11 

i*  o  o  r  d  i  u  a  l 

C  t 

T  III’  ti  1* 

ftvni*  rn 

1  Hoi  ill  iolt ti  Will  lu*  u 

tip  t  i  m .t  l  control. 

To  put  the  time  solution  back  Into  standard  matrix  |orm>  (Jl)  is  siiI'ki  1 1  h  t  •  d  I 
( 1  *> )  yielding 


X  - 


"n  o 

(i1 

X  - 

" 

i 

0  A 

0 

r 

_+a 

-  it 

o 

c 

«A 

-1 

r 

-  a 

VERIFICATION  OF  THE  CONTROU  AH  I  U  TY  AND  (1HSKRV  Ml  1 1. 1 TY  OF  THE  SYSTEM 

For  the  ayatem  to  be  completely  controllable,  the  matrix  |N]  rnuat  have  lank  I. 
From  (23) 


INI 

(N1 


I  ia]I  ;  [a2jS 


‘  -1 

i 

t 

ii 

1 

1 

0 

-a 

i 

i 

-Ad 

1 

1 

-X2a 

i  - 1» 

i 

t 

1  *■  m 

1 

1 

1  -  a 

+i 

i 

i 

Fa  A 

1 

I 

+«v 

l  -  n 

i 

i 

1  -  a 

1 

1 

1  -  11 

Since  no  column  Is  n  multiple1  of  any  uther»  |N)  tin  h  rank  1  ami  I  n  r  cnip  1  n  t  r  I  s- 
t  reliable* 

For  complete  ohaarvability,  tho  matrix  [())  must  have  rank  1.  From  (»' 4) 

Y  •  lt“1-  [  1  1  l  IX 

K2() 

Since  the  element k  of  f,  .,nd  (A|  are  real,  anil  |A|  la  din  no  mil, 


[Q1 


t7  ' 


[*’1iT  i  l*’’M 


<  J.  l  l\  ) 


(  I-  ) 


I  1  I  rl  : 

i  If. 


lit  r 


(  .*  t  1 


\  4  » 
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[Q]  -  — i  1  0  0 

*20 

1  X  X2 


1  C(X  n2X2 


which  has  rank  1.  Hence  the  system  is  completely  obse  rv.ih  1  e . 

Til K  FORM  OF  THE  TIME-OPTIMAL  CONTROL 

Priiu-lplea  of  variational  calculus  and  Pontryasin's  minimum  principle  pi  can  be 
applied  to  the  linear,  time  invariant  system  with  scalar  control,  it, 

X  -  |  A  1 X  +  llu 


[A]  -  0  0  U 

0  X  0 


0  0  01 X 


Till  desired  performance  lodes  for  time-optimal  control  la 


Tun  optimal  control,  u,  which  minimised  the  performance  index  can  he  found  by  mini- 
mil  Ing  the  Hamiltonian 

ti  ■  1  +  PTJ 

H  -  i  +  pT  [  A  ]  if  +  pt'Su  <2b) 

The  enalatu  equation*  can  be  found  from  the  Hnmlllnnlun 

P*  ‘  *  PT  l  A )  «  [  At  Jp  (2  7) 

:>  x 

p  *  -  0  0  0  p  ( 2  H ) 

n  \  o 

o  o  n  x 

UsIiiR  l.aplacu  transform  nRsin  to  find  the  solution, 


P  t  ( t )  »  “  p  t  ( 0  ) 

P  2  <  t )  *  •  P2(0)*1’ 
P  3  ( t )  *  -  p ( ti )  a  1 


With  bounded  control#,  -1  <  u  <  +1,  the  optimal  control,  u* ,  is  the  one  which 
minimizes 

A[x*(t),  u*(t).  p*(t>]  <  «t[x*(e),  U<t),  p*<t)j 

1  +  p  [  A  ]  *  f  5  1  +  pT*[A]$*  +  pT*fu 

<  pT*i?u 

Substituting  (29)  Into  (32) 


•  Pj*(0)  -  P2*0>)(y +  l>3*(0)e>t;(-j— r  ~)  »*  •-  l'*TBu  CH) 

From  this,  it  can  he  seen  that  the  control  which  minimizes  (33)  is 

u *  *  -  s  gn  |-  p  1  (  0  )  -  p  .,  (  0  )  ^  +  (p  3  (  0  )  u  ^  ^  (q — -  j  ^ 4  5 

The  argument  of  sgn  in  (34)  has  at  most  two  zeros,  implying  that  the  sign  of  u*  can 
take  on  three  values  at  most.  Candidates  for  the  optimal  control  are  then 

(+1).  (-1),  (fl,  -1) ,  (-1,  +1),  (-1.  +1,  -1),  (+1,  -l,  +1)  (33) 

From  (33)  it  can  be  seen  that  the  optimal  control  is  also  the*  control  of  maximum 
magnitude,  ho,  let 


thus,  Justifying  the  choice  of  step  input  in  solving  the  system  (22), 

Equations  (22a),  (22b),  and  (22c)  are  the  time  response  of  the  system  to  a  step  input 
in  state  variables.  Since  it  is  desired  to  find  a  control  that  is  independent  nl 
time,  then  (22)  can  be  combined  by  eliminating  time. 

First,  a  few  definitions  are  in  order: 

( V 2  J  the  set  of  states  from  which  the  origin  can  be  reached  under  the 

single  control  u*  ■  ±1. 

IVj  1  ■  the  set  of  states  from  which  the  origin  can  be  reached  under  a 
double  control  of  u  *  ■  (+1,  -1)  or  u  *  *  ( -•  1  ,  +1). 

R  state  variable  e  f  V  0  h 

METHODOLOGY  FOR  TIME- OPTIMAL  CONTROL  DERIVATION 

The  general  sequence  of  solution  (4]  for  the  t ime-op t i mai  control  is  to  first  elim¬ 
inate  time  from  (22)  and  find  x^  ■  ."(xj)  and  xq  H  f  ( X  2  )  »  These  general  solutions 
will  be  used  to  first  find  f  V  2  J  by  setting  the  initial  conditions,  x  1  ( 0 )  ,  x  2  (  0  )  t  and 
x  j ( 0 )  equal  to  zero.  This  is  done  to  find  the  particular  solution  that  passes 
tii  rough  the  origin  of  the  state  apace.  Next  f  V 1  } ,  n  surface,  will  he  found  by  using 
as  a  particular  solution  to  the  differential  equation a,  the  Initial  conditions  that 
are  <  { V 2  K  And  finally,  the  surface,  { V j  ),  will  be.  used  as  a  boundary  between  the 
two  volumes  of  state  space  in  which  the  initial  control  is  either  a  +1  or  -1. 

Fur  the  general  solution,  first  eliminate  time  from  (22a) 

Vn)  '  xt 
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Substituting  (37)  into  (22b) 


X2  -  [x2(0)  -  XU  A“ir]°xrj  (0>  -  -i]j  + 

Sub at irut in ft-  (37)  into  (2  2c) 


lh*?  trajectory  .’n  the  x.  ,  x-  plane  Is  shovn  in  Figure  8 


The  set  of  states,  {Vjl*  fro»  which  the  origin  can  bo  reached  In  two  rent  ml-,  f- 
sought  next.  Let  x^,  .  fVj*  and  ,  then,  from  (3fi)  ;m;l  (  '<01 
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A  a 
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t  0 
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X  3  2 

1 

t*xp  j 

l-c* 

--^){  * 

i  -* 

i  . 

( 1  - 

i  I  ) 


32  A 

ing  (46)  and  (4b)  Jed  da  to 


A  {'Si*u\ 

-»p^ - V— )  -  .T(,  ,, 


L  + _ * _ 1  [>-<*(1  ■-  All  .  u 

I  X 1  +  Xo(l  -  u)J  [  A  J 


-  \  -*x . 


(47) 


To  combine  these  into  one  equation  describing  the  surf.iu*,  l'«  divide  ( 4  4  >  !  .  (4/t 


x j  x  ( u  -  n" 

A  * ;  i 

xr(  ■  - 

1 1" 

A* 

x  ( r-  u)  ,  X|’ 

L 

. 

(  1  -  «> 


where 


A*  -  -B*n(*12) 


It  la  now  necessary  to  determine  the  optimal  control,  /.*,  as  a  function  of  x  (  x  ,  X 
rather  than  x^j,  From  Figure  8.  It  can  be  aeon  that  In  the  *1*2  P'f"1>',  II  x,  '■  x^  ,  , 


then  A*  -  +i 


Hi 


'V 


If  r,  < 

*22’  A*  ’  ' 

1.  That  la 

» tt  ft  (  X  * 

*22' 

agn^Xj  - 

j  +sgn(x,)a 

sxp^XjBgntXj  ) 

1  -  Mini  x  j 

|  X  (1  -  a') 

j  2  (T^7 

)  being 

■  |*i*2* 

*2  '  "* 

,'>'exp  |A*x,  1  (  . 

-  n  1 

14  4) 


A*u  r  „ . 

\T\  -  ..)  e*p[  "**i 


(  «  -  J  ) 


whi*  r  t 


A*  -  Bgn 


!«►;»  (  X  j  )a  e 
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'1  *  <■* 

'] 


■R"  (  X  j  )|  + 


1  i 


Sf " ( x  I  '  | 

1  (  I  I  j 


Hi 


To  recapitulate,  (50)  now  describee  a  surface,  (Vj),  in  throe-dimensional  space  frrir, 

which  the  otiglu  can  be  reached  in  one  change  of  control.  That  it,  If  xclVjl,  either 
the  control  sequence  (+1,  -1)  or  (-1,  +1)  will  drive  the  system  to  the  origin. 

It  can  also  be  seen  that  this  surface  divides  the  Btate  space  into  two  volumes. 

Given  that  the  system  starts  at  a  state  that  is  not  c{Vp),  hence  r.ot  { V  2  5  either,  the 
application  of  a  control,  either  t,  will  drive  the  system's  state  toward  or  awav  from 
the  surface,  { V i } .  So,  the  initial  control  can  be  found  by  finding  the  sign  of  the 
difference  between  the  current  state  and  fVp).  Let 

E  “  sgn(x2  -  *21^ 


where 


Xj  “  initial  condition 
x ^ 1  £ ( V 1 )  from  (50). 


Z  •  0,  then  tV  }  and  use  (V^)  test  for  A* 
Z  <  0,  then  A*  »  -1 
E  >  0,  then  A*  -  +1 
Z  »  sgn 


A*a 

r A*1 (a  -  1)1 

A*a 

1(1  -  a)  eXp 

L  0  J 

1(1  -  a)  j 

+  x  ,  a  exp 


A*x^X(a  - 


n 


(51a) 

(Sib) 

(51c) 


(52) 


where 


|  ign(x,)a  ,  ,  Hgn(x1)uj 

A*  “  a8n|x2  -  rrrr“  B*pL>iXia8n<x1)J+ 

This  la  the  control  law  for  any  general  state,  If  Z  ■  0,  the  A*  *  e  s  t  for  1  V j  1  is 
performed.  If  that  is  *ero  also,  then  ’’he  final  test  for  fVjl  is  performed  to  deter¬ 
mine  the  sign  of  the  control. 


SUMMARY  OF  TIME-OPTIMAL  CONTROL  LAW  FOR  C(S) 


Zj^  ■  agn 


x2  +  x3 


2Ki(“  -  1!)  .  A»ct  *‘ 
ct  e'  +  T7T - -V  a 


J  (s  -  X )  (.  s  -  nl ) 

^A»l(a  -  1)^ 


Ml  -  a) 


A*a 

1(1  -  a) 


(53) 


where 


A*  -  sgnlx*  - 


•gn (x , ) a 


l2  1(1 

X  -  initial  stata 


x,)a  r  a  agn (x. )a ) 

*«LXxi’Rn(xrJ  +  HT^T)) 


If 


**  0, 

,  go  to  1 V  j  )  since  x'tVjl 

( r>  4  *  ) 

r! 

■  > 

0 ,  u*  “  +1 

(54b) 

Z 

■  < 

0,  u*  -  -1 

(54c) 

and  continue  on  ttiia  control  until  Z^  ■  0. 
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When  i1  ■  0,  change  eign  of  control,  or  if  T.^  woo  Initially  «  0,  set  control  based  on 


sgn ( x  ) a 

sgn>*2  -  m~~  ~5) 


1  sgntxjlai 

MpLAXl8Kn{xl)J  +  X(T-  a)f 


(35) 


Continue  under  this  control  until  Intersecting  (Vj)  •  That  is,  when 


*2  + 


A»s  /  X\  , 

X(1  -  a)Jexpl  A*J  <"xl) 


A*ci 


A  ( X  -  a) 


(56) 


where 


A*  -  -egn(x1> 


change  the  sign  of  u*.  This  final  trajectory  will  terminate  in  a  transition  to  a 
linear  control  baaed  on  norm,  |[x|j  <6  where  A  is  such  that  -1  u  ■'  +1  (i.c.,  not 
saturated)  for  the  final  settling. 


l'RANf  FORMATION  FROM  THE  "REAL"  STATE  OF  THE  ST  STEM , 
MODEL 


TO  X,  THE  STATE  OF  T1JE 


where 


z  3  ‘  6 


8C  -  SR 


9C  ‘  0  R 


IP  1  V 


_X_ 

K20 


'20 


*10 


Equation  (57)  i«  the  t ram  format  ion  from  actual  ayttem  state  to  the  state  space  mold 
variable*  and  (Sfi)  1*  the  reverse. 


i  -  K20lpl_1(^c  ■  <”) 

0C  -  ^  ?  (5  8) 

C  k2q  R 


SWITCHING  SURFACE 

The  complexity  of  the  analytic  expression  for  the  switching  surface  disguises  its 
relatively  simple  form  in  t  h  r « « -d  1  men  s  i  on  a  1  state  space,  Figures  10  through  12  hIh.w 
the  Shape  of  the  switching  surface  for  various  values  of  eigenvalues.  That  Is,  Xj 

was  nominally  chosen  equal  to  -1  and  Aj  varied  from  -2  to  -3  to  -A  in  order  to  hIiow 

ths  dynamics  of  the  aurfacc  for  various  ratios  of  eigenvalues.  Moat  simply  stated, 

the  control  law  mean  that  if  the  state  of  the  system  is  above  the  surface,  j  posi¬ 

tive  control  of  maximum  value  should  be  used  until  intersecting  the  surface  at  which 
tin*  the  control  is  changed  and  held  at  a  maximum  negative  value  until  intersecting 
the  final  switching  curve.  At  thif  final  int ar sec t ion ,  the  sign  of  ths  control  Is 
again  changed  until  the  state  of  tht  system  approaches  within  some  normed  distance  of 
the  origin  at  which  time  the  time  optimal  control  law  la  no  longer  used  and  a  linear 
digital  control  takes  over. 
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CONCLUSION 

The  analytic*  expraaelon  for  the  ewltching  aurfaca  of  a  typa  on«,  third  order  system 
haa  bean  darlvad.  It  la  expected  that  lte  leplanantat ion  will  not  ba  difficult  in  a 
high  apeed  dedicated  digital  computer.  The  lrherant  delay  in  detecting  the  ewltching 
boundaries,  coupled  with  the  random  nolee  of  the  ayatan  will  require  a  linear  node  of 
operation  for  final  rattling. 
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DEFINITION  OF  SYMBOLS 


Inert ia 

Jordan  for*  of  aairix 
Perfoiifcnc*  Index 
Servo  valve  time  constant 
Sign  of  control 
Control*  -1  or  +1 
Reference  input  vector 
Controlled  output  vector 
Modal  matrix 
Eigenvalue  of  ( A ] 

Multiplier  of  second  eigenvalue  X2  *  \ 

Output  vector 
Hamilton ian 
Costate  vector 
State  vector 
Optimal  value 

State  from  which  the  origin  can  be  reached  with  two  controls, 
i  .  e  .  ,  u  *  ■  (+1,  -1)  or  < - 1 ,  +1) 

A  sequence  of  controls 
Switch  surface 

Servo  amplifier  gain  (amps/volt) 

Servo  valve  flow  gain  ( in^ / sec /amp ) 

Differential  flow  to  pressure  conversion  (psi/gpra) 

Pressure  to  torque  conversion  (in#/pai) 

Conversion  factor  (gpji/RPS) 
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ABSTRACT 

The  general  theory  of  disturbance-utilizing  control,  introduced  by  Johnson,  is 
applied  in  this  paper  to  the  problem  of  accommodating  gravity  in  e  homing  missile 
guidance  problem,  ilhile  the  conventional  approach  to  handling  disturbance  effects 
is  to  attempt  to  eliminate  them,  the  approach  taken  here  is  to  formulate  the  op¬ 
timal  controller  that  accounts  for  the  waveform  properties  of  the  disturbance. 
Numerical  results  are  given  to  show  the  comparison  between  the  perfornanre  of  the 
disturbance-utilizing  controller  and  a  conventional  linear-quadratic  controller 
with  respect  to  gravity  effects. 

INTRODUCTION 


Traditionally,  uncontrolled  inputs  to  control  systems  have  been  considered  to  be  det¬ 
rimental  to  achieving  desired  control  objectives,  and  design  approaches  have  resulted 
in  elimination  schemes  such  as  integral  control,  feedforward  control  and  the  notch 
filter.  However,  there  are  practical  problems  in  which  it.  is  '.-.150  to  consider  a  way  to 
account  for  the  presence  of  the  disturbance,  rather  than  attempting  to  remove  it.  For 
example,  the  presence  of  gravity  forces  on  a  homing  missile  may  actually  help  in  driv¬ 
ing  the  missile  toward  the  t  iriet.  Uncontrolled  inputs  t.>  control  systems  ,ma\  be  clas¬ 
sified  as  either  noise-type  disturbances  or  disturbances  with  "waveform  structure." 
Thermal  noise  in  a  radar  receiver  is  an  example  of  a  noise-type  disturbance,  while 
gravity,  wind  gusts  and  electronic  instrument  drift  are  examples  of  waveform  distur¬ 
bances.  While  noise-type  disturbances  are  characterized  by  their  statistical  properties 
(e.g. .variance  and  mean),  waveform  disturbances  can  oe  modeled  by  giving  a  differen¬ 
tial  equation  that  the  disturbances  are  known  to  satisfy  j 1 1 .  Thus,  it  is  useful  to 
view  a  waveform-type  disturbance  as  having  been  geneiated  by  a  dynamic  process  (not 
necessarily  linear) .  The  state  model  of  the  disturbance  process  can  be  combined  with 
the  typical  state  model  of  the  plant  dynamics  [2j  to  obtain  the  general  expressions: 

x  "  F  (x,  t,  u(t) ,  W  (Z,  X,  t) )  (1) 


Johnson  has 


*  -  D 

snown  [2] 


(z,  x,  t)  +  o(t) 

that  the  optimal  control  u°,  which  minimizes 


J  [u;  XQ,  tc,  T]  -  G(xfT)  ,  T)  +  t  /  (L  (x  (t)  ,  t,  u(t)  )  dt 


(2) 


(3) 


subject  to  the  combined  system  Equations  (1)  and  (2),  and  assuming  a(t)  =  o,  can  be 
expressed  as 


u,J  «  0°  (X,  z,  t)  •  (4) 

That  is,  the  optimal  control  at  time  t  is  a  function  of  the  current  state  x(t)  of 
the  plant  and  the  current  atate  z(t)  of  the  disturbance.  This  result  may  be  con¬ 
trasted  with  that  obtained  by  the  conventional  optimization  approach,  which  gives 
the  optimal  control  as  a  function  of  the  plant  state  x(t)  alone.  The  control 
Equation  (4) ,  which  accounts  for  the  presence  of  disturbances,  was  derived  under 
the  assumption  that  the  impulse  sequence  aft)  was  identically  zero.  In  fact,  o(t) 
is  sparsely  populated  and  unknown  a  priori;  and,  therefore,  its  effect  could  be 
viewed  as  a  sequence  of  unknown  initial  conditions  z(to)  imposed  on  the  model 
Equation  (2).  A  corollary  to  this  viewpoint  (stated  as  a  conjecture  in  (2)}  is 
that  the  control  u°(x,z,t)  given  by  Equation  (4)  is  "optimal"  also  for  the  case 
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where  the  sparsely  populated  impulsive  sequence  u(t)  is  present. 

Realisation  ot  the  control  law  Equation  (4)  requires  that  real-time,  current  values 
of  the  states  (x,*)  be  made  available  to  the  controller,  through  either  direct  Mea¬ 
surements  or  use  of  an  obaervar.  A  diaiusaien  of  the  implementation  of  plnnt/dia- 
turbance  atate  observers  may  be  found  in  |1|,  [31,  and  in  (A|, 


OPTIMAL  CONTROL  OP  THE  LINEAR-QUADRATIC  REGULATOR  N ETH  DISTURBANCES 

A  special  case  of  the  optimal  control  theory  discussed  In  the  previous  section  in 
the  linear-quadratic  raqulator  with  disturbances  present.  Johnson  ha h  shown  (1|, 
12),  | 3),  and  [41  how  the  disturbanoe  accommodating  theory  applies  to  the  set-point 
regulator  atul  servo- tracking  control  probloma  in  which  thn  plant  dynamics  are 
modeled  aw i 


x  -  A(t)x  +  n(t)u(U  +  t'(t)w(t)  (•>) 

y  »  C  ( t )  x  ( fi ) 

whore  x.  u  and  w  are  venters  of  dimension  n,  r  and  p,  respect  i  v«l y ,  >t  ;  r  -  p,  The 
disturbance  process  is  modeled  by  the  linear  system. 

w i t )  »  M  ( t )  *  +  I.  ( t. )  x  (7) 

s  -  0 1 t.)  *  t  M  (t.)  x  i  o  (t)  (0) 

whore  z  1b  a  p-dimensional  \<rr tor. 


The  application  of  modern  control  thonry  techniques  permit.*  the  iv  nslilursi  ion  of 
throe  modes  of  disturbance  aooommodation  jl,  2,  31  i 

(a)  exact  cancellation  of  the  effect  of  thn  dl  rtt  nrhanoe  on  thu  control  system, 

(b)  thn  "best.”  i.pproxiwatiqn  to  cancel  let  inn  of  1  lie  effect  of  the  distur¬ 
bance  (when  exact  cancellation  is  not  anhi avabl a) ,  and 

(a)  optimal  utilisation  of  the  <1:‘ nturhanca  in  nonompl  ixhinu  the  control 
objectives. 


Thie  paper  considers  the  thir  l  mode,  disturbanoe-ut ill. sinq  control  OHIO)  described 
in  [1,2,3,41  and  discusses  an  aerospaoe  application  of  DUO  first  addressed  in  |1|, 
Reference  [  b  |  discussed  a  homing  miesils  guidance  problem  with  nth:,  in  which  gravity, 
winds  and  target  maneuvers  are  considered.  The  present  work  considers  the  more 
specialised  case  in  which  gravity  la  tha  most  significant  disturbance  preaent.  The 
question  being  considered  isi  "Is  it  worthwhi Is  to  tmploy  disturbance-utilising 
control  for  a  homing  missile  whan  the  moat  significant  error  sourco  is  gravity?". 

The  approach  hire  ia  to  go  a  step  beyond  tha  usual  procedure  of  "gravity  oompanes' 
tion" ,  which  attampts  to  cancel  gravity  affects,  and  show  how  gravity  forces  can  be 
optimally  utilized  to  assist  in  achieving  praotioel  control  objectives  suuh  as  min¬ 
imizing  mislTTiTsTanoa. 


T'lE  DT8T11RRANCE-UTT  J,T7,TNO  OPTIMAL  CONTROL  PROP  LEM 

A  special  oaso  of  disturbance-, rocommodsting  optimal  nnntrol  theory  le  the  linear- 
quadratic  reyuletor  with  disturbance*  present,  Johnson  has  shown  In  [11,  [?1,  and 
(31  how  the  disturbance  accommodating  theory  applies  to  the  set-point  regulator 
and  eervo-trac-klng  control  problems  in  which  trie  plant  dynamics  are  modeled  asi 


x  •  A ( t)  x  +  B  ( t)  u ( t)  +  iMt)w(t)  (9) 

s  «  0(t)x  (10) 

where  x,  u  and  w  are  vectors  of  dimension  n,  r  and  p,  reapsotively ,  and  n  r  j  p. 
The  disturbance  proosaa  la  modeled  by  the  linear  syatemi 


w  ( t)  -  H(i)»  +  L  ( t)  x 
4  *  D  ( t)  2  +  M(t)  X  +  c(t) 
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(11) 

(12) 


where  t  i*  a  p-dimenaienal  vector. 

The  Key  to  OLtainlng  maximum  utilisation  of  disturbances  is  to  choose  a  perfor¬ 
mance  index  J  *o  that,  when  J  la  minimised  with  respect  to  the  control  u(t),  the  pri¬ 
mary  control  objective  ia  accomplished  and  maximum  uat  of  the  disturbance  w(t)  is 
achie/cid,  For  axampla,  if  the  primary  control  objective  ia  to  regulate  the  plant 
atate  x(t)  to  aero,  a  secondary  objective  may  be  to  uuo  as  little  control  energy  as 
possible,  One  may  be  able  to  achieve  these  objectives  by  choosing  a  quadratic-type 
performance  index  aa 


J 


Y  kt(t)  sx(T)  + 


[xT(t)  Ox  ( t. )  +  uT<t)P.u(t)  )  dt 


(I'll 


where  B  end  0  are  given  symmetric  non-negativo  definite  matrices.  s  +  o  is  positive 
definite,  ia  a  poaitive’def inite  matrix,  and  the  terminal  time  T  Ik  specified.  The 
presence  of  the  positive  definite  matrix  R  uncournges  the  effective  utilisation  of 
any  "free"  ci  ,.trgy  available  in  the  disturbanot. 

It  la  shown  in  Reference  (11,  (2),  and  (3J  that  tha  tero  set-point  distnrhanee- 
utilising  problem  can  be  formulated  as  a  Unear-quadratic  regulator  problem  by  using 
the  augmented  vector 


S  -(f)  (14) 

which  ia  •  composite  of  tha  atate  vectors  of  tha  plant  and  the  disturbance  process. 
The  composite  ayatem  aquation  may  be  written  by  using  if  and  the  plant  and  disturbance 
dynamic  Equations  (9),  (11)  and  (12),  with  I,  (t)  -  0  and  M(t)  -  0,  as  follows! 


j, 

x 


Fit 


j*  ♦  [8]u 


The  performance  Index  liquation  (13)  can  be  written  In  the  equivalent:  form 


nr.) 


J  •  |*(1’(T)*li(T)  +  £  j  |xT(t)Q*<t)  +  UT(t)Ru(t)J  dt  (1ft) 


wnere  S  »  cTac,  c  •  ( -c | o (  and  5  ■  c^oc. 

The  epatae  sequence  of  impulses  nit)  or.n  be  d'.dreqarded  (for  reuuona  discussed  in 
(11)  and  the  control  which  minimise*  Aquation  (18)  subject  to  Equation  (Y5)  nan  be 
found  using  standard  linaar-quadr  Uia  mathoda,  .resulting  In  the  nontrtsl 

U°  -  -R1BT  |*xK  +  R1(|»|  ( 17) 

which  io  a  function  of  the  state*  of  ths  plant,  ami  of  tho  disturbuncu  prnuuaa.  H 
has  been  shown  jl),  (4),  (U|  that  tha  time  varying  >,aln  matrlceo  KK(t)  and  Ky-,'f)  ar* 
obtained  by  solving  the  metric  dif farontis J  equations 

•  (-A+RR'1RTKx)1Kx-K)<h-C.Tr3r  ,  Kx(t)  *  cTpr  (18) 


Kt"  (-Al*R_ABTKx)'rKx)1-RxFH-KXI!)  ;  Kxs(t>  «  O  •  (H) 

Although  not  required  for  implementation  of  the  control  law  Equation  (17),  the 
equation  far  Ku(t) 


17  ! 


Trr 


*2  -  -  {Ka.D+0TKz)+Kx2TBR-lBTKXI-  <PH)\a+K, 


FH 


Kg(T)  -  0 


(In) 


may  also  be  solved  for  analysis  purposes.  For  Ihe  imu  1  ,i  t  i  on  ntulios  ol  tills  prob¬ 
lem,  the  metric  functions  of  time  K  (*■)  ,  F  ( t )  and  K  (t)  are  obtained  by  torwai  I- 
time  solution  of  Equations  (18)  -  (20)  on  a ‘diqital  computer  as  t  prnip  chhcr  l  i  nni 
to(-0)  to  T, 


The  minimum  value  J®  of  the  performance  index  J  obtained  under  optimal  control 
u  ■  u°  is  the  solution  '  (x,  I,  t)  of  the  Hamilton-,  lacobi-Bol  lmnn  equation  corres¬ 

ponding  to  the  compoeite  system  (15),  (16).  This  solution  may  he  written  Ml  as 


V(x,  *.t)  -  S(xtKxx)  *  (xTKxit)2  +  (21) 

The  last  term  in  Equation  (21)  is  duo  to  disturbances  alone,  and  ts  equal  in,  <n 
graator  than,  zero.  Since  it  does  nothing  hut  incroasn  the  minimum  value  of  .1, 
Johnson  has  defined  it  as  tho  "burden"  l|4|t 


B  £  ‘j  *TK1*  (22) 

The  term  (xTK„jj)*  in  Equation  (21)  is  produced  by  Interactions  between  tho  plant 
state  x  end  tne  disturbance  Ltatfl  Z.  This  term  Involves  biltnoar  forms  which  may  be 
negative,  sero  or  poeitive  «t.  any  time  t.  When  this  term  hnromnn  negative,  tl  nets 
to  further  reduce  the  minimum  value  ,T“  (x,  z,  t)  of  J  in  Equation  (16)  i  that.  In, 
negative  values  of  this  term  actually  provide  assistance  toward  the  objective  of  ob¬ 
taining  a  minimum  value  of  J ,  Therefore,  Johnson  has  called  the  nsgative  of  this 
term  Ml  the  "assistance" i 


11  <2  II 

x(tQ)  »  xi  s (tQ)  -  s 

The  sign  of  the  essiatanae  in  Equation  (23)  n. *y  tteelf  be  negative,  in  which  case  it 
has  the  effect  of  sn  additional  burden, 

The  first  term  in  Equation  (21)  doea  rot  involve  the  dieturbance  state  *  st  *11,  and 
is,  in  feat,  the  minimum  value  tf  J  that  would  b»  obtained  whan  no  disturbance  is 
present.  Therefore,  tny  nonstructive  action  by  the  disturbance  will  be  refleoknd  in 
the  difference  betwi  an  the  V  expression  when  the  id  sturbsiioe  is  preaent  end  that  same 
V  when  the  disturbance  ia  absent.  Johns?  n  . .as  defined  this  letter  difference  au 
"utility"  [41 i 


J*  V  I  w'ti *0  ~v  |  w  |t)  00  • 

Thus,  utility  ran  he  written  a« 


U  "  "UX.*.  -  (25) 


or,  symbolically, 

U  -  A  ■  (.35) 

Posltiva  utility  results  when  (.hr  assistance  *  Is  greeter  than  the  bu-den  R  , 

APPLICATION  TO  HOMINO  MIMILE  O'JITlANt'E 

MAT.t EMATIOAL  MODEL 

lb  this  section  we  monmlner  e  homing  intercept,  problem  in  which  a  miasile  is  to  be 
controlled  during  the  final  phaew  oi  its  flight  sc  that  its  poa.Mon  coincides  with 
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that  of  a  tarqet  at  a  specified  terminal  time,  even  ir,  tho  taro  of  d  i  r>  tnis-h. . .  win. -it 

may,  or  may  not,  bo  detrimental  to  the  control  oh-joct  i  vo,  '''he  pl.innr  {pi™.,,  t  i  v  i  »*> 
this  problem  la  shown  in  figure  1,  where  the  origin  in  t  -,i>  t  In-  1  i  o  :  >■  i 

Ingot  position  and  thn  posit  ton  of  thn  iiduailo  in  defined  by  the  ,  m  n  .  i  1 1 1,  1 1  v  ■,  , 

Y,  )  ,  where  Y„ia  horizontal  and  Yu  is  vertical, 
p  M  m 


figure  1,  Coordinate  system  for  small  1  i  no  -of -s  i  qht  .ingli  Inmutfei 
intercept  medal. 


It  is  convenient  to  consider  a  reference  1 ine-of-wiqhi  (WV1  1j$  pa/iMm-i  I  in  ov.iii  t  i  • 
target  and  oriented  at  a  known  angle  ut)  relative  to  the  In  <  ,.nnt  ,i1  line  n.e  wit 

LOS  is  antablishad  *  pr  l  uri ,  and  may  correspond  to  a  dost  ted  oriental  iptt  ni  tin-  line 
of-aight.  A  coordinate”  iti  is  established  normal  to  the  KEF  LOS  (Flgme  1)  mid  ii 

is  assumed  that  the  mlaaile  begins  the  homing  phase  of  lh«  problem  with  ,i  . . i n 

displacement  xi(o)  and  velocity  xj  (o)  (where  xa  >>  )  normal  to  tha  HEP  LOU.  li  In 

assumed  that,  a  previous  "mldoourse"  guidance  phase  has  delivered  thn  miss]  In  in  tha 
beginning  of  the  homing  phtine  at  t  «  tpl  thun,  nni-norn  value*  o'  *1  (e)  uul  x 
ohereoteriae  tho  extent  to  which  the  mldoourae  pheae  has  failed  to  enabln  ihe'mi **i lc 
to  start  the  homing  phaee  under  ideal  conditions.  The  Jn'tt.il  rang*  to  the  t.i.rpii 
and  the  oloeing  velocity  are  assumed  given.  The  nroblem  >u  hand  nnen  thn  "niswll  f.ns" 
assumptions  as  in  ( !>  1  and  |6|  and  aoneidars  that:  the  dialui  b.u.cu  form  m  nl  piliiuy 
interest  are  thoiie  acting  normal  to  REF  LOS.  Erro.-a  in  oat  imni  Inq  t  i  me- 1  !>■  <,<  <  I'- 
intercept  are  not.  considered  here. 

Tnn  "smell  LOS  angle"  model  is  used  in  the  prournt  work  in  a  unique  wny  -  1 1  i », t  > 1 1  ■ 
Viancts  normal  to  the  REF  LOS  ere  utilised  in  an  optimal  manner.  Fcrmnr  spprnuHina 
either  ignored  thaee  disturbances',  or  modeled  them  ns  gaunnlnn  no  lac  ami  nemi 
stochastic  control  approaches  to  cope  with  them.  Tho  application  of  the  "iiimII  its 
c.gle"  modal  to  the  missile  homing  problem  where  dieturhanurs  .iro  pi  nnurit  i  «.-m  nil  ■  i  in 
a  particularly  straight-forward  implement- nt  ion  n(  the  1  tnoni  -  ■jundi  aMc  h  i  m  uii-.uti> 
utilising  control  theory. 

The  equationa  deacriblng  the  motion  of  the  mis-tt  lt<  normal  to  Mu  Rt-T  i .«'■  m  ,■  i  ■  ■ 

«  Xj  i  '  /  ; 


■»  U  +  Wit)  (ill) 

r  i  t 
y  -  |*t, x2, 

where  tha  output  vector  y  has  xj  and  X2  ea  Its  olementa.  Ti.er.o  uipint  i mm  . .  i„. 

written  In  t'.e  form 
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( ?■>) 


ij  -  i2  +  Oj  (t)  (.18) 

i?  «  0  +  rij,(t)  O')) 

or  in  the  form 

i  -  D  *  +  o  ( t)  (40) 

w  »  !I  *  (41) 

where 

M 

II  »  [l  o]  (41) 


and  ti(t)  -  |  oi  ,  02  i  °  af ar *e  vector-impuleo  sequence  occurring  at  unknown  ini-.tants. 
Note  that  a  simpler  model  t  ■  ci(t),  where  r.  is  a  scalar,  would  also  suffice  for 
modeling  the  piecewise  constant  disturbance  dynamic*.  Thu  second-order  model  UBf .1 
hero  will  also  modal  the  dynamic*  of  disturbances  that  include  piecewise  continuoun 
ramp  functions,  and  has  boon  used  for  that  in  other  problems  [5|. 

The  disturbance  considered  in  this  problem  la  gravity.  The  gravity  component  acting 
normal  to  the  REF  EOS  la 

-32. 2  cos 
CONTROL  OBJECTIVE 

The  primary  control  objective  for  the  class  of  problems  considered  here  is  to  drive 
the  displacement  of  the  mlsui  le  (normal  to  the  R.)F  t.os)  to  tern  at  a  specified 
to-minal  time  Ti  that  is,  tc  regulate  thw  state  xj  to  *ero  at  t.  -  T.  The  secondary 
objective  is  to  achieve  the  primary  objective  while  effectively  utilizing  the  "free" 
energy  of  the  disturbance  w(t). 

The  control  objectives  are  tc  be  achieved  by  minimising  the  quadratic  performance 
index 
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iT(T)Se(T)+ij  J  [eT(t)Qe<t)+ru2(t 


)  ]  rit 


where  e  -  x  -x, 

process  Equations 


subject  to  the  plant  Equations  (30) 
(4  0)  and  (41)  , 


and  (31)  and  the  d i aturbancu 


DISCUSSION  OP  RESULTS 

The  homing  intercept  problem  is  solved  by  applying  the  theory  already  described 
which  leads  to  the  composite  state  vector  (14),  the  composite  system  (IS)  and  the 
performance  index  (16).  The  optimal  control  is  computed  by  (17)  afJer  computing  the 
timo-varying  gains  Kx(t)  and  Kxs.(t)  as  the  solutions  of  Equations  (IB)  on'  (IS). 

The  time-varying  gain  Kz(t)  is  also  computed  (by  solving  Fquafo.i  ( 2 n )  )  | (  r  imp  in 
computing  the  disturbance  utility  U  for  analysis  purposes.  The  prob'e..]  is  solve. 1 
on  a  CDC-6600  compute];,  using  backward-time  integration  to  find  th  ■  .  litio!  erudi¬ 
tions  for  Kx,  KXJ.  and  Kz> 

The  plant  statu  x  for  the  optimal  control  Equation  (17)  is  assumed  to  (o  available 
from  position  and  velocity  data  (as  from  high-quality  radar  tracking  measurement s , 
for  example).  In  ganeral  problems  employing  nuc,  nn  estimator  11, 3, I)  will  he 
employed  to  provide  real-time  estimates  of  states  >.  and  t  .  In  the  apodal  mac 
considerod  here,  estimation  of  z  can  be  avoided  if  missile  attitude  angle  informa¬ 
tion  is  available  for  determining  the  lateral  gravity  coirtp*'i  ont , 


NUMERICAL  EXAMPLES 

Case  1  -  Planar  doming  Intercept.  Disturbance  Input;  r.ravJJj  (hoJjPu 

In  this  case  we  consider  the  performance  of  a  missile  with  dint  itt  banco-ul  I  1  i  js  I  ni| 
control  in  a  planar  homing  intercept  lia'ing  the  m/ s- ' le-target  qwrwtry  as  shown  in 
Figure  2.  The  parameter  valuen  aret 


a) 

Fixed  target  at  0.  ft.  down-range, 
altitude. 

U.  ft 

b) 

Initial  missile  ground-range 

-6770.  ft 

c) 

Initial  missile  altitude 

4260.  ft 

d) 

Initial  missile  offset  normal 
to  REF  LOS,  x^o) 

3  0.7  ft 

e) 

Initial  missile  rsn^je  along 

REF  LOS 

-floor,  ft. 

f) 

Initial  missile  velocity  normal 
to  REF  LOS,  Xjlo) 

0.  ft/rsce 

g) 

Missile  velocity  along  ref  LOS 
(constant,  toward  tsigsi) 

-2000.  ft/so. 

h) 

Angle  of  REF  LOS  from  horizontal 

30.  deg 

i> 

Specified  terminal  time  T 

4  0  ape 

D 

Disturbance]  gravity,  helpful 

k) 

Control  weighting  parameter 

1.0 

1) 

s  .  f  i'»  o| 

lo  oj 

m) 

o  ■  fo  ol 

1°  °l 
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Thla  honing*  i.nterr.  opt  prohlem  wee  t.  /lved  and  the  reaultinq  optimally  con troll i'd 
niiaeile  tr#jwrtor)'  la  ahoun  in  Flyura  2,  with  t 1  '.u  aeeoriated  di  utu;  banne-utllialng 
control  force  i».i''  displayed  *1.  1  aacond  interval*.  Tho  optimnl  control  u°  la  com¬ 
puted  aa  a  function  of  the  time-varying  gain  matricea  K*  and  K**.  Th*.  mdealle  1b 
aMe  to  apply  the  control  force  In  a  direction  approximetely  normal  to  the  miaul  le 
trajectory  (aeai'ming  email  angle  of  attack)  rather  than  nermal  to  tho  FBI  bos  aa  de¬ 
sired.  The  mvaelle  »rajeotory  angle  relative  to  th*  horizontal  goee  from  30  degreea 
at  t.  »  o  to  34  degreea  at  t  »  4.0  Tharefcia,  the  maximum  error  In  the  angln  of  ap- 
pllaation  of  the  control  force  la  4  degreea,  which  reaulta  In  the  application  of 
99.81  of  the  control  force  mu°  normal  to  the  REF  l.OB.  The  time-hiatory  of  tho  con¬ 
trol  force  requirement  la  aitowii  In  Ktgura  3,  which  la  auen  to  be  nearly  a  linear 
function  of  time. 


Figure  3,  Disturbance-utilizing  control  force  for  rate  1. 
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Figure  4.  State  hietorieai  »<  and  x?  for  Case  1 
with  dieturbance-utlliring  control. 


The  time-hiatorlee  of  the  atatea  xi  and  xj  are  ahown  in  Piqure  4.  Note  that,  since 
no  penalty  hen  been  placed  on  xjCT),  it  haa  a  relatively  large  value  of  -140  ft/aec, 
corresponding  to  the  mieelle  trajectory  angle  which  is  about  4  deqre.ua  greater  than 
the  30  degree  engle  of  thu  REP  LOS.  The  disturbance  for  this  case  (Figure  5)  (a  the 
projection  of  gravity  normal  to  the  REF  LOS,  The  utility  (Figure  6)  ia  non-negative 
for  the  whole  fllqht,  ae  the  result  of  the  helpful  action  of  the  disturbance  in  thia 
case , 


Figure  5.  Dlaturbanoa  acceleration  w,  for  Caee  1. 


The  performance  of  the  miaeile  with  diaturbance-utiilaing  control  for  this  caae  in 
compered  with  that  of  the  conventional  linear-quadratic  controller  in  Table  1, 
ahowing  euperior  performance  for  the  dieturbence-utilialng  controller  in  terma  of 
J,tT,  EU,  EMI,  xjJT)  end  |  MD. 


«.  -  fM-=  JSH9.  xioot 

JL0 


EU  -  h  f  T  uJ(  c)  dt 

V 


/ 


(45) 


(45) 


'S5 


EMJ  -  H 


I  u(t)  i at 


(47) 


u 


Fiqure  f>.  Disturbance  utility  for  case  1. 


TABLE  1  ,  PERFORMANCE  OF  DISTURBANCE-UTILIZING  CONTROLLER 
COMPARED  WITH  CONVENTIONAL  LINEAR-DIIADRATIC 
CONTROLLER  FOR  CASE  1. 


PERFORM¬ 

ANCE 

INDEX 

J 

B 

CONTROL 

ENERQV 

IU 

CONTROL 

FUEL 

IAU 

AAisa— 

Hit  TANGE 
NORMAL 

TO  RIP  L08 

ITI 

(FT) 

emd 

% 

m.o 

M.a 

137.0 

n 

0.4 

a 

2722.0 

2047.0 

113.0 

•11.6 

. . 

m 

NOTE)  SEE  FAQE*  202  AND  20>  EON  DEFINITIONS 
OF  J,  «T,  IU,  IAU  AND  «MD 


E 


MD 


K  (T) 

IQ  ' 

1  Xi(T)j 

DUC 

f 

X1  (T) 

r„ 

xlOO* 


(4fll 


All  effectiveness  measures  show  a  sizeable  margin  at  T  -  4,0.  VbIupr  of  total 
ef  feetlveness  8  •>,  versus  terminal  time  values  are  plotted  in  Fiqure  7,  v;hi  'h  Indi¬ 
ct  tes  a  continulnq  Increase  in  C t  a™  m  incraanes. 

C  isja  2  -  Planar  Homing  Intercept.  Disturb!, nee  Input  i  Gravity  (non-holpful )  . 

Case  2,  considered  in  this  section,  examines  the  performance  of  a  missile  with  dis¬ 
turbance-  utilizing  control  In  a  planar  homing  intercept  configuration  wherj  the 
missile-target  geometry  (Figure  0)  is  such  that  gravity  is  a  non-helpful  distur¬ 
bance,  and  the  missile's  offset  from  the  pep  LOS  it  t  •  o,  x^io),  is  twice  what  it 
was  in  Case  1.  The  parameters  for  Case  2  are  as  follows! 
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Figure  7,  Total  ef fecti veness  E~  versun  specified 
terminal  time  values  for  Cnee  1. 


Figure  8.  Missile  trajectory  for  Case  2,  showing  control  force  mu°i 
disturbance-utilizing  control.  Disturbance  present! 
gravity. 


a) 

Fixed  target  at 
altitude. 

0.  ft  down-range, 

0.  ft 

b) 

Initial  missile 

ground-range 

-7228.  ft 

c) 

Initial  missile 

altitude 

3480 .  ft 

d) 

Initial  missile 
REF  T.03,  X1(o) 

offset  norma’  to 

-600.  ft 

e) 

Initial  missile 
REF  LOS 

range  along 

-8000.  ft 

f)  initial  missile  velocity  normal 
to  REF  LOS,  Xj(o! 


0.  ft/sec 


g) 

Missile  velooity  along  REP  LOS 
(constant,  toward  target) 

-2000.  ft/aec 

h) 

Angle  of  REF  LOS  fiom  horisontal 

30.  deg 

i) 

Specified  terminal  time  T 

4 . 0  me 

j) 

Disturbance!  gravity,  nonhelpful 

k) 

Control  weighting  parameter  r 

1.0 

O 

o 

IH 

1) 

S  - 

L.  .1 

o  ol 

m) 

Q  - 

0  0  j 

The  computer  results  were  obtained  for  Case  2,  and  the  final  optimally  controlled 
missile  trajectory  is  shown  in  Figure  8,  with  the  associated  disturbance-utilizing 
control  force  mu°  displayed  at  1  sec  intervals.  This  case  has  a  600  ft  initial  off¬ 
set  from  the  REF  LOS  (twice  that  of  Case  1)  and  the  geometry  of  this  problem  makes 
the  gravity  disturbance  non-halpful,  in  contrast  with  Case  1.  As  a  result,  the 
control  forae  magnitudes  for  this  sub-case  are  considerably  larger  than  for  Case  1 
(Figure  9).  The  missile  trajectory  angle  for  Caae  2  goea  from  30  degrees  at 
t  *  o  to  about  24  degreas  it  t  ♦  Tj  the  maximum  error  in  the  angle  of  application 
of  the  control  force  is  -6  degrees,  which  results  in  the  application  of  99.5%  of 
the  control  force  mu°  normal  to  the  ref  LOS.  As  in  Case  1,  the  control  force  for 
this  case  (Figure  9)  is  almost  a  linear  function  of  time. 

The  time-histories  of  the  states  x^  and  X2  are  plotted  in  Figure  10.  As  in  Case  1, 
no  terminal  penalty  la  placed  on  X2,  and  a  relatively  large  value  of  xitT)  resulte. 
The  disturbance  in  this  case  (Figure  11) ,  which  is  the  projection  of  the  gravity 
aecala-ation  normal  to  the  REF  LOS,  is  non-heipful,  since  it  acts  to  hirder  the 
missil<  from  the  intercept  objective.  As  a  result,  the  disturbance  utility 
(Figure  12)  is  either  negative  or  sero  for  the  whole  flight. 


Figure  9.  Control  force  for  Case  h  disturbance- 
utilising  control. 


188 


X1  *1; 

0  300 

rr/stc 
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Figure  10.  Stat.i 
il  i  stur 


FT/ltC  2 


Figure  11, 


Figure  12, 


The  disturbance-utilizing  controller  for  Cose  2  performs  better  than  the  conven¬ 
tional  linear-quadratic  controller  (see  Table  2)  even  in  the  face  of  the  totally 
detrimental  disturbance,  which  indicates  that,  even  though  positive  utilit”  is 
never  available,  the  disturbance-utilizing  control  law  still  does  better  in  managing 
the  states  of  the  plant  relative  to  the  disturbance  states. 


TABLE  2.  PERFORMANCE  OF  DISTURBANCE-UTILIZING  CONTROLLER 
COMPARED  WITH  CONVENTIONAL  LINEAR-OUAD RATIO 
CONTROLLER  FOR  CASE  2. 


HHBH 

1 

CONTROL 

ENERGY 

EU 

I  m 

MISS- 

DISTANCE 

NORMAL 

TO  REF  LOS 
x-  IT) 

(FT! 

£md 

% 

0.168 

X106 

14.2 

0.187 

X108 

306.0 

-3.6 

76.8 

0.163 

X106 

8 

0.171 

X10® 

368.0 

-16.7 

m 

The  effectiveness  (Figure  13)  for  Case  2  shows  that  the  disturbance-accommodating 
controller  continues  to  achieve  a  lower  J  as  the  specified  terminal  time  ib  increased. 


Figure  13.  Total  af 1 uctiveneBS  E _  versus  specified 
terminal  rime  T  for  Case  2. 


CONCLUSIONS 

The  theory  of  disturbance-utilizing  control,  developed  by  Johnson  (1-4),  t  .j  applied 
in  this  paper  to  the  optimal  utilization  of  gravity  in  a  homing  missile  prob.em. 
Whereas  an  earlier  paper  considered  d incur bance-  tilizfng  control  in  the  cor, text  of 
gravity,  winds  and  target  maneuvers,  this  paper  considers  the  homing  missile  problem 
in  which  the  moot  signific.  nt  disturbance  present  in  gravity  alone.  A  disturbance¬ 
utilizing  controller  is  formulated  as  a  linear-quadratic  regulator  by  using  an 
augmented  state  vector  which  'a  the  composite  of  the  plant  state  vector  and  the 
state  vector  of  the  dynamic  system  of  the  disturbance  process.  Numerical  e;. amp.es 
are  given  for  the  caso  where  gravity  is  "helpful”  and  for  the  case  where  it  is  not. 
In  both  oases,  the  disturbance-utilizing  controller  is  seen  to  provide  better  guid¬ 
ance  performance  than  a  conventional  linear-quadratic  controller  that  does  not 
account  for  waveform  properties  of  the  disturbance. 
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ABSTRACT 

This  study  evaluated  the  effect  on  gunner  performance  for  firing  on-the-move.  Four 
different  gunner  station  configurations  were  evaluated,  i . e .  isometric  tracker,  yoke 
handles,  monocular  eyepiece  with  brow  pad,  and  TV  type  display.  Five  different 
ride  levels  and  four  different  target  motions  were  used.  Gunner  lay  and  rate  errors 
at  firing  and  tracking  accuracy  were  measured  for  use  in  evaluating  gunner  perfor¬ 
mance.  Ride  l>2vel  was  determined  from  the  absorbed  power  at  the  base  of  the  gunner's 
seat . 


OBJECTIVE 

The  objective  of  this  study  was  to  evaluate  the  effect  of  ride  on  gunner  performance 
for  firing-on-the-move.  Four  different  gunner  station  configurations  were  evaluated, 
consisting  of  isometric  and  yoke  tracking  controllers  in  combination  with  monocular 
and  video  gunner  displays. 


INTRODUCTION 

The  study  originated  becauae  of  the  difficulty  in  attempting  to  evaluate  several 
different  gunner  station  configurations  and  the  difficulty  in  attempting  to  evaluate 
the  effect  of  the  ride  on  gunner  performance  in  a  fielded  vehicle.  It  became  ap¬ 
parent  that  it  would  be  too  time  consuming  and  costly  to  evaluate  even  simple  hard¬ 
ware  changes  in  the  gunner's  station  configuration.  The  cost  was  not  limited  to 
making  the  hardware  changes  in  the  vehicle,  but  included  costs  to  develop  data  to 
evaluate  the  changes.  When  one  considers  the  possible  different  combinations  of 
handles,  viewing  devices,  and  seating  arrangements,  and  the  effects  of  different 
types  of  rides  on  performance,  the  time  and  coat  associated  with  an  evaluation  of 
this  type  is  prohibitive.  There  is  also  the  possibility  that  test  conditions  such 
as  temperature  and  wind  as  well  as  the  actual  terrain  the  vehicle  traverses  may 
change  between  evaluations  of  the  different  combinations.  This,  coupled  with  the 
possibility  that  changes  in  gunner  performance  could  be  meshed  with  errors  caused  by 
the  rest  of  the  system,  made  field  evaluation  virtually  impossible. 

Another  approach  had  to  be  devised.  The  approach  had  to  distinguish  between  small 
changes  in  performance  In  a  timely,  cost-effective  manner.  It  was  decided  to  use 
the  ride  simulator  at  TAKADCOM  to  simulate  vehicle  ride.  A  Chrysler  fire  control 
combat  simulator  would  be  modified  and  mounted  on  the  seat .  This  would  allow  the 
gunner  to  ride  the  vehicle  and  fire  the  gun  at  simulated  targets.  The  computer 
would  automatically  measure  and  store  gunner  tracking  error  as  well  as  error  at 
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trigger  pull.  The  error  at  trigger  pull  would  be  the  horizontal  and  vertical  lay 
and  race  errors.  These  errors  could  then  be  analyzed  to  determine  gunner  performance. 

Recoil  was  also  supplied  when  the  gunner  pulled  the  trigger. 

The  ride  simulator  has  some  shortc  ngs .  It  has  four  degrees  of  freedom  but  only 
three  were  used  in  this  study--v--  cal,  pitch,  and  roll.  In  reality  a  vehicle  has 
some  lateral  and  fore  and  aft  accelerations .  Some  of  these  accelerations  were  ac¬ 
counted  for  by  pitch  and  roll  motions  in  the  seat,  but  these  were  limited  to  short- 
duration  accelerations. 

All  errors  and  analysis  presented  in  this  report  are  gunner  errors  only.  All  other 
errors  that  t '--nrially  occur  in  a  vehicle  are  zero.  This  is  extremeLy  important. 

When  one  encounters  terms  in  this  report  such  as  hits,  hit  probability,  errors,  etc. 
these  are  considering  gunner  errors  only.  They  are  the  hits  and  hit  probability 
that  would  be  achieved  if  all  other  errois  are  zero. 


TEST  PLAN  DESCRIPTION 
lest  Description 

The  test  was  structured  to  present  gunner  test  subjects  with  simulated  target  en¬ 
gagements  from  a  moving  platform.  The  simulation  allowed  a  gunner,  seated  in  a  gun¬ 
ner  station  mock-up,  to  visually  acquire,  track  and  "fire"  (pull  the  control  handle 
trigger)  at  targets  while  being  subjected  to  motions  encountered  in  the  gunner's 
station  of  a  moving,  tracked  vehicle.  Data  were  collected  to  evaluate  task  perfor¬ 
mance  of  six  gunners  using  four  combinations  of  control  handle  and  sight  presentation 
configurations.  Simulated  vehicle  motions,  or  rides,  ranged  from  stationary  to 
severe  cross-country.  The  simulated  target  was  capable  of  performing  maneuvers  and 
evasive  actions  at  various  speeds  as  well  as  remaining  stationary.  Each  simulation 
run,  lasting  45  seconds,  required  the  gunner  to  engage  the  target,  experience  the 
gun  recoil  at  trigger  pull,  reacquire  the  target  and  repeat  the  process.  Descrip¬ 
tions  of  the  test  hardware  configuration,  rides,  target  scenarios  and  data  collected 
are  presented  in  the  following  sections. 

Test  Configuration 

The  test  set-up  consisted  of  the  TARADCOM  ride  simulator  fitted  with  a  M-60  tank 
gunner's  station  mock-up  and  a  sight  presentation  device,  the  TARADCOM  HVSHARE  com¬ 
puter  system,  a  modified  Chrysler  Corporation  Eire  Control  Combat  Simulator,  an 
analog  computer  and  a  voice  communications  network.  An  overall  block  diagram  of 
the  hardware  configuration  and  the  associated  control  and  data  channels  is  shown  as 
Fig.  1.  A  brief  description  of  the  major  test  components  is  contained  in  the  fol¬ 
lowing  paragraphs . 

Ride  Simulator 


The  TARADCOM  ride  simulator,  a  hydro-pneumatically  actuated  simulator,  is  capable 
of  providing  motions  about  the  pitch,  roll,  yaw  and  vertical  axes.  The  basic, 
four  degrees  of  freedom  test  bed  was  fitted  with  a  standard  M-60  tank  gunner 
station  mock-up.  This  baseline  test  configuration  consisted  of  the  gunner's  seat, 
yoke  control  handles  and  monocular  sight.  The  fittings  allowed  rapid  changing  be¬ 
tween  the  yoke  and  isometric  handles,  and  the  monocular  and  video  display  sights 
undergoing  evaluation.  The  ride  simulator  accommodated  the  gunner  and  imparted 
rides  typical  of  the  type  experienced  at  the  gunner's  station  of  a  moving  tank. 


Fire  Control  Combat  Simulator 


The  basic  fire  control  combat  simulator  consists  rf  a  microprocess,  monocular  dis¬ 
play,  gunner’s  handles,  and  operator's  console.  The  simulator  generated  a  slight 
picture  consisting  of  a  converging  grid  pattern,  which  represents  a  terrain,  a 
super- imposed,  moving  rectangle,  signifying  a  target  and  a  sight  reticle  pattern. 

The  fire  control  combat  aimulator  presented  the  gunner  with  the  sight 
picture  and  moved  the  r-sticle  in  response  to  signals  generated  by  the  gunner's 
movement  of  the  control  handles.  The  microprocessor  calculated  tracking  and  fir¬ 
ing  errors  based  on  the  position  of  the  target  and  the  gunner's  positioning  of 
the  control  handles. 
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HYSHARE  System 


The  HYSHARE  sysLem  la  a  high  si  aed  digital/ana j.og  computer  svstam.  Through  hardware 
and  software  Interfaces  the  aystes  provides  mass  storage,  digital  and  analog  conver¬ 
sions,  and  responds  to  external  interrupts  which  provide  program  controir,  and  se¬ 
quencing.  The  HYSHARE  system  provided  storage  for  ride  and  recoil  programs  and, 
using  the  interrupts,  controlled  consistent  outpJt  of  the  signals  used  Co  excite  the 
seat  simulator.  The  HYSHARE  system  also  managed  all  data  collection  from  the  seat 
simulator  and  the  fire  control  combat  simulator.  The  system  monitored  program  status 
and  indicated  if  any  errors  in  terrain  output  or  data  collection  were  occurring  dur¬ 
ing  a  ^est  run. 

Analog  Computer 

The  analog  computer  in  the  test  set-up  was  used  as  an  interface  between  the  ride  sim¬ 
ulator  and  the  HYSHARE  system.  The  computer  provided  electrical  isolation  between 
the  ride  simulator  and  HYSHARE,  imposed  an  additional  voltage  limitation  on  the  ter¬ 
rain  and  recoil  signals  for  added  safety,  and  served  as  a  termination  for  signal  bus 
1 ines . 
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Rides 

The  terrain  profiles,  or  rides,  used  to  simulate  the  motions  encountered  at  gunner's 
station  of  a  moving  vehicle  were  obtained  from  an  instrumented  High  Mobility  and 
Agility  (HIMAG)  vehicle  run  at  Ft.  Knox,  Kentucky.  Acceleration  data  for  vertical, 
pitch,  and  roll  about  the  vehicle  center  of  gravity  (CG)  were  collected  at  100 
samples  par  second  on  magnetic  tape.  The  acceleration  data  were  doublu  integrated 
to  generate  displacement  values,  detrended  to  fit  the  travel  constraints  of  the 
seat,  and  translated  from  the  CG  to  the  gunner's  station.  The  displacement  values 
were  stored  on  the  HYSHARE  disk  from  which  they  were  recalled  and  se''t  to  the  seat 
simulator . 
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Target  Scenarios 


A  modified  fire  control  combat  simulator  was  used  to  generate  and  control  the  be¬ 
havior  of  the  target  engaged  by  the  gunnera.  Four  different  target  motions,  or 
scenarios,  were  used  during  the  test.  The  scenarios  ranged  from  a  stationary  tar¬ 
get  to  a  closing,  evasive  target.  Figures  2-5  are  plots  of  the  target  paths  for 
each  o£  the  four  scenarios.  Target  speeds  and  evasiveness  period  and  amplitudes 
are  given  on  the  plots.  The  target  always  presented  a  head  on  aspect  angle  to  the 
gunner  end  steadily  Increased  in  size  as  the  target  range  decreased.  Test  runs 
began  with  the  target  at  1500  meters  range.  The  initial  sight  picture  presented 
to  the  gunnar  at  the  beginning  of  each  run  caused  the  1500-meter  range  target  to 
appear  at  random  locations  in  or  near  the  field  of  view,  preventing  gunner  antici¬ 
pation  of  the  target  location.  The  target  was  capable  of  closing  with  the  gunner 
to  witcin  750  meters. 


FIGURE  2 
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FIGURE  5 


SCENARIO  4 


Evasive  Vehlcle/Statlonary  Target 
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Data  collected  during  each  of  the  2,400  test  runs  consisted  o£  the  following: 

Test  Identification  Accounting  data  ot  a.'.  Informational  nature  describing  the  type 
or r ide , time  of  the  test  run,  test  subject,  handle  and  sight  configuration,  and 
target  scenario. 

Absorbed  Power  The  averaged  value  of  power  imparted  to  the  test  subject  at  each 
trigger  pulfT " 

Tricking  Error  Tracking  errors  were  collected  on  two  channels,  vertical  and  hori¬ 
zontal  error .  The  errors  were  collected  at  rates  of  100  samples  per  second  for 
the  total  duration  of  each  test  rut;. 

Firing  Errors  For  each  of  over  22,000  trigger  pulls  during  the  test  runs,  data  for 
the  absorbed  power,  horizontal  and  vertical  firing  lay  error,  and  horizontal  and 
vertical  tracking  rate  errors  were  collected* 


DATA  SUMMARY 
Introduction 


This  section  will  present  a  summary  oi  the  data.  The  data  will  not  be  separated 
or  analyzed  according  to  scenario,  gunner  or  individual  errors.  An  in-depth  an¬ 
alysis  of  the  individual  errors  for  different  rides  and  scenarios  will  be  present¬ 
ed  in  the  section  titled  Configuration  and  Power  Analysis.  Some  data  will  be  pre¬ 
sented  that  discriminates  gunner  performance  versuj  ride  level  but  when  this  is 
done  the  total  or  cumulative  data  will  also  be  prssenteo.  All  data  presented  in 
this  section  will  discriminate  between  gunner  station  configurations  and  their 
components.  A  variety  of  different  indicators  in  the  data  will  be  analyzed  and 
presented  to  determine  which  configuration  had  the  best  overall  performance.  The 
separation  and  evaluation  of  this  performance  according  to  ride,  scenario,  etc. 
will  be  presented  in  the  previously  mentioned  section  of  this  report. 

Error  Indicators 

Several  dlfferen:  indicators  of  performance  can  be  extracted  from  the  data.  When 
a  scenario  starts,  the  target  appears  on  the  visual  display  in  a  random  circular 
pattern  displaced  from  the  cross  hairs.  The  gunner  then  traverses,  elevates/ 
depresses  to  acquire  the  target.  One  Indicator  of  performance  is  ther.  the  time 

from  the  start  of  che  scenario  to  the  first  shot. 

The  horizontal  and  vertical  lay  and  rate  errors  at  trigger  pull  are  measured. 

The  lay  error  is  the  distance  from  the  center  of  the  target  to  the  cross  hairs 
calculated  in  mils.  The  rate  error  is  the  difference  between  the  target  velocity 
and  the  gunner  tracking  rate,  also  calculated  in  mils  per  second.  The  standard 
deviation  of  the  errors  supplied  additional  performance  indicators.  The  mean  of 
these  errors  was  calculated  and  found  to  be  essentially  zero.  Consequently,  the 
standard  deviation  is  equal  to  the  RMS  (Root  Mean  Square)  of  the  error.  One 
thing  these  indicators  do  net  include  is  the  difference  in  total  number  of  shots 
or  trigger  pulls  for  each  configuration.  Some  configurations  allow  the  gunner 
to  be  on  target  more  and  consequently  get  more  trigger  pulls  for  che  same  target 
exposure  time.  Thus,  another  indicator  is  the  total  number,  or  average  time  be¬ 
tween  trigger  pulls  for  each  configuration. 

One  indicator  that  includes  the  lay  and  rate  error  as  well  as  the  number  of 
trigger  pulls  is  the  total  number  of  hits  on  a  2.3  meter  target.  The  hits  are 
calculated  by  adding  the  lay  error  and  the  rate  error  multiplied  by  the  pro¬ 
jectile  time  of  flight.  The  time  of  flight  varies  with  range  for  this  calculation. 
The  projectile  velocity  used  was  1500  meters/ sect nd .  To  use  this  parameter  the 
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total  target  egooture  time  oust  be  the  same  for  each  configuration.  When  hits  on 
target  are  uaeo  in  thi*  section  to  compare  different  configurations,  the  target 

exposure  time  la  Identical  for  each  condition. 

Another  indicator  that  it  frequently  used  is  tracking  error.  This  section  will  pre¬ 
sent  the  RMS  tracking  error  for  each  configuration  from  the  time  or  the  first  trig¬ 
ger  pull  until  the  end  of  the  scenario.  When  the  RMS's  are  averaged  for  all  ride 
levels  they  are  squared,  averaged,  and  then  the  square  root  taktm.  When  the  verti¬ 
cal  and  horizontal  RMS's  are  added,  they  are  added  as  the  square  root  of  the  sum  of 
the  squares.  The  tracking  error  is  not  a  universally  accepted  measure  of  perfor¬ 
mance.  The  major  reason  for  this  it  the  gunner  has  a  tendency  to  puli  tne  trigger 
when  he  is  on  target,  and  his  error  prior  to  trigger  pull  does  not  have  a  large 
influence  on  his  ability  to  hit  the  target.  This  question  will  be  addressed  in  the 
subsequent  section  of  this  report. 

Discussion 


The  file  that  stored  the  gunner  trigger  pull  data  can  be  interrogated  in  several 
different  ways.  It  can  be  interrogated  according  to  ride  level,  gunner,  scenario, 
and  conf igurction.  This  section  will  only  consider  configuration  and  ride  level. 

Table  1  presents  the  data  according  to  configuration  and  ride  level.  Several  ob¬ 
servations  are  immediately  apparent  from  this  data. 

(i)  There  is  a  considerable  decrease  in  performance  for  all  configurations  with 
increasing  ride  level. 

(ii)  Ride  has  more  effect  on  the  video  display  than  the  monocular  eyepiece. 

(iii)  Ride  not  only  affects  hit  probability  but  also  the  time  required  for  the 
gunner  to  acquire  the  taiget. 

(iv)  The  tracking  error  increases  with  ride  but  it  does  not  appear  to  be  affected 
as  much  as  target  hits . 

Table  2  combines  the  ride  data  of  Table  1  hut  eliminates  the  stationary  firing  or 
zero  ride  level.  The  beat  performing  configuration  was  the  Yoke  Handle  Monocular 
Display.  However,  the  Isometric  handle  acquired  the  target  faster  and  has  more 
trigger  pulls  than  the  yoke. 

The  difference  between  the  handles  ana  viewing  devices  eliminating  stationary  fir¬ 
ing  is  presented  in  Table  3.  The  monocular  display  significantly  outperformed  the 
video  display  in  all  categories  except  tracking  error.  If  tracking  error  had  been 
the  only  error  measurement  used  to  evaluate  the  different  displays,  an  erroneous 
conclusion  would  have  beer.  made. 

The  isometric  handle  allowed  the  gunner  to  a-ruire  the  target  faster  and  get  more 
shots  off,  but  its  percent  hits  were  lower  than  the  yoke.  However,  because  it 
allowed  the  gunner  to  fire  sooner  and  fester,  it  had  more  hits  on  target  than  the 
yoke.  The  Isometric  handle  had  a  larger  tracking  error  chan  the  yoke. 
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CONFIGURATION  AND  POWER  ANALYSIS 

Introduction 


The  evaluation  of  visionics  and  gunners  controls  used  during  this  test  will  be  based 
on  several  gunner  measures  of  performance  (MOP).  During  the  test,  the  gunners  were 
required  to  accurately  track  a  target  in  both  azimuth  snd  elevation.  The  MOP  used 
to  characterize  their  ability  to  accomplish  this  consists  of  lay  errors  ; t  trigger 
pull,  rate  errors  for  a  period  of  1/4  second  prior  to  trigger  pull,  and  the  result 
ant  total  error  based  on  the  vector  addition  of  the  lay  error  and  the  rate  error 
propogated  over  a  1.0  second  round  flight  time.  These  errors  were  expressed  ir.  the 
angular  measurement  of  mils  and  mlls/second  and  reflect  the  requirement  far  input¬ 
ting  angular  rates  to  linear  lead  fire  control  systems. 

The  gunners  were  instructed  to  fire  as  soon  as  they  could  after  achieving  a  gcod 
"lay”  and  a  good  "rate"  match  with  the  target.  Another  MOP  is  thus  the  time  re¬ 
quired  for  first  trigger-pull  (TP)  and  the  time  between  subsequent  trigger  pulls. 

The  minimum  allowable  time  oetween  trigger  pulls  was  set  at  3  seconds.  The  combina¬ 
tion  of  azimuth  and  elevation  errors  were  also  expressed  as  a  radial  miss  distance, 
reflecting  the  absolute  distance  of  each  "impact"  from  the  target  center-of -mass , 
and  the  ability  of  the  gunner  to  control  errors  in  azimuth  and  elevation  simultan¬ 
eous  Ly . 

The  tracking  performance  of  each  configuration  for  the  M/S  scenario  is  as 
shown  in  Figure  ft . (See* Appendix  A).  The  following  notation  will  be  used  to  dis¬ 
cuss  the  comparisons:  the  isometric  tracker  *  I,  the  yoke  tracker  »  Y.  the  mono¬ 
cular  display  -  M,  and  the  video  display  “  V.  Thus,  IM  designates  the  isometric - 
monocular  configuration. 


As  a  final  introductory  note,  the  values  displayed  in  Figure  6  represent  the 
standard  deviations  for  azimuth  and  elevation  and  the  average  radial  errors 
experienced  during  the  test.  Because  of  the  graater  number  of  trigger  pulls 
experienced  at  lower  power  levels,  these  values  are  lower  than  would  be  the  case 
if  equal  weighting  were  applied  to  the  values  at  each  power  level.  Each  value 
displayed  represents  between  700  and  900  trigger  pulls. 

Configuration  Comparison 

Considering  only  the  total  errors  in  azimuth,  elevation  and  radial,  it  is  clear 
that  under  the  conditions  of  the  current  test  the  yoke  controller  is  better  than 
the  isometric  and  that  the  monocular  display  is  superior  to  the  video.  These 
statements  are  true  at  the  99+Z  statistical  confidence  level.  In  looking  at  the 
components  of  these  errors,  the  lay  error  shows  no  difference  between  the  iso¬ 
metric  and  the  yoke,  but  for  each,  the  monocular  display  is  significantly  better 
chan  the  video.  The  difference  between  the  isometric  and  the  yoke  controller  is 
clearly  associated  with  the  larger  rate  errors  for  the  isometric. 

This  may  be  explained  by  the  highly  responsive  nature  of  the  isometric  controller 
Where  the  yoke  has  a  definite  "dead"  or  neutral  zone  in  both  azimuth  and  eleva¬ 
tion,  the  Isometric  unit  tested,  has  liraediate,  uniform  sensitivity  in  all  direc¬ 
tions.  Thus,  It  appears  to  be  more  difficult  to  keep  unwanted  rate  changes  from 
occurring  while  tracking  the  target  with  the  isometric  than  with  the  yoke.  This 
appears  to  be  the  case,  in  spite  of  the  fact  that  the  gunners  unanimously  liked 
the  isometric  control  better,  and  felt  that  they  had  much  better  control  with  it 
than  the  yoke. 


The  time  to  fire  MOP,  ahovn  in  Figure  /  ,  both  for  first  and  subsequent  rounds, 

shows  consistent  relationships  between  configurations.  The  monocular  configura¬ 
tions  have  30  first  trigger  pulls  and  between  1300  and  1500  subsequent  trigger 
pulls,  while  the  video  configurations  are  characterized  by  18  first  trigger  pulls 
and  from  700  to  900  subsequent  trigger  pulls.  In  time  to  first  trigger  pull,  the 
only  statistically  significant  difference  between  condigurations  (a  -  .05)  occur 
between  YH  and  YV .  However,  In  comparing  IM  to  IV,  there  is  a  consistently  ahort- 


*Only  data  of  the  M/S  scenario  is  listed  in  Appendix  A.  For  complete  detail,  see 
TARADCOH  Technical  report  No.  12520. 
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er  cine  for  the  monocular  configuration.  Tim*  between  subsequent  trigger  pull*  show 
consistent  trends  with  scull  differences  between  configurations .  The  Isometric  hat 
a  shorter  time  than  the  yoke,  and  the  monocular  has  a  shorter  time  than  the  video. 
Although  the  differences  between  configurations  mentioned  above  are  small  in  absol¬ 
ute  terms,  the  large  number  of  trigger  pulLs  on  which  these  means  are  based  allows  a 
statistically  significant  difference  to  exist  (a  ®  .05),  between  the  isorat _r  _o  and 
yoke  cracking  controllers  and  between  the  monocular  and  video  displays. 

Absorbed  Power  Effect  on  MOP 

One  of  the  major  goals  of  this  test  was  to  develop  a  relationship  between  gunner 
performance  and  ride  quality,  expressed  in  watts  absorbed  power  at  the  gunner’s 
station.  Hatnematical  models  of  the  hardware  performance  for  combat  vehicles  exist 
which  will  predict  system  response  as  a  function  of  the  vehicle  parameters  and 
speed,  and  the  characteristics  ot  the  terrain  it  is  traversing.  By  combining  hard¬ 
ware  performance  characteristics  with  gunner  input  performance,  the  overall  system 
capability  to  engage  a  target  from  a  moving  combat  vehicle  can  be  predicted. 

Figures  8  through  11  illustrate  the  components  of  gunner  tracking  performance  for 
each  of  the  five  ride  quality  levels  used  in  the  test.  Each  figure  is  for  the  !■'.  S 
scenario  and  a  single  configuration.  An  examination  of  these  figures  reveals  the 
following  trends*. 

a.  Both  lay  errors  and  rate  errors  increase  with  increasing  levels  of  absorbed 
power,  which  thus  results  in  total  errors  increasing  with  power. 

b.  The  rate  of  increase  in  gunner  error  with  increasing  power  (slope)  is  larger 
for  isometric  tracking  controllers  than  for  yoke  tracking  controllers. 

c.  The  slope  is  larger  for  video  systems  than  for  monocular  systems. 


The  relationships  between  gunner  tracking  performance  and  ride  quality  is  illustrat¬ 
ed  analytically  In  Table  4.  This  table  shows  the  results  from  a  multiple  linear  re¬ 
gression  analysis  of  the  dependent  variables  of  gunner  tracking  error  and  time-to- 
fire  and  the  independent  variables  of  average  and  peak  watts  absorbed  power  at  the 
gunner’s  station.  The  coefficient  of  determination  (R2)  is  defined  as  the  100  R2 
percentage  of  the  relationship  that  is  "explained”  by  the  regression  equation.  In 
general*  the  performance  of  the  isometric  tracker  is  highly  predictable,  with  all 
r2  values  greater  than  ,739  and  the  majority  greater  than  .9.  Looking  only  ar 
total  radial  error,  the  gunner  tracking  error  "bottom  line"  and  the  "average"  Rz 
for  the  isometric  configurations,  wss  .927. 

The  perfomar.ee  of  the  joke  controller  was  not  as  predictable  as  the  isometric  con¬ 
troller.  The  average  Rz  for  the  yoke  was  ,888,  still  a  good  value  however.  The 
ability  to  predict  X  and  Y  errors  and  their  components  was  better  for  the  isometric 
than  the  yoke.  Radial  errors  were  more  predictable  than  X  and  Y  errors. 

Time  to  fire  as  a  function  of  absorbed  power  for  the  M/'S  scenario  and  eacb  combina¬ 
tion  of  gunner  station  configuration  is  as  shown  in  Figures  12-15,  The  mathematical 
relationship  between  time  to  fire  and  absorbed  power  is  shown  In  Table  4.  As  wvch 
tracking  performance,  time  to  fire  is  highly  predictable  based  on  average  and  peak 
power . 

Gunner  Comparisons 

Each  of  the  six  gunners  has  lover  overall  tracking  errors  with  the  yoke  than  with 
the  isometric  control.  The  standard  deviations  of  gunner  tracking  error  for  each 
gunner  are  shown  in  Table  5  .  Some  gunners  tracked  almost  as  well  with  the  isomet¬ 
ric  at  the  yoke,  while  other  gunners  did  much  worse.  The  average  difference  be¬ 
tween  the  standard  deviation  of  the  isometric  and  the  yoke  is  shown  in  Table  7 
for  total  X  and  total  Y  errors.  Configuration  comparisons  are  shown  in  Table  h. 


♦Refer  to  TARAPCOM  Technical  Report  So.  12520  for  complete  detail. 
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TABLE  4 


MULT i F L E  REGRESSION  RESULTS 
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TABLE  5 

GUNNE  „OHf>A5I$ONS 
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SCENARIO 

CONFIGURATION 
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2 

3 

4 

5 
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TABLE  6 

CONFIGURATION  COMPARISONS 
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TABLE  7 

DIFFERENCES  IN  STANDARD  DEVIATIONS 
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conclusions 

For  the  conditions  of  this  rest,  the  data  indicate  the  following 

1.  Simulators  can  be  effectively  used  to  determine  optimum  gunner  conf  i  gurai  ion., 
for  firing-on- the-move.  Over  22,000  simulated  firings  were  achieved  during  this 
cesL,  giving  excellent  statistical  significance  to  the  results. 


2.  Absorbed  power  can  be  used  to  determine  gunner  performance  for  firing-on -the -move 
but  values  change  with  configuration. 

3-  The  monocular  eyepiece  with  brow  pad  was  superior  to  the  video-type  display  for 
all  measured  parameters. 

A.  The  yoke  handle  was  superior  to  the  isometric  for  hit  probability,  but  the  iso¬ 
metric  handle  had  more  trigger  pulls  and  target  hits, 

3.  The  rate  error  was  considerably  larger  than  the  lay  error  for  all  the  tested 
scenarios  and  configurations. 

6.  Tracking  error  is  not  a  good  indicator  of  system  performance  when  firing  from  a 
moving  vehicle . 

7.  For  the  ride  used  in  this  test  the  video  display  was  more  affected  by  ride  than 
the  monocular  eyepiece  with  brow  pad, 

8.  Ride  affects  both  hit  probability  and  the  time  required  for  the  gunner  to  acquire 
the  target. 

9.  There  is  a  decrease  in  performance  for  all  configurations  with  increasing  ride 
level . 
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ABSTRACT 

A  simulation  is  presented  of  the  75->W  gun  berrjl  (HIMAG)  and  its  support  at  the 
trunnion.  The  simulation  was  programmed  on  t'.ij  new  TARADCOM  hybrid  computer. 
Bending  analysis  of  the  gun  was  conducted  using  dynamic  inputs  at  the  trunnion  from 
a  HIMAG  (Configuration  No.  2)  magnetic  field  teBt  tape.  Errors  due  to  dynamic  gun 
tube  bending  are  preaented  in  graphic  and  tabular  form. 


OBJECTIVE 

Evaluate  the  error  due  to  gun  tube  flexure  introduced  from  vehicle  motions  while 
firing-on- the-raov# . 


INTRODUCTION 

In  recent  years  there  hes  been  an  increased  emphasis  on  firing  a  combat  vehicle's 
main  weapon  while  the  vehicle  waa  moving.  This  has  comaonly  been  called  "firing-on- 
the  move''  (FCM)  .  Stabilisation  systems  were  added  to  vehicles  that  were  designed  to 
perform  accurate  stationary  firing  with  the  idea  that  stabilizing  the  gun  in  eleva¬ 
tion  and  azimuth  would  allow  the  vehicle  to  perform  accurate  firing  while  moving. 
However,  this  was  net  the  case.  Errors  occurred  while  firing -on- the-move  that  are 
not  significant  when  firing  from  e  stationary  vehicle.  Some  of  these  errors  are  the 
horizontal  and  vertical  vehicle  velocities,  stabilization  errors,  combined  pitching 
and  rolling  motions,  and  gun  tubs  flexure.  This  report  Is  concerned  with  evaluating 
the  error  Hue  to  gun  tube  flexures  that  are  Introduced  from  vehicle  motions. 

A  gun  tube  can  bend  or  take  non-uniform  shape  due  to  disturbances  or  phenomena  that 
are  not  vehicle  introduced.  These  can  be  caused  from  firing  the  gun  or  from  sunlight 
heating  one  side  of  Che  gun  tubs.  These  errors  are  not  Included  in  this  simulation. 
The  static  or  quaai-static  error  caused  from  thermal  gradients  In  the  tube  is  cor¬ 
rected  for  in  current  vehicles  with  a  muzzle  reference  system.  This  system  has  a 
small  mirror  mounted  on  the  muzzle  end  of  the  tube.  A  light  beam  is  reflected  off 
the  mirror  to  align  the  sight  with  the  tube  muzzle.  This  system  performs  very  well 
for  these  quesi-static  corrections  but  cannot  be  used  for  dynamic  tube  leveling  on 
the  moving  vehicle. 

It  is  extremely  difficult  to  measure  the  dynamic  bending  of  a  gun  tube  in  a  vehicle 
traversing  cross-country  terrain.  A  one-all  angular  bending  error  in  a  tube  will 
produce  approximately  a  five-foot  error  firing  at  a  target  1600  meters  away.  This 
is  a  significant  error  and  one  mutt  measure  the  tube  banding  to  considerably  less 
than  one  mil.  To  give  some  Indication  of  tha  angular  size  this  corresponds,  ie. 


-m 
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the  angle  a  golf  ball  tub  tends  a  football  field  away  la  about  0.3  ails. 

The  derivation  of  the  equations  that  were  pzogr«un»ed  on  the  computer  is  given  in 
Appendix  A.  The  equations  and  computer  programs  are  in  a  general  form  and  are 
applicable  to  any  syaseetrical  gun  tube.  The  dace  presented  in  this  report  are  for  a 
75-MM  gun.  The  gun  tube  is  separated  into  eighteen  uniform  elements.  Each  finite 
element  is  considered  to  have  uniform  characteristics  over  its  length.  One  thing  to 
note  in  the  equations  is  that  the  gun  tube  rigidity  increa-.es  as  the  fourth  power  of 
the  diameter.  Thus,  larger  caliber  gun  tubes  are  considerably  more  rigid  than  small 
ones . 

The  model  was  implemented  and  solved  ->n  a  hybrid  computer.  The  gun  was  modeled  on 
an  analog  computer  and  forcing  functions  were  supplied  by  the  digital  computer  via 
D/A.  The  vehicle  ride  was  obtainec  from  magnetic  tape  recordings  of  the  H1MAG 
vehicle.  These  rides  were  digitizes  ar.d  stored  in  the  digital  computer  for  use  as 
the  gun  forcing  functions.  The  input  into  the  gun  was  only  in  the  vertical  direction; 
consequently,  the  error  data  presented  are  for  the  gun  tube  flexure  in  a  vertical 
plane.  In  reality,  there  is  some  flexing  in  the  horizontal  direction  but  that  is  not 
considered  here. 


DISCUSSION 

The  purpose  of  this  study  was  to  measure  by  computer  techniques  the  muzzle  error  at 
a  mile  range  of  the  75-MM  gun  barrel  (HLMAG)  subjected  to  dynamic  inputs  at 
the  trunnion.  A  schematic  of  the  gun  barrel  and  its  support  is  shown  in  Fig.  1. 

To  simulate  the  gun  tube,  it  was  divided  into  sections  to  analyze  its  response  using 
Euler's  equation  for  the  flexure  of  a  bej®.  figure  2  shows  a  sketch  of  the  gun  and 
the  accompanying  design  data. 

The  equations  of  motion  as  applied  to  Fig.  2  are  as  follows: 

1.  Basic  equation  for  gun  barrel  vithout  support: 


(EI)L-l 

vTi 


] 


Where ; 

L  “  Subscript  to  designate  the  section 
M  -  Mass 

E  -  Modulus  of  elasticity 
I  -  Moment  of  inertia 
X  -  Length 

V  -  Vertical  displacement 

V  -  Vertical  acceleration 

2.  Basic  equations  for  gun  banal  with  support  acting  on  1st,  2nd,  and  11th 
sections: 
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c .  11th  Section 
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NOTE:  A  detailed  description  in  the  development  of  the  equations  of  motion  is  noted 
in  APPENDIX  A, 


The  equations  of  motion  were  simulated  on  the  analog  portion  of  the  hybrid  computer. 
A  typical  analog  circuit  chat  generates  sections  1,2,  and  3  is  shown  in  Fig.  3. 

The  muzzle  error  due  to  the  flexure  of  the  gun  tube  has  two  components,  one  based  on 
the  bending  displacement  and  one  based  on  the  rate  of  change  of  that  bending.  We 
refer  to  these  as  angular  error  and  velocity  error  and  their  sum  as  total  error.  If 
the  tube  were  completely  rigid,  this  error  would  be  zero.  Bending  from  gravity 
occurs,  but  since  the  error  from  this  is  well-known  and  compensated  for,  it  is  re¬ 
moved  prior  to  a  simulation  run.  The  effects  of  gravity  for  various  loads  are  noted 
in  Fig.  4, 

At  the  start  of  a  simulation  run,  the  static  error  due  to  analog  noise  was  measured 
and  removed.  The  model  was  run  100  ti'.zs  slower  than  real  time  and  20  sample  mea¬ 
surements  of  the  error  each  second  were  taken  to  avoid  interference  from  the  natural 
frequency  of  the  tube,  which  was  approximately  500  Hz.  Seven  and  one-half  seconds 
of  each  ride  was  studied  to  obtain  a  representative  sampling  of  the  error.  The 
vertical  displacements  of  the  trunnion  were  inputted  dynamically,  and  the  resulting 
error  measurements  saved  in  computer  storage  fer  processing  after  the  run* 


Six  different  vehicle  rides  were  studied,  each  with  and  without  the  additional  sup¬ 
port-  For  each  of  the  types  of  error  collected,  distributions  were  determined  with 
regard  to  the  gun  aiming  at  a  target  1600  meters  distant.  The  range  of  error  was 
divided  into  classes  and  histograms  of  the  frequency  that  the  error  fell  into  each 
class  were  made  Time  histories  of  the  total  error  were  also  plotted* 


Hit  probability  curves  were  generated  baaed  on  each  type  of  error.  For  ten  selec 
target  sizes  the  percentage  of  hits  given  the  mtssured  errors  were  calculated,  t 
ures  5  through  8  show  these  curves  for  each  vehicle  ride  and  support  condition 
studied.  A  smooth  curve  was  fit  through  the  ten  target  size  points.  Since  an  enemy 
tank  would  be  approximately  2.5  meters  high,  hit  probabilities  for  this  particular 
target  alze  are  displayed  in  Fig.  9, 

A  major  concern  was  the  relative  contribution  of  the  velocity  error,  as  a  compensa¬ 
ting  system  for  this  does  not  yet  exist.  For  all  the  rides  studied,  the  velocity 
error  averaged  3.2  percent  of  tha  total  error  without  the  support  and  15,6  percent 
with  tha  support.  In  tha  latter  case,  tha  increase  Is  probably  due  to  the  higher 
total  accuracy  of  tha  xysteti  with  the  extra  support.  However,  in  both  cases,  the 
contribution  is  minor.  These  results  are  displayed  In  Fig.  10. 

By  referring  to  Fig.  9  .  the  effect  of  the  additional  support  can  be  easily  seen. 

For  the  2.5  meter  target  hit  probability  increased  from  an  average  of  12.9  percent 
to  an  average  of  79,3  percent.*  This  large  improvement  in  performance  shows  that  if 
firing  on  the  move  is  desired,  additional  rigidity  of  the  gun  barrel  will  greatly 
reduce  the  error  caused  by  the  dynamic  motion  of  the  vehicle. 


♦Refer  to  TARADCOM  Technical  Report  No.  12482  for  complete  detail. 
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CONCLUSIONS 

1.  To  perform  accurate  firing  on  the  move,  the  gun  tube  flexure  due  to  vehicle 
motion  must  be  considered. 

2.  For  the  HIMAG  ride  and  75-MM  gun  used  in  this  simulation,  traversing  Course  4 
at  7  MPH  resulted  in  the  gun  being  on  a  2.5  meter  target  1600  meters  away  less  than 
10Z  of  the  time.  This  error  was  due  only  to  gun  tube  bending--the  Bight  and  breech 
end  of  the  gun  were  pointing  at  the  center  of  the  target. 

3.  Providing  a  rigid  support  for  the  gun  tube  resulted  in  an  increase  in  the  hit 
probability  for  the  "bending"  condition  of  a  factor  greater  than  7. 

4.  Providing  a  rigid  support  for  a  gun  tube  will  significantly  decrease  the  bending 
error . 

5.  The  tube  bending  error  is  due  almost  entirely  to  tube's  angular  position.  The 
error  due  to  muzzle  velocity  was  insignificant. 

6.  For  3ome  conditions  the  gun  tube  bending  error  can  be  the  most  significant  error 
occuring  while  firing  on  the  move. 
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Euler's  equation  for  the  flexure  of  a  bean: 


EX 


d2Y 

5?1 


w 

g 


d2Y 

7? 


(A-  1) 


The  slope  across  on  element  L  is  given  by  : 


dYL 
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Y^  is  the  vertical  distance  moved  for  element  L  from  an  arbitrary  reference  line. 

The  second  derivative  or  rate  of  change  of  slope  it  the  difference  between  the  left 
and  right  faces  of  the  element. 
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Where  the  prime  denotes  derivative 
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The  bending  moment  at  each  element  is  given  by: 
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Then  for  El  constant  over  element  L  the  bending  moment  of  element  L  is  given  by 
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Euler's  equation  states: 

d2M  _  w  d2V 
dX2  8  dt* 


(A-  7) 


To  take  the  derivative  of  the  bending  moment  El  must  be  constant  over  the  element. 
The  rate  of  change  of  bending  movement  over  the  element  is  given  by. 
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The  second  derivative  is  then  given  by: 
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Then : 


d\  .  Vl  ~  **1  +*L+1 


Writing  each  moment  equation 
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The  mass  of  each  element  is  the  mass  per  unit  length  times  the  length  of  the  element. 

ml"  <!>l  AXl  <A-14> 

Euler's  equation  is  then  written  as: 
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Abstract 


This  paper  describes  a  dynastic  analysis  of  the  UTS  in  the  20tnm  AH-lS  gun 
system  configuration.  The  response  of  the  turret  to  step,  ramp  and  sin¬ 
usoidal  control  inputs  is  predicted  from  a  state  space  computer  model  of 
the  azimuth  and  elevation  servocontrol  systems.  These  results  are  compar¬ 
ed  to  Bell  Helicopter  Textron  (BHT)  specifications.  Also,  the  coupled 
dynamical  motions  of  the  UTS:  and  AH-lS  airframe  during  gun  fire  ar< 
determined  for  a  set  of  initial  pointing  positions.  In  this  study,  the 
flexural  characteristics  of  the  AH-lS  airframe  are  determined  by  a  AS TRAN 
model.  Results  of  this  analysis  show  that  the  UTS  meets  all  specifications. 


Introduction 


The  analysis  of  the  UTS  wss  conducted  In  support  of  TECOM' s  Independent 
Evaluation  Report  (IER)  for  Development  Test  Ila  of  the  UTS  and  critical 
issues  demonstration  of  the  AH-lS  Fire  Control  Subsystem  (FCS).  Object¬ 
ives  of  the  evaluation.  In  regard  to  the  UTS,  were  to  assess  the  technical 
performance  and  functional  accuracy  of  the  eystem  and  the  degrqe  to  which 
the  UTS  meats  the  specif! cations  and  operational  capabilities. 

The  UTS  waa  developed  as  a  replacement  for  the  current  H28  turret  on  the 
Cobra  helicopter.  It  can  accomodate  the  20om  Ml 9 7  gattling  gun.  Presently, 
the  AH-lS  Modernised  Cobra  helicopters  are  being  equipped  with  the  20mm 
M197  gun.  The  AH-lS  gun  system  consists  of  the  TOW  sight  (which  is  a 
stabilised  optical  tight) ,  a  laser  rangefinder,  a  fire  control  computer, 
an  air  data  subsystem,  aircraft  attitude  sensors,  a  navagatlon  system, 
the  UTS  and  weapon.  When  the  primary  gun  system  is  activated  the  UTS 
is  slaved  to  the  TOW  sight.  That  is,  the  position  of  the  azimuth  and 
elevation  gear  drives  in  the  UTS,  which  are  measured  by  two  resolvers, 
are  compared  to  gyro  signals  from  the  TOW  sight.  Errors  in  the  relative 
angular  positions  provide  the  control  input  to  the  independent  azimuth 
and  elevation  turret  controllers.  In  addition,  ballistic  lead  angles, 
determined  by  the  fire  control  computer,  are  added  to  the  relative  error 
signals  between  the  UTS  resolvers  and  TOW  sight  gyros.  Thus  the  UTS 
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functions  ••  two  independent  servocontrol  syoterat  (one  controlling  azimuth  motionn, 
the  other  controlling  elevation  motion)  baaed  on  classical,  positional  feedback 
control.  The  M197  gattling  gun  is  externally  powered  and  fires  at  a  nominal  rate 
of  72S  shots  per  minute  (spin). 

UTS  Model  Description 

Modeling  information  for  the  UTS  was  provided  by  General  Electric  Company,  the 
primary  developer  of  the  turret.  The  data,  which  is  considered  proprietary  in¬ 
formation  by  General  Electric,  waa  provided  in  the  form  of  a  functional  block 
diagram  of  the  servocontrol  system  and  a  computer  program  (model  TTTSIM)  that 
determiner  the  dynamics  of  the  control  system.  A  simplified  block  diagram  of 
the  UTS  model  is  shown  In  Figure  1.  Not  shown  in  the  diagram  are  various  non¬ 
linear  terms  such  ae  current  and  voltage  saturation  levels,  deadbands,  gear 
backlash  and  couleab  friction  of  the  motor  and  load.  The  feedback  era.*  signal 
after  being  demodulated,  is  passed  through  a  band  reject  or  notch  filter.  This 
filter  effectively  removes  signal  components  at  the  fundamental  mechanical  re¬ 
source  frequency  of  about  ?  Hr.,  which  is  caused  by  motor  shaft  windup.  In  the 
model,  the  notch  filter  is  represented  by  a  third  order  system  whose  frequency 
response  function  is  given  by: 

H(w)  ■  (1-aj.v*-)  +  i  a,  w 

(l-b^w  *)  Viw ( b |  -  bs  w  *-)  (1) 

where  a,  ,  a>  ,  b  t  ,  b  x ,  and  b^axe  constant  coefficients.  Amplitude  and  phase 
diagrams  of  H(v)  are  shown  in  Figures  2  and  3,  respectively.  The  signal,  after 
it  is  amplified,  drives  an  electric  motor.  A  clutch  model  differentiates  between 
motor  speed  and  the  speed  of  the  drive  shaft.  It  allows  for  slippage  to  occur 
when  a  friction  limit  is  exceeded.  The  motor  torque  is  stepped-up  through  a 
gear  transmission  to  drive  the  load.  Besides  the  control  input,  external  torques 
induced  by  helicopter  platform  vibrations  and  weapon  recoil  loads  influence  the 
dynamics  of  the  turret 

The  complete  model  is  represented  by  a  set  of  12  state  variable  equations  which 
are  expressible  in  vector  notation  by 

x  (t)  -  A  x  (t)  +  B  u  (t)  +  F  w  (t) 

where 

x  (t)  is  the  vector  of  state  variables, 

u  (t)  Is  the  vector  of  control  Inputs,  (2) 

w  (t)  is  the  vector  of  disturbances, 

A,  B,  and  F  are  constant  coefficient  matrices 
The  integration  routine  used  to  solve  equation  (2)  is  a  modified  Euhler  technique 
which  includes  a  tumable  parameter  to  compensate  for  phase  lag.  This  routine  runs 
quickly  and  has  good  phase  characteristics. 

UTS  Responses  to  Step  and  Ramp  Control  Inputs 

Performance  specifications  for  the  UTS  are  cited  in  Reference  l.  Figure  4  contains 
a  Hat  of  the  specifications  considered  in  this  Investigation.  The  first  analytical 
investigation  conducted  was  the  response  of  the  UTS  to  step  control  inputs  of 
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0.005,  0,01,  0,02,  end  0,2  radians.  The  characteristic  reaponce  of  the  turret  is 
shown  in  Figure  5  for  a  errand  input  of  0.01  redians.  Basically  the  turret  responds 
in  a  manner  similar  to  that  of  an  underdamped  second  order  mechancial  system.  The 
flattening  of  the  overshoot  portion  of  the  response  curve  results  from  Coulomb 
frictions  in  the  motor  and  load.  After  0.5  seconds  the  response  settles  to  within 
about  0.3  adllirsdlsns  of  the  command  input  value.  Residual  error  in  the  system 
is  caused  by  a  gaar  deadband  and  by  amplifier  voltage  deadbands.  Table  1  contains 
summary  information  for  the  step  response  case.  Overshoots  ranged  from  23. 71 
to  50.4%  in  asimuth  and  from  31.5%  to  44.8%  in  elevation.  Steady  state  track  errors 
were  all  well  below  tha  accuracy  specification  of  3.0  mrad;  however,  the  results 
presented  do  not  include  resolver  error,  which  is  estimated  to  be  about  1.0  mrad. 
Other  performance  data  presented  In  Table  I  are  the  settling  time  end  the  maximum 
slew  rate.  Settling  time  is  defined  as  the  time  it  takes  for  the  error  signal  to 
settle  within  2.0  mrad  of  the  command  input.  Peak  slew  rates  of  71.3  deg/sec 
and  91.0  deg/sec  were  achieved  in  elevation  and  azimuth,  respectively.  These 
values  exceed  the  desired  peak  slew  rates  listed  in  the  specification  sheet. 

A  typical  response  to  a  range  control  input  is  shown  in  Figure  6  for  a  50  deg/sec 
rate  input.  The  response  curve  Is  for  the  asimuth  controller.  It  shows  the 
characteristic  initial  log,  followed  by  an  overshoot  and  settling  period.  A 
summary  of  reaulta  for  ramp  inputs  is  shown  in  Table  II  for  slew  command  rates 
of  5,  50,  60,  70  and  85  degrees  per  second.  On  the  basis  of  model  simulations, 
the  specification  on  minimum  Blew  acceleration  of  120  deg/sec  is  easily  satisfied; 
furthermore,  the  steady  state  error  for  a  5  deg/soc  slew  is  well  below  the  specifi¬ 
cation  bound  of  2  mrad.  In  regard  to  slew  rate,  the  model  simulations  show  that 
the  desired  60  deg/sec  elevation  rate  la  achieved  in  about  0.69  sec.  In  azimuth 
a  steady  state  slew  rate  of  70  deg/sec  is  arrived  at  in  about  0.41  seconds.  Peak 
slew  ratea  of  72.8  deg/ see  In  elevation  and  94.3  deg/sec  in  azimuth  were  obtained 
In  the  simulation. 

UTS  Response  to  Weapon  Recoil  Forces 

The  procedure  uaed  to  analyze  the  effects  of  weapon  recoil  forces  on  dynamic  gun¬ 
pointing  accuracy  la  illustrated  in  Figure  7.  In  the  model  simulations  constant 
reference  angles  are  specified  for  the  control  input.  Initially,  the  turret  is 
asaummed  to  be  pointing  in  the  proper  direction ;  however,  the  turret  is  subse¬ 
quently  disturbed  by  torques  generated  by  weapon  recoil  eccentricities  and  heli¬ 
copter  platform  vibrations.  To  determine  the  dynamica  of  the  turret  support 
platform  a  model  waa  developed  to  solve  the  forced  vibration  problem  for  the 
AH-lS  helicopter.  Qynamical  characteristics  of  the  AH-lS  Cobra  structural  frame 
have  been  modeled  in  NAFTRAN  by  Bell  Helicopter  Textron  (BHT).  The  AH-lS 
Naatran  Model  la  a  modification  of  the  original  AH-lG  model  described  in  Reference 
2.  As  the  first  step  in  the  analysis,  the  natural  frequencies  and  modeahapes 
of  the  AH-lS  Cobra  are  determined  by  the  HASTRAN  Rigid  Format  3  analysis  and  the 
model  data  la  saved  on  an  output  file.  The  model  is  accurate  for  frequencies  up 
to  about  30  Hz.  Table  III  contains  a  list  of  the  first  twelve  modeshapes  used 
in  the  analysis. 
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Modal  data  lo  used  by  ths  helicopter  vibration  model  to  solve  the  forced  vibration 
problem.  In  the  pretent  analysis  the  forcing  function  is  composed  of  the  generali¬ 
sed  vector  of  transmitted  weapon  recoil  force  components.  Primary  outputs  of  the 
helicopter  vibration  model  ere  the  platform  rotation  and  acceleration*.  Platform 
accelerations  induce  torque  disturbances  that  affect  the  dynamics  of  the  UTS.  The 
torques  depend  on  the  initlel  pointing  direction  (See  Figure  8)  and  on  various 
turret  parameters  (illustrated  in  Figure  9).  In  Figure  8  angles  ^and  locate 
the  gun  line  orientation  in  the  helicopter  coordinate  frame.  An  expression  for  the 
recoil  torque  disturbance  in  aslsmth  le 
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In  the  model  simulation  disturbance  torques  were  generated  for  several  different 
initial  turret  orientations  and  for  two  sets  of  recoil  data  corresponding  to  the 
20mm  M197  and  30sra  XM233  guns.  At  each  initial  orientation  the  platform  accelera¬ 
tion  data  generated  by  the  helicopter  vibrations  model  Is  stored  on  a  permanent 
file,  which  is  later  used  by  the  UTS  model  to  calculate  torque  disturbances. 


Weapon  recoil  data  for  the  20ns  Ml 9 7  and  30mm  XM230  guns  were  provided  in  Reference  3. 
These  duta  represent  the  steady  state  recoil  force  amasured  from  burst  .  firings. 

To  simulate  burst  firings  the  single  shot  recoil  data  was  repeated  as  shown  in 
Figure  10  for  the  20ns  weapon.  Elevation  torque  disturbance  for  the  case  of  25 
degrees  depression  angle  and  90  degrees  eslmuth  is  shown  in  Figure  11,  and  the 
corresponding  turret  position  error  is  shown  in  Figure  12.  In  this  case  the 
maximum  error  in  the  turret  feedback  angle  ia  about  1.2  mrad. 


Simulation  results  for  the  20m  recoil  analysis  are  summarised  in  Table  IV.  The 
table  lists  the  initial  turret  angles  and  statistical  means  and  standard  devia¬ 
tions  of  the  elevations!  vibration  responses.  No  significant  errors  were  obtained 
In  the  azimuth  angle.  Table  XV  lists  the  total  gun  pointing  error  es  well  as  the 
separate  contributions  from  helicopter  platform  rotation  and  UTS  servocontrols.  In 
most  cases  the  statistical  erroru  are  less  than  1.0  mrad.  which  is  smaller  than 
expected.  Since  the  recoil  force  us^d  in  the  simulation  does  not  include  transients 
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Actual  turret  dynamic  errors  are  expected  to  be  somewhat  larger  chan  the  valuea 
obtained  In  the  simulations. 

A  3 taller  aaalyala  wee  conducted  for  the  30mm  Hughe a  Chain  gun.  the  gun  recoil  force, 
again  obtained  fron  Inference  3,  la  llluatrated  in  Figure  13.  Simulation  raauita 
for  the  elevation  aotlora are  presented  in  Figures  14  and  15  for  the  case  of  forward 
firing  with  a  depression  angle  of  S  degrees.  The  torque  disturbance  (shown  in 
Figure  14)  has  a  peak  value  laes  than  100  ft-lb  and  the  turret  position  error 
(shown  in  Figure  15)  haa  a  peak  valua  of  1.43  Brad,  k  conplete  eet  of  resulte 
for  the  30on  gun  are  presented  in  Table  V.  In  ell  caaee  simulated)  the  elevation 
angle  errors  were  below  3.0  arad.  and  the  aaiauth  angle  error  were  about  0  25  nsrad . 


Cone lu alone 


An  analysis  of  the  UTS  was  conducted  to  support  TECOM' ■  Independent  Evaluation 
Report  (IER)  of  the  AH-1S  Modernised  Cobra.  The  main  purpose  of  the  analysis  was 
to  determine  whether  performance  specifications  were  met  and  to  estimate  dynamic 
accuracy  levels  for  20mm  and  30m  weapons.  Model  simulations  for  step  and  ramp 
control  inputs  resulted  in  good  performance  predictions  that  exceeded  desired 
specification 'requirements  on  slew  acceleration,  slew  rate,  and  positional  accuracy. 

To  assess  the  dynamic  performance  of  the  UTS  from  weapon  recoil  loedsja  model  was 
developed  to  analyte  the  coupled  Interaction  of  the  UTS  with  the  AH-1S  structural 
airframe .  Disturbance-torques  applied  to  the  UTS  frees  recoil  induced  platform 
dynamics  were  determined  from  transmitted  recoil  forces  for  both  the  20am  M197 
and  30me  XM230  guns.  Statistical  representlons  of  the  gun  pointing  errors  obtained 
from  the  mathematical  simulations  were  on  the  order  of  1.0  tnrad  for  the  20mm  weapon 
and  2.0  mrad  for  the  30mm  weapon.  On  the  basis  of  mathematical  simulations  the 
accuracy^)  f  either  the  20om  or  30am  guns  ia  expected  to  meet  or  exceed  specifications, 
of  the  UTS  during  firings 
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figure  12:  Y(10)  —  TURRET  POSITION 


TABLE  1 


UNIVERSAL  TURRET  ANALYSIS 
RESPONSE  TO  A  STEP  COMMAND 


% 

STEP 

COMMAND 

(rad) 

X 

OVERSHOOT 

STEADY 

STATE 

ERROR 

(mrad) 

TIME  TO 
|ERRK2MR 

(sec) 

MAX. 

SLEW 

RATE 

(deg/sec) 

0,005 

32.2 

0.40 

0.10 

3.44 

o 

0.010 

4*1,85 

0.26 

0.39 

5.82 

<E 

& 

0,020 

37.53 

0,14 

0.40 

13.05 

LU 

0.200 
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-0.23 

0.52 
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0.005 
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0.10 
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0.010 
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0.28 

0.39 

7.77 
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UNIVERSAL  TURRET  ANALYSIS 
RESPONSE  TO  A  SLEW  COMMAND 


TABLE  III:  AH -18  HAS1RAR  MODE 
SHAPE  DATA 


Frequency  CBS') 

2.986 

3.613 

6.546 

7.588 

13.69 

14.68 
14.98 
15.95 
18.71 

19.69 
IS.  34 
20.57 


Mode 

Main  Rotor  Pylon  Pitch 
Main  Rotor  Pylon  Roll 
First  Fuselage  Lateral  Bending 
First  Fuselage  Vertical  Bending 
Second  Fuselage  Lateral  Bending 
Skid  Gear 

Second  Fuselage  Vertical  Bending 
Fuselage  Torslon/Engine  Roll 
Skid  Gear 

Third  Fuselage  Lateral  Bending/Torsi 
Skid  Gear 

Third  Fuselage  Vertical  Bending 
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TABLE  IV 

CE  UNIVERSAL  TURRET  ANALYSIS 
DYNAMIC  RESPONSE  TO  THE  20m  XM197 
WEAPON  --  STATISTICAL  ERRORS 
ELEVATION  MOTION 


Y»0  ”  TURRET  POSITION 
0g  -  HELICOPTER  -TURRET  PLATFORM  Pi. 
@T  -  GUN  LINE  POSITION 
NO  SIGNIFICANT  ERROR  IN  AZIMUTH  MOTION 


0 

0.20 

0.23 

-0.04 

0.12 

0.17 

0.29 

0.52 

45 

0.20 

0.30 

-0.30 

0.38 

-0.32 

0.35 

0.85 

90 

0.08 

0.29 

-1.07 

0.69 

-0.99 

0.73 

0.95 

0 

0 

0 

0.07 

0.08 

0.07 

0. 08 

0 

45 

0.20 

0.26 

-0.38 

0.31 

-0.18 

0.29 

0.82 

90 

0.21 

0.47 

-0.84 

0.62 

f  , 

-0.63 

0.79 

1.20 

0 

0 

0 

0.17 

0.10 

0.17 

0.10 

0 

45 

0.21 

0.21 

-0.20 

0.22 

0.01 

0.24 

0.66 

90 

0.21 

0.42 

-0.61 

0.46 

-0.39 

b.  66 

1.16 

0 

0.20 

0.21 

-0.07 

0.13 

0.13 

0.27 

0.57 

TABLE  V 


GE  UNIVERSAL  TURRET  ANALYSIS 
DYNAMIC  RESPONSE  TO  THE  30oa  ADEW/DESA 
WEAPON  —  STATISTICAL  ERRORS 
ELEVATION  MOTION 


ELEV 

(DEG) 

■ 

A2IH 

(DEG) 

%0 

(MRAD) 

°y>o 

(MRAD) 

3. 

(MRAD) 

(MRAD) 

Or 

(MRAD) 

(MRAD) 

peak  )  y10 1 

(MRAD) 

0 

0.05 

i 

0.72 

-0.07 

0.27 

-0.02 

0.77 

1.43 

-5 

30 

0 

0.95 

-0.58 

0.45 

-0.58 

1.06 

1.83 

60 

0.01 

1.03 

-1.50 

0.85 

-1.50 

1.33 

1.78 

90 

0 

1.16 

-1.94 

1.06 

-1.94 

1.60 

1.89 

0 

mm 

0.22 

0.13 

0.15 

0.35 

0.32 

0.74 

30 

■  .  • 

0.38 

-0.34 

0.29 

-0.16 

0.50 

i  0.86 

-25 

60 

0.82 

-1.20 

0.69 

-1.28 

1.05 

1.50 

90 

B 

1.26 

-1.67 

0.92 

-1.67 

1.61 

2.26 

0 

0.22 

0.23 

0.31 

0.15 

0.53 

•  0.29 

0.46 

30 

0.17 

0.16 

-0.06 

0.15 

0.11 

0.27 

0.70 

-45 

60 

-0.06 

0.74 

j 

-0.76 

0.47 

-0.82 

0.89 

1.42 

90 

-0.02 

1.25 

-1.20 

0.68 

-1.22 

1.42 

2.30 

Y»»  -  TURRET  P.OSITION 

-  HELICOPTFR-TURRET  PLATFORM  POSITION 
0T  m  CUN  LINE  POSITION 
STATISTICAL  ERRORS  FOR  THE  AZIMUTH  MOTION  ARE 
LESS  THAN  0.25  MRAD  (Iff-) 


9 


liftmen 


Development  lpeclflectlone--Onlvereal  Turret  Bub*y*teu,  BHT  Report  No. 
209-947-281,  July  1976. 

▲  KASHA!  Vibration  Mwhl  of  the  AH- 1C  Helicopter  Air  frees*,  Vol.  I,  BHT 
Final  Report,  June  1974,  RD  k  009482. 

AH -IS /Uni ver eel  Turret  Simulated  Recoil  Force  Tewt,  Vole  I  and  II,  BHT 
Report  209-909-001,  Jen  1978. 


DISTRIBUTION  ust 


! 

I 


Nt) .  OF 

cor  i  i:s 

12 


i 


i 

i 

i 

i 

i 

i 

i 


i 


i 


i 


ORGANIZATION 


Commander 

Dotenr.o  Teehnir.il  In i nrni.il  ion  Center 
ATTN :  TCA 
Caneror,  Station 
Alexandria,  VA  77  51  -', 

Commander 

IIS  Army  Materiel  'lrvr  1  opnienl  t.  lir-nlini'v;  Command 
ATTN :  MU.CP 

DRC.l’A-S 

PRCHK-R 

DRCDK-D 

DRCBS1-1. 

DRCBSI-I) 

5001  Eisenhower  Avenue 
Alexandria,  VA  77115 

Commander 

t:S  Army  Armament  Research  A  lieve  lopnu  ut  Fcnir.i.uid 
ATTN:  D ROAR-SKA 

Technical  Library 
ATTN:  DROAR-SCF-DO  (W.  .1.  P/.wiak) 

DRDAR-SCF-C.C  (Uoo  .1.  lee) 

DPJ)AR-St::--u:  (.1.  S.  hrait /.I 
ORDAR-SF.A  (Richard  Moore) 

DKDAR-SCF-C  ( l>r  .  Norman  Colern) 
ORDAR-SCS-M  (lit,  T.  Hutch iuksi 
DROAR-SCF-t  (Mr.  l'.ik  1.  Yip) 

Dover,  N.l  07H01 


Commander 

Rock  Inland  Arsenal 
ATTN:  Tech  1.1b 
Rock  Island,  11.  61799 

Commander 

Harry  Diamond  l.uboru t or i es 
ATTN:  DE1.HD-SAB 
7 800  Powder  Mill  Road 
Adel  phi,  MP  7(17  8  1 

Commander 

I’S  Army  Tosi  6  Evaluation  Command 
ATTN:  STTDl’-MT-!. 

Pettway  Proving  (  round,  FT  HY777 

Ci  uraandcr 

US  Army  Aviation  RM1  Command 
ATTN:  DRDAV-BC 
Pll  »ox  209 
St  Louis,  MO  BlHib 


251 


i 


i 


l 

i 


■i 


-4 


NO.  OF 
COPIES 

1 


1 


1 


1 


1 


I 


1 


1 


I 


1 


1 


1 


ORGAHI ZATIOS 

Commander 

US  Army  Concepts  Analysis  Age  my 
8120  Woodmont  Avenue 
Bethesda,  MD  20014 

Commander 

David  W.  Taylor  Ship  R&D  Center 
ATTN:  Code  1576  (Mr.  William  I  .  Smith) 

Code  1576  (Mr.  T.  L.  Moran 
Bethesda,  MD  20084 

Reliability  Analysis  Center 
ATTN:  Mr.  I.  I- .  Krulac 
Griff iss  AFB,  NY  1  34'.  1 

Commander 

Applied  Technology  Laboratory 

US  Army  Research  £>  Technology  Laboratories 

ATTN:  DAVDL-AT L- ATA  (Dr.  C.  E.  Hammond) 

Ft  Eustis,  VA  23604 

Commander 

US  Air  Force  Armament  Laboratory  (ALSO 
ATTN:  DLM  ( 1 LT  McClendon) 

Lglin  Air  Force  Base,  F’orida  32542 

Commander 

US  Air  Force  Wright  Aeronautical  Laboratories  (AFSC) 
ATTN:  Fine  (Dr.  David  K.  Bowser) 

Wright-Patrerson  AFB,  Ohio  45433 

Command er 

US  Naval  Surface  Weapons  Center 
ATTN:  Code  F14  (Kenneth  J.  Hintz) 

Code  F14  (Richard  A.  Holden) 

Dahlgren,  VA  22448 

Commander 

US  Naval  Research  Laboratory 

ATTN:  Code  7931  (Dr.  Warren  William) 

Washington,  DC  20375 

Commander 

US  Naval  Weapons  Center 

ATTN:  Code  3911  (Dr.  Robert  1).  Smith) 

China  Lake,  CA  43555 

President 

USAAREN8D 

ATTN:  ATZK-AE-CV  (Mr.  Wi 11  lam  West 
Ft  Knox,  KY  42L01 

General  Electric  Company 
Ordnance  Engineering 
ATTN:  Paul  Cushman 

100  Plastics  Ave 
Pittsfield,  MASS  01201 


252 


Nil.  OF 
COPIES 

1 


1 


] 


1 


1 

I 

1 

1 


1 

1 

1 

1 


1 


1 


2 


ORGANISATION 


Commander 

US  Army  Elertron  i  cs  KM)  Command 

ATTN:  DRDFL-SA 

Fort  Monmouth,  NJ  0770} 

Commander 

US  Army  Communic.it  Iotih  RM)  Command 
ArrN:  DRDCO-TCS- BS  (Dr.  icon  Koti.i) 

Fort  Monmouth,  NJ  07701 

Commander 

US  Army  Electronics  RM)  Command 
ATTN:  DRDEL-AP-OA 
2800  Powder  Mill  Road 
Adel  phi,  MD  2078  3 

Director 

US  Army  TRADOC  Systems  Analysis  Activity 
ATTN:  ATAA-SL 
ATTA-T 

White  Sands  Missile  Range,  NM  8800.’ 

Commander 

US  Army  Missile  Command 
ATTN:  DRSMI-C  <RM)) 

DRSMI-RGN  (Dr.  H.  L.  Pastrick) 

DRSMI-RCN  (Dr.  William  C.  Kelly) 

Redstone  Arsenal,  AL  35809 

Commander 

US  Army  Troop  Support  6  Aviation  Materiel  Readiness  Command 
ATTN:  DRSTS-BA 

i 300  Goodfeliow  Hlvd 
St  Louis,  M0  63120 

Commander 

US  Army  Tank-Automotive  Research  &  Development  Command 
ATTN:  DRDTA-UL  (Tech  Lit) 

DRDTA-V 

DRDTA-ZSA  (Dr.  Renat  c.  R.  Beck) 

DRDTA-RCKS  (Dr.  Richard  Lee) 

Commando r 

US  Army  Mobility  Equipment  RM)  Command 

ATTN:  DRDME-0 

Fort  Bel  voir,  VA  3  2060 

Commander 

US  Army  Nat ick  R6D  Command 
ATTN :  DRDNA-0 

Natick,  MA  01760 

Chief 

Defense  Logisti.s  Studies  Itilorm.it  Iliii  E/.cli.inge 
US  Army  Logistiis  Mating  emt-n  t  (enter 
ATTN:  DRXMC-D 
Fort  Lee,  VA  23801 


253 


ORGANIZATION 


CoBHnder 

US  Any  Tank-Automotive  Research  A  Development  Coirnn.md 
ATTN:  DRDTA-RCKS  (1LT  Dana  S.  Charles) 

(Johuthan  F.  Krfng) 

Warren,  MI  48090 
Cowander 

US  Naval  Weapons  Center 
ATTN:  Code  3911  (T.  L.  Moran) 

China  Lake,  CA  93555 

Commander 

US  Army  Armament  Research  A  Development  Command 
ATTN:  Stanlev  A.  Goodman 
Dover,  NJ  07801 

Cowander 

US  Air  Force  Armament  Laboratory  (AFSC) 

ATTN:  DLM  (1  LT  P.  L.  Verger) 

Eglin  Air  Force  Base,  Florida  32542 

Commander 

US  Army  Missile  Command 

ATTN:  DRSMI-RGN  <D.  W.  Sutherlin) 

Redstone  Arsenal,  AL  35809 

Aberdeen  Proving  Ground 

Cdr,  USATECOM 
ATTN:  DRSTE 

DRSTE-CS-A 
B?.dg  314 

Dir,  BRL,  Bldg  328 
Dir,  BRL 

ATTN:  3RDAK-TSB-S  (SINTFO  BRANCH) 

Bldg  305 
Dir,  PEL 

ATTN:  Monica  Glurmn 

Dir,  HEL,  Bldg  420 

ATTN:  DRXHE-AW  (Seymour  Steinberg) 

Cdr,  USATECOM 
ATTN:  Huber  Cole 
3ldg  314 
D  r,  USAMSAA 

Bldg  392 
Dir,  USAMSAA 

ArrN:  DRXSY-MF  (Herbert  E.  Cohen) 

DRXSY-A  (L*.  Furman) 

DRXSY-F  (Harry  Harris) 

DRX5Y -G  (Bob  Conroy) 

DRXSY-A  (Larry  Cohen) 

DRXSY-A  (Gary  Drake) 

DRXSY-A  (John  Meredith) 

DRXSY-A  (Joseph  Wald) 

DRXSY-CS  (Toney  R.  Perkins) 

DRXSY-CS  (Partick  E,  Cororan) 

DRXSY-G  (John  Groff) 

DRXSY-C  (Keith  A.  Myers) 


254 


WO,  OF 
COP1 ES 

UNCLASSIK1FD  PORTION  only 
1 


1 


1 


1 


1 


1 


ORGANIZATION 


Dr.  N.  Loh 

School  of  Engineering 
Oakland  University 
Rochester,  HI  48063 
Dr.  ,lrj«s  T.  I.catkrum 

Dept  of  Electrical  &  Computer  Engineering 
Gleason  University 
Clemson,  SC  29631 
Dr.  Max  Mints 

Dept  of  Systems  Engineering 
University  of  Pennsylvania 
Philadelphia,  Pa  19104 

Mr.  E.  R.  Pate 
Dept  of  Systems  Engineering 
University  of  Pennsylvania 
Philadelphia,  PA  19104 

Mr.  D.  H.  Chyung 

Division  of  Information  Engineering 
University  of  Iowa 
Iowa  City,  Iowa  52242 

Professor  Naim  A.  Kheir 
University  of  Alabwa 
Huntsville,  AL  35R9Q 


255 


